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In the rich and growing literature on diffusion and cascade effects in social networks, it is assumed
that a node’s actions are influenced only by its immediate neighbors in the social network. However, there
are other contexts in which this highly-local view of influence is not applicable. The diffusion of technologies
in communication networks is one important example; here, a node’s actions should also be influenced by
remote nodes that it can communicate with using the new technology.

We propose a new model of technology diffusion inspired by the networking literature on this topic.
Given the communication network G(V, E), we assume that node u activates (i.e., deploys the new technol-
ogy) when it is adjacent to a connected component of active nodes in G of size exceeding node u’s threshold
0(u). We focus on an algorithmic problem that is well understood in the context of social networks, but thus
far has only heuristic solutions in the context of communication networks: determining the smallest seed-
set of early adopter nodes, that once activated, cause a cascade that eventually causes all other nodes in
the network to activate as well. Our main result is a near-optimal approximation algorithm that returns a
seedset that is an O(r/log |V|)-factor larger than then the optimal seedset, where r is the graph diameter
and each node’s threshold can take on one of at most ¢ possible values. Our results highlight the substantial
algorithmic difference between our problem and the work in diffusion on social networks.
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1. INTRODUCTION

Cascade effects provide a simple and effective way to drive global diffusion of a
new technology in a network: after a few well chosen seed nodes are convinced to adopt
the technology, more and more nodes make local decisions to adopt the technology until
eventually everyone in the network has adopted it. Given the complexity and expense
involved in persuading a large, dispersed network of nodes to adopt a new technology,
a particularly important algorithmic problem is to determine the smallest possible
seedset of early adopter nodes, and thus also the “cheapest” way to drive a cascade
that leads to global adoption [Domingos and Richardson 2001; Kempe et al. 2003].

Diffusion models are predicated on a model of node utility; namely, the benefit an
individual node obtains when it decides to adopt the technology. In the rich literature
on cascade effects in social networks (see e.g., [Granovetter 1978; Schelling 1978; Mor-
ris 2000; Domingos and Richardson 2001; Kempe et al. 2003] and subsequent works),
the model of node utility is highly local — it depends on only a node’s “friends” or im-
mediate neighbors in the social network. However, there are many interesting contexts
where this highly-local model of utility is not applicable.

Communication networks. We are particularly inspired by the example of diffusion
of communications technologies in networks like the Internet; here, a node’s utility
should depend not only its immediate neighbors, but also with on the number of (pos-
sibly distant) nodes that it can communicate with using the new technology. There
has been significant interest in the networking community in the impact of cascade
effects on technology diffusion (see Section 1.4). Motivated by this research, in this pa-
per we propose a new model of technology diffusion. Central to our model is the idea
of non-local utility, which is present in much of the literature on communication tech-
nologies e.g., [Chang et al. 2006; Avramopoulos et al. 2007; Gill et al. 2011; Ozment
and Schechter 2006; Jin et al. 2008; Guérin and Hosanagar 2010; Joseph et al. 2007].

Utility as connected components. We say a node is inactive if it uses a older version of
the technology, and activates once it deploys its new, improved version. In our model,
node utility depends on the size of connected components of active nodes adjacent to
node u in G, i.e., on the size of the connected component containing v in the subgraph
of G(V,E) induced by {u} U {v : v € V,Node v is active}. This model captures the
following two natural ideas:

(1) A pair of nodes u,v may communicate using the new technology only if there is
path from u to v in G consisting only of active nodes. This property characterizes
many important networking technologies (see Section 1.4).

(2) A node’s utility should depend on the number of other nodes it can communicate
with using the new technology. This idea is known in the popular literature as
Metcalfe’s Law, which states that utility that a single user gets from being part of
a network of n users scales as n [Metcalfe 1995], and in also line with traditional
ideas in economics, e.g., [Katz and Shapiro 1986]: “[t]he benefits that a consumer
derives ... depend on how many other consumers ultimately purchase compatible
units, ... in other words, ... [it] depends only on the final network sizes.”

Given this model of node utility, we consider the algorithmic problem of choosing the
smallest seedset of early adopter nodes, that once activated, can cause a cascade that
leads to global adoption of the new technology. This problem is particularly impor-
tant in the context communication networks, where nodes typically represent profit-
maximizing Internet service providers that must be convinced by governments or stan-
dards bodies to adopt a new technology (see e.g., [Chang et al. 2006; Avramopoulos
et al. 2007; Gill et al. 2011; Ozment and Schechter 2006]).
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1.1. Our setting.

We assume that the underlying network structure G(V, E) is fixed, and consider
a progressive technology diffusion process: a node starts out as inactive (using a older
version of the technology) and activates (adopts its new, improved version) once it ob-
tains sufficient utility from the new technology. Once a node is active, it can never
become inactive. To model the cost of technology deployment, we associate a thresh-
old #(u) with each node u that determines how large its utility should be before it
is willing to activate. We assume that a node u activates when its utility exceeds
O(u), i.e., if the connected component containing node u in the subgraph induced by
{v:v € V,Node v is active} U {u} has size at least 0(u).!

Optimization problem. Given graph G = {V, E'} and a deterministic threshold function
0:V —{0,...,|V]}, our goal is to find a seedset S that is feasible, i.e., when the nodes
in S are activated every other node in the graph eventually activates as well.

1.2. Our results.
Our main result, stated precisely as Theorem 3.3, is an approximation algorithm:

THEOREM 1.1 (MAIN RESULT). Consider a technology diffusion problem
{G(V,E),0} where the optimal seed set has size opt, the graph has diameter r
(i.e., r is the length of “longest shortest path” in G), and there are at most { possible
threshold values, i.e., 0 : V. — {61, ...,0,}. Then there exists a polynomial running time
algorithm that returns a feasible seedset S of size O(rflog |V |opt).

Exposition. Our algorithm, which uses linear programming, is based on two key ideas
discussed in detail in Section 3.1:

(1) Linearization. The non-local nature of our utility function makes it challenging
to encode our problem as an integer program. Nevertheless, we observe that this
function can be encoded using only local constraints if we restrict our search space
to seedsets that give rise to connected activation sequences, i.e., seedsets that en-
sure that set of active node induce a connected subgraph of G at every point in
the diffusion process. We then show that this restriction means that our IP must
return a 2-approximation to the optimal seedset.

(2) Randomized rounding using network flows. Given the relaxation of the IP, we cir-
cumvent a potentially large integrality gap (Appendix A) by designing a novel ran-
domized rounding algorithm that simultaneously interprets the fractional values
returned by the linear program (LP) as network flows and probabilities. For this
to work, we need to further restrict our search space; now we require the seedset
itself to be connected, i.e., the nodes in the seedset induce a connected subgraph of
G, and thus can obtain an O(r¢log |V'|) approximation to the optimal seedset.

On the optimality of our results. For the wide range of problem instances where r, ¢ =

O(log |V]), our algorithm presents a O(1)-approximation. The following lower bound
(Section 4) indicates that our results are also near optimal for these instances:

LEMMA 1.2. The technology diffusion optimization problem does not admit any
o(In |V|)-approximation algorithm, even when the graph has a constant diameter r, and
the number of threshold values is a constant {. Furthermore, the result holds even if we
require the seedset to be connected.

1Note that we can accommodate models of network value other than Metcalfe’s Law [Metcalfe 1995] by
scaling the thresholds, e.g., for the Odlyzko-Tilly Law [Briscoe et al. 2006] replace 6 with e?.
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Indeed, r and ¢ are O(log|V]) in many interesting settings:

Graph diameter r. Empirical graphs of communication networks like the Internet
exhibit very small diameter: the autonomous system graph used in [Gill et al. 2011]
has 37K nodes and diameter 11, while a router-level (skitter) graph from 2005 has
1.7M nodes and diameter 25 [Leskovec et al. 2005]. In fact, [Leskovec et al. 2005]
has provided empirical evidence that these graph diameters actually shrink as the
graph grows. Moreover, there is a large class of random graphs that have diameter
r = O(log|V|), e.g., Erdos-Renyi random graph family, the preferential attachment
graph family [Albert and Barabasi 2002], etc.

We can also show that our algorithm’s dependence on r follows because it is re-
stricted to returning connected seedsets. The following unconditional lower bound sug-
gests that circumventing polynomial dependencies on r requires an algorithm that can
return disconnected seedsets, and likely also a different set of techniques:

LEMMA 1.3. For any fixed integer r, there exists an instance of technology diffusion
problem {G, 0} such that (a) the diameter of G is ©(r), and (b) the optimal connected
seedset is at least Q(r) larger than the optimal seedset.

Threshold granularity {. Parameter ¢ is a natural restriction on the granularity of
the threshold function 0. [Gill et al. 2011] have argued that is it natural to restrict the
granularity of 0, given the difficulty of obtaining empirical data on technology deploy-
ment costs relative to utility, for every single node in the graph. Indeed, the literature
often deals with this difficultly by simply assuming that all nodes have the same 6
values [Morris 2000; Ozment and Schechter 2006; Gill et al. 2011; Chang et al. 2006],
or by drawing 6 randomly from some distribution [Kempe et al. 2003].

Beyond heuristics. Given the prevalence of heuristics in the literature (see Sec-
tion 1.4), one might wonder if the seedsets returned by our algorithms are actually
any better than heuristic solutions. To give evidence that our approach finds solutions
that are not found by heuristics, in Section 5 we run our IP on a few small problem
instances and find that it does indeed return solution that are different (and often
substantially better) than several natural heuristics.

1.3. Relationship to the linear threshold model in social networks.

One inspiration for our model was is linear threshold model for social networks,
articulated in [Kempe et al. 2003] and appearing in many other works. Indeed, we
diverge from the linear threshold model only in our choice of utility function; our’s is
non-local, while theirs assumes a node’s utility is given by the (weighted) sum of its
active neighbors in G. Despite the superficial similarities, there is a substantial al-
gorithmic difference between these models. [Chen 2008] considers finding an optimal
feasible seedset (i.e., the smallest seedset that activates all nodes in graph) in the lin-
ear threshold model in social networks where thresholds are fixed, and deterministic,

and shows that it is NP-hard to find a seedset of size O(2'°8" " IV1).opt for any € > 0; his

result holds even if r, ¢ = O(1). In contrast, if r,/ = O(1), then our main result shows
that our model admits a O(1)-approximation algorithm.

Moreover, [Kempe et al. 2003] worked around these discouraging approximation-
hardness result by assuming that thresholds were chosen uniformly and indepen-
dently at random after the seedset was selected. This way, they could show the sub-
modularity of the “influence function”, i.e., the expected number of nodes activated by a
seedset S, and therefore use greedy algorithms to find a seedset of size (1—1/e—¢)-opt.
In contrast, we show in Appendix F that this submodularity property fails to hold in
our setting, highlighting another difference between our model and theirs. In fact, we
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show our influence function is neither submodular nor supermodular, even if we (a)
randomize the thresholds as in [Kempe et al. 2003], or limit ourselves to (b) graphs of
constant radius, or (¢) a constant number of threshold values. Moreover, we see nei-
ther diminishing, nor increasing marginal returns even if we restrict ourselves to (d)
connected seedsets.

1.4. Related networking research

In addition to the long line of work on diffusion in social networks (e.g., [Granovet-
ter 1978; Schelling 1978; Morris 2000; Domingos and Richardson 2001; Kempe et al.
2003] and many others) , the networking community has been grappling with the prob-
lem of technology upgrades in the Internet for many years, see e.g., [Clark et al. 2005;
Chang et al. 2006; Avramopoulos et al. 2007; Gill et al. 2011; Ozment and Schechter
2006; Jin et al. 2008; Elmore et al. 2008; Edelman 2009; Guérin and Hosanagar 2010;
Joseph et al. 2007]. A large number networking technologies are characterized by the
property we described above: that an a pair of active nodes can only communicate using
the new technology if they have a path between them consisting only of active nodes.
The most obvious example is secure Internet routing [Kent et al. 2000; Lepinski 2011].
Here, cryptographically-signed routing messages may only be propagated on paths
where each and every node is secure [Lepinski 2011; Gill et al. 2011]. This property
is also shared by protocols like interdomain Quality of Service (QoS) [Howarth et al.
2005], fault localization [Barak et al. 2008], denial of service (DoS) prevention [Yaar
et al. 2004], and, to a lesser extent, IPv6 [Deering and Hinden 1998] 2.

A number of works have used simulation studies to understand the relation-
ship between seedset selection and cascading technology adoption e.g., [Ozment and
Schechter 2006; Chang et al. 2006; Gill et al. 2011; Joseph et al. 2007]. Most of these
works, with the exception of [Gill et al. 2011], have sidestepped the question of choosing
an optimal seedset and have gone directly to using heuristics (often, “choose the high-
degree nodes”). [Gill et al. 2011] study secure routing protocol deployment in realistic
routing model, and after showing that it is NP-hard to find a constant approximation
of an optimal seedset, move on to heuristics as well. While our work presents a more
stylized model of the diffusion process, to our knowledge, it is also is the first approxi-
mation algorithm to provide worst-case guarantees when utilities are non-local.

2. FORMAL STATEMENT OF OUR MODEL

Definition 2.1 (Technology diffusion process). Let G = {V, E} be a connected undi-
rected graph. Let S be the seedset, an arbitrary subset of V. Let 6 be the threshold
function of G, which maps V to {64,..,0,} with 6; are all in {2,...,n}. The technol-
ogy diffusion process on {G, 0} with respect to the seedset S is a family of functions
{ft : V= {0,1} | t € N} such that

1 ifves
—Whent =1, fi(v) = | ¢ stherwise.
—When t > 1, f;(u) = 1if and only if
1) fi—1(u)=1or
(2)in the subgraph induced by {v : fi_1(v) = 1} U {u}, the size of the connected
component that contains « is at least 6(u).

2There are technologies that allows IPv6 messages to be tunnelled from one disconnected IPv6-enabled
component of the network to another. However, tunnelling often incurs unacceptable performance penal-
ties [Huston 2011; Guérin and Hosanagar 2010], so we may think of utility as the number of IPv6-enabled
destinations a node can be reach without tunnelling. (The other technologies we mention do not support
tunnelling.)
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Thus, f:(u) is u’s status as the t-th timestep; when f;(u) = 1, we say v is turned on or is
activated at the t-th timestep; when f;(u) = 0, we say v is off or is inactive at the t-th
timestep.

Definition 2.2 (Technology diffusion optimization problem.). We say
T = min{t : f; = fi11} is the completion time of the diffusion process. We say S is
a feasible seedset with respect to {G, 6} if {v : fr(v) = 1} = V, i.e, . all nodes are
turned on by the process’ completion time. Then, the technology diffusion optimization
problem is to find the smallest feasible seedset S when G and 6 are given as input.

3. APPROXIMATION ALGORITHM

We start with a detailed overview of key technical ideas in Section 3.1. We then
describe our IP formulation in Section 3.2, and prove its correctness in Section 3.3; see
also Appendix A for a discussion of the integrality gap that could arise in an alternate
(simpler) version of the IP. Our rounding algorithm is presented in Section 3.4, and its
correctness is proved in Section 3.5. Finally, to assist with the exposition, we present
series of examples in Appendix B to illustrate constructions used by our algorithm.

3.1. Highlights of our algorithm
3.1.1. Linearization & formulating the IP

A major complication of our setting is that a node’s activation decisions can depend
on remote nodes in the graph. Consider a step in the diffusion process where there are
multiple disconnected active components, and at time ¢, a single node u activates and
joins these components into single ‘giant’ active component. This event would dramati-
cally change the utility of nodes that are distant from node « but adjacent to new giant
active component. These dramatic, non-local changes make it difficult to encode the
problem as an IP; for instance, consider a natural IP formulation that uses indicator
variables y; ; that are set iff node u; is activated at timestep ¢. The IP would need to
decide if the size of the active components including u; at timestep ¢ exceeds 6(u;), a
task that would likely require the use of threshold gates. This complicates matters
since IPs are generally unable to express threshold gates.

It turns out that we can avoid threshold gates if the IP is only required to give an
2-approximation to the optimal seedset. To do this, we introduce the following notion:

Activation sequences. Given a seedset S, we can define an activation sequence T as
a permutation from V to [n] that indicates the order in which nodes activate. While
Definition 2.1 imposes a one-to-one relationship between nodes and the timestep in
which they activate, this notion of activation sequence is looser. Here, a seed may
activate at any timestep, and a non-seed node u may activate at a timestep 7'(u) as
long as w is part of a connected component of size at least 6(u) in the subgraph induced
by {u}U{v:T(v) < T(u)}.

min Zign Zt<9i Li,t

subject to: Vt,i : x;¢ €{0,1}
Vi Dopen Tip =1 (permutation constraints)
Vit S ien Tig =1 (permutation constraints)
VE> 1,00 300, 0 epy Sow<t Tt = i (connectivity constraints)

Fig. 1: Simple IP for the technology diffusion optimization problem.
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Notice that we uniquely recover a feasible seedset S from an activation sequence 7" by
deciding that node v is a seed iff §(u) > T'(u). Thus, we our IP will encode an activation
function T, as a proxy for the seedset S.

We can use activation sequences to convert node’s activation decision from global
(i.e., influenced by remote nodes) to local (i.e., influenced only by neighbors). To do this,
we restrict the search space of our IP to connected activation sequences, i.e., activation
sequences T such that at every timestep ¢, the set of active nodes induces a connected
subgraph of G. This way, we know that there are exactly ¢ active and connected nodes
at every timestep ¢, so any inactive node u can decide to activate if (a) at least one of
its neighbors are active, and (b) the current timestep ¢ is ¢ > 6(u). Armed with these
observations, encoding the IP becomes straightforward. See Figure 1:

Simple IP encoding. Let z;, be the indicator variable such that x;; = 1 if and only
if T'(v;) = t. The permutation constraints guarantee that the variables z; ;, represent a
permutation. The connectivity constraints ensure that if z;, = 1 (i.e., node u; activates
at step t), there is some other node u;; such that u; (a) is a neighbor of node u; and and
(b) activates at earlier time ¢’ < ¢. Finally, the objective function minimizes the size of
the seedset by counting the number of z; ; = 1 such that ¢ < 6(u;).

Bounding the size of the seedset. To see why restricting our search space to connected
activation sequences results in a 2-approximation, consider a timestep when two or
more disconnected active components merge into a single component, and notice that
whenever this happens, there is exactly one connector node that activates and joins
these two components. It turns out the if we add every connector node to the optimal
seedset, we can rearrange the activation sequence to enforce connectivity. Since ev-
ery connector node causes a decreases the number of disconnected components, and
number of disconnected component is bounded size of the optimal seedset, we have the
following lemma (proved in Appendix C):

LEMMA 3.1. The smallest seedset that can induce a connected activation sequence
is at most twice the size of optimal seedset.

3.1.2. Network flows & randomized rounding

Unfortunately, we can’t use the simple IP of Figure 1 to design our approximation
algorithm, as it may exhibit a large integrality gap (see Appendix A). To deal with
this, we need a new idea for our rounding approach: we shall simultaneously interpret
fractional values returned by the LP both as network flows, and as probabilities.

The diffusion process as network flows. When a node u activates at time 7'(u), we imag-
ine a unit flow that originates at a seed node, and flows to node u along the network
induced by the nodes activated prior to timestep 7'(u). Our IP encodes this via flow
constraints, that serve two purposes. First, they eliminate the the pathological exam-
ple of Appendix A. Second, they force our LP to return fractional flows f € [0, 1] that
have the following pleasant interpretation: if there is a flow f € [0, 1] from a seed node
to a node u at time ¢, then node u has probability f of activating at time .

Fractional flows as probability mass. Suppose that at time ¢, there are two disjoint
flows f; and f5 originating from different seeds, and arriving simultaneously at node
u. The total flow at node u at time ¢ is then f; + fo. What does this merge of two
disjoint flows mean in our probabilistic interpretation? It turns out that the natural
interpretation is already pretty sensible: with probability f;, the technology is diffused
via the first flow, and with probability f> the technology is diffused via the second flow.
Now, the probability that the technology is diffused to u via either of these two flows is
1—(1— f1)(1 — fo). If f1, fo are both small, this probability becomes ~ f; + f2, so that
the total flow can be used to determine node u’s activation probability. On the other
hand, if f; or f> is large, we are fairly confident that « should activate prior to time ¢,
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and so we can simply decide that T'(u) < ¢ without incurring a large increase in the
size of the seedset.

Connecting the seedset. Since network flows must originate at seed nodes, our round-
ing algorithm will require all seed nodes to activate before the non-seed nodes. Cou-
pling this with the requirement that our activation sequence is connected, it follows
that our rounding algorithm will return a connected seedset S (i.e., the nodes in S
induce a connected subgraph of ). To guarantee a connected seedset, our rounding
algorithm samples candidate seed nodes and glues them together as follows:

GLUE-SEEDS(S)
1 while S is not connected

2 do Let C be the largest connected component in the subgraph induced by S.
3 Pick u ¢ C. Let P be the shortest path connecting v and C' in G.
4 Add nodes in P to S.

5 return S.

If r is the diameter of the graph (i.e.,, the length of the longest shortest path in G),
then gluing incurs a factor of O(r) increase in the size of the seedset, which we show
is optimal in Lemma 4.2.

3.2. Integer program

In Figure 2, we present the IP we used to design our approximation algorithm. We
replace the simple connectivity constraints of the IP in Figure 1 with a more robust set
of constraints that use network flows to enforce connectivity, i.e., that all active nodes
are connected, and that node u activates after there are at least 6(u) — 1 active nodes
such that one of the active nodes is u’s neighbor.

Network flows. We require that when z; ; = 1, we can push a flow of unit capacity from
an arbitrary seedset node to u; using only the subgraph induced by nodes activated
before time ¢. To do this, we first extract the subgraph containing all the activate nodes
at time ¢, and then ensure this subgraph admits a unit capacity of flow from a seed

min Dicn 2t<p; Tit

subject to:

Vi, t : Tit € {O, 1}

Vi Dien iz =1 (permut’n constraints)

vt S ien Tig =1 (permut’n constraints)

V{i/,i} §é E(G),tl,t S [n] : ei/,;t/,t =0

V{i/, Z} S E(G),t/ >t: €ir it/ t = 0

V{i/,i} S E(G),tl <t: €ir it t € {0, 1}

Vi, t: <t Z{i’,i}eE it = Tig (tree constraints)

Vit Z{i,ﬂ.}eE it < Tirp (activity constraints)
x11 =1 (make X ; the source)

Vi, t > 0(u;) V partitions of V (Hy (7))

S,S,st.X €8 skel Y ees(55) €(€) = Ygu)<p<i Tiw (flow constraints).

Fig. 2: Integer program for solving the technology diffusion problem.
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node to node u;. We can do this by tracing the “trajectory” of the diffusion process,
since when the seedset is connected, the technology diffusion process can be viewed as
a growing tree. (See the example in Figure 6 of Appendix B.) We therefore impose our
flow constraints over the following tree:

Timestamped diffusion tree. Node T~!(1) is the root. For each ¢ > 1, the tree consists of
all the nodes that are activated on or before time ¢. Moving from ¢ — 1-th to ¢-th step, the
node v = T~1(t) is appended to the tree as a new leaf by adding a single directed edge
from u to an arbitrary tree node v such that v € {T*(1),...,77(¢t — 1)} and edge (u,v)
is in the graph G. Finally, tree edge (T—1(t'), T~1(t)) is labeled with timestamps (¢, t).
To encode the timestamped diffusion tree in our IP, we use edge variables e, ; v/ ; such
that e; ; .+ = 1iff edge {¢/,4} is in the timestamped diffusion tree with label (¢',¢). The
tree constraints ensure that each node in the timestamped diffusion tree has exactly
one incoming edge, while the activity constraints ensure that only active nodes may
have children in the tree.

To impose the flow constraints, we use the following hypergraph # (see the exam-
ple in Figure 7 of Appendix B):

The hypergraph H. H has vertex set {X;, : i,t € [n]}, where vertex X, , has “mass”
x;¢+. For every non-zero e;s ; ¢+, H has a directed edge from X, » to X;; with capacity
e i - We also call vertices {X;; : t = 0(u;)} the threshold vertices of H, and let the
threshold line be a line that joins all threshold vertices. All the vertices X, ; such that
t < 6(u;) are referred to as vertices to the left of the threshold line; all the rest are
vertices to the right of the threshold line.

We think of the vertices to the left of the threshold line in # as corresponding to seed
nodes, while those to the right correspond to non-seed nodes. We want to ensure that
all X, to the right of the threshold line (corresponding to non-seeds) have mass z;
that exceeds neither (a) the capacity of the edge variables e,/ ; + ;, nor (b) the mass at
the nodes that induced node i’ to activate, e.g., x;:. To do this, we define a family of
multi-flow problems as follows:

The (i,t)-flow problem. Fix an arbitrary i and ¢ such that ¢ > 6(u;). Let j be the
node corresponding to root of the timestamped diffusion tree, i.e.,, j activates at the
first timestep so that xz;; = 1. Let #; be the subgraph of # induced by the vertices
{Xiy v 1 € [n],t’ < t}, where the mass on each H,’s vertices is interpreted as its
capacity, and the directed edge from X; ; to X;. has capacity e; ;. The (i,t)-flow
problem is a multiple-sink flow problem over 7; where that the source is X;; and
the sinks are vertices to the right of the threshold line X y(.,), Xi 6(u;)+15 ---» Xi,¢- The
demand for sink X ; is z; ;. The flow constraints ensure that there is a solution to the

(i,t)-flow problem for each i and ¢t € [n] such that ¢ > 0(u;).
Implementing the flow constraints. The (i, t)-flow constraints are enforced via max-
flow-min-cut, i.e., by using the fact that the minimum cut between the source and

sinks is the same as the maximum flow. For each (i, ¢)-flow problem, a simple min-cut

formulation requires:

(1) knowledge of the source, so assume X;; is known to be the source, (A simple,
polynomial-time way to achieve this is by guessing; run the IP n times, relabeling
a different node in the graph as wu; for each run, and use the run that returns the
smallest seedset. The subsequent discussion corresponds to this “correct” run.)

(2) a single sink, so we introduce node sk to connects sinks X; g¢.,), ..., Xi.t,

(3) capacities on edges only, so we consider a new hypergraph H;(:) that identical to
H. except that each node X , is replaced with two nodes X7, X~ connected by a
directed edge of capacity z; ;.

ACM Journal Name, Vol. 42, No. 42, Article 42, Publication date: February 2012.



42:10 S. Goldberg and Z. Liu.

In each hypergraph H, (i), we need to supply sk with demand ZG(ui) <<t i Let S and
S be a partition of the vertices of H; (i), where X;*, € S and sk € S. Let 4(5, S) be the

set of cross edges from S to S. Let c(e) be the capacity of each edge e in H,(i). The flow
constraints require that the capacity of all cuts are at least as large as the demand at
the sink node.

3.3. Correctness of the IP

We combine Lemma 3.1 with the following lemma to conclude that the IP in Fig-
ure 2 returns a seedset of size 2opt. (Strictly speaking, this holds only if when u; is a
seed in an optimal connected activation sequence due the constraint “(make X;; the
source)”; when this doesn’t hold, the seedset has size at most 2opt + r, but as we dis-
cussed above we can ignore these runs of the IP.)

LEMMA 3.2. The IP in Figure 2 returns a connected activation sequence.

PROOF. We show that (a) all activation sequences satisfying the constraints of the
IP must be connected, and (b) all connected activation sequences must satisfy the con-
straints.

We start with the first item. We use induction over ¢ to show that the constraints in
Figure 2 excluding the flow constraints force the IP to consider only connected activa-
tion sequences: The base case where t = 1 is trivial because there is only one activated
node, namely u;. For the induction step, suppose the set of active nodes is connected
up to time ¢, and x; 111 = 1 for some i. The tree constraint ensures that there exists an
i’ and a t’ <t + 1 such that e; ; ;11 = 1. The activation constraint also ensures that
Xy > ey i e+1 = 1. Therefore, there exists a node ¢’ that is activated before time ¢ + 1
and is connected to 7, so that the set of active nodes are also connected at time ¢ + 1.

To show the second item, we show that the flow constraints do not rule out any

connected activation sequences. To do this, fix arbitrary i and ¢ and consider two cases:
Case 1. If for all ¢/ < ¢, z; + = 0, then there is no demand for any of the sinks in the
(i,t) flow problem, so the flow constraints trivially cannot rule out any solutions.
Case 2. Suppose there exists exactly one ¢ < ¢t where z;» = 1. From the definition
of the (i,t) flow problem, we must have ¢’ > 6(u;). Since the IP only searches through
connected activation sequences 7T, it follows that 7' can be associated with timestamped
diffusion tree that has a path from u; (the first node to activate) to u;. It follows that
there must also be a unit flow from X; ; to X;+ in #, and so this flow is a solution for
the (i,t)-flow problem. O

3.4. Relaxing and rounding algorithm

Our next task is to relax the IP in Figure 2 in the usual way?® (replacing the indica-
tor variables with real variables over the [0, 1] interval), and rounding the solution. Let
o be an optimal solution for the LP. Given o, our rounding procedure will first recon-
struct both the seedset S and an activation function 7', and then iteratively reconcile
inconsistencies between S and 7.

3.4.1. Properties of the rounding procedure.

When we work with the relaxed LP, we also relax our notion of activation se-
quences. Now, we no longer assume that 7" is a permutation, and instead allow more

3Note that the relaxed LP contains an exponential number of constraints (namely, the flow constraints).
Nevertheless, we can use the ellipsoid method to find an optimal solution in polynomial time using a sep-
aration oracle [Williamson and Shmoys 2010] that validates if each of the (¢, ¢t)-flow problems over H have
solutions, and if not, returns a min-cut constraint that is violated. This oracle can be constructed using
algorithms in, e.g., [Hao and Orlin 1992].
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than one node (or even no nodes at all) to activate in a single timestep. However, the
following three properties ensure that this relaxed notion does not create problems:

X1. (Consistency): After rounding is complete, T and S will be consistent; that is,
T encodes an order of activation for a diffusion process induced by {G, 0, S} where
any seed node u € S is allowed to activate at any time, and any non-seed node
u ¢ S is allowed to activate at any time it is connected to an active component of
size at least 0(u) — 1.

X2. (Connectivity): The activation sequence 7T is such that the set of active nodes
is connected at all times (i.e., |, -, T~1(t') is connected in G for 1 <t < n.).

X3. (Feasibility): The activation sequence T is such that every node eventually
activates (i.e., T'(u) < n for each v € V).

Thus, if the seedset S is consistent with the activation sequence 7', then the seedset S
is also feasible.

3.4.2. Overview of the the rounding procedure

Our rounding procedure works as follows. (To assist with the exposition, we also
present an example of this rounding procedure in Appendix B.)

Reconstructing the seedset S. We use a randomized procedure to place a graph node
u; in the seedset with probability proportional to it’s cumulative mass to the left of the
threshold line i.e, >,y ,,) zi,.- This allows us to reconstruct a “small” seedset, but is

not sufficient to guarantee that reconstructed seedset is feasible.

Reconstructing the activation function T. One the other hand, our reconstruction of
the activation function 7" will guarantee that 7' is connected and feasible, but not that
T encodes a “small” seedset. We do this by relying heavily on the finer information
provided by the individual “mass” z;;, and interpreting these values as both network
flows and probabilities. On one hand, we use the flow interpretation to construct the
activation sequence as a function of (a) the mass of the hypergraph nodes # to the left
of the threshold line (i.e., which will act as the source of the network flows) and (b)
the structure of hypergraph # (which will act as the network carrying these flows).
On the other hand, we use the probability interpretation to ensure that distribution
of T'(u;) is, in expectation, approximately characterized by the vector (x; 1, z; 2, ..., Tin)-
Our reconstruction procedure will guarantee that 7' is connected and feasible, but not
that T encodes a “small” seedset.

Reconciliation. We need to worry about situations where the activation function has
fewer than ¢ nodes active at timestep ¢ (inclusive). If we ignore this, T" and S could
be inconsistent: 7" might suggest that a non-seed node u ¢ S activates “too early”,
i.e.,, at time T'(u) where there are fewer than 6(u) active nodes.To deal with this, we
reconcile the reconstructed seedset S and reconstructed activation function 7', so that
they become consistent, and we have a seedset that is both feasible and small. We use
an iterative, ¢-step procedure, where ¢ is the number of possible threshold values we
have in the problem instance, i.e., § : V — {61, ...,0,}. In each step, we again use the
probability/network flow interpretation of our problem to “repair” situations when the
activation sequence 7" has fewer than 6; nodes activated at timestep ¢, by adding extra
nodes to the seedset S.

Organization. To execute the above, we first construct a “preliminary” seedset Sy and
activation function T, (Section 3.4.3). In the reconciliation stage (Section 3.4.4), we
iteratively construct a sequence of pairs {S1,T1}, ..., {Se, T¢} , so that at the end Sy is a
feasible solution and 7} is consistent with S, (as proved in Section 3.5).
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3.4.3. Reconstructing the preliminary seedset  Sp and activation function  Tp.

The following describes the process for obtaining the preliminary seedset Sy and
activation function Ty from the fractional solution to the LP relaxation o. We use a ran-
domized process to obtain the preliminary seedset Sy. Let ¢ > 0 be an arbitrarily small
number, which controls the tradeoff between running time and the size of seedset:

PRELIM-SEEDSET(H)
1 Initialize Sy < 0.
2 For each node u; € V, add u; to S, with probability min {1 L 24(1+ ) In(2n) - g xt}

3 Let Sy« GLUE-SEEDS(S)).
4 return 5.

(See Section 3.1 for the GLUE-SEEDS procedure.) We then deterministically obtain the
activation sequence Tj.

GET-SEQ(#H, So)

1 Initialize by flagging each X, ; € H as “inactive” by setting b; ; « 0.

2 Vu; € Sp, b < 1fort < 0(u;). // “Activate” each X, ; to the left of the threshold line
3 fort«+ 1ton

4 doVi:

5 if (Hi/, t: ((Xi’,t’a Xi,t) € E(H)) N (bi’,t’ =1))

6 bit < 1fort > 0(u;) // “Activate” each X ; to the right of the threshold line
7 Obtain Ty by taking Ty (u;) < min {¢ : b;, = 1}.
8 return T.

Notice that it is possible that T} is infeasible, i.e., that T, is such that some node «
never activates (denoted by Ty(u) = o0). (See for example the first failure mode in
Appendix B.) Thus, we repeat PRELIM-SEEDSET(#) with fresh randomness until we
obtain S; that satisfies the two properties below. In Theorem 3.3 we show that a small
number repetitions suffice to find S, that satisfies:

(P.1) Let Ty + GET-SEQ(H, Sy). For all 4, ¢t with Zt’gt Tip > g
(P.2) The size of Sy is at most

|So| = 24(1 + €)? In(2n)r - (20pt) (@)

Note that (P.1) immediately implies that the activation sequence T} is feasible; set
t = nin (P.1), so that Vi Zt,<n Tip =127 so To(u;) < n.

1+€) , then To(u;) < t.

(1+e)
3.4.4. Reconciliation procedure

The reconciliation procedure takes in the inconsistent preliminary seedset Sy and
activation function T}, a uses an /-stage process to reconcile them. (Recall that ¢ defines
the number of possible thresholds in our problem, i.e., 6 : V — {61, ...,6,}.)

We do this iteratively. At the kth stage of the reconciliation procedure (for all k €
{1,..,¢}), we assume that seedset S;_; and activation function 7j_; from the previous
stage are “good” up to timestep 6;_1, and use these to produce S; and T}, that are “good”
up to timestep ;. Our notion of “goodnesss up to time 6;” for seedset Si and activation
function T}, is defined as follows:

(C.1). Sy and T}, are partially consistent up to to time 0} (inclusive). That is, for
any node u such that Ty (u) < 0, — 1 (a) either u € Sy (i.e, u is a seed), or (b) in
the subgraph induced by v and the set of nodes that are active up to time 6, — 1
according to T}, the connected component containing « has size at least 6(u).
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(C.2). T} is such that the number of active nodes at time ¢; —1 (inclusive) is at least
0; — 1 for every j < k.
(C.3). Sy grows by an additive factor of at most

|Sk\Sk—1| = r max{log(2n/e), 24(1+¢) - (20pt)} (2

Thus, the kth stage of the reconciliation procedure takes seedset S;, and produce a
new seedset S;, O Si_1, as follows:

UPDATE-SEEDSET(H, S)

1 For each non-seed node u; € V\S, add u; to S with probability min {1 AL+ ) D g xi,t}.

2 Let S + GLUE-SEEDS(S).
3 return S.

Using Sy + UPDATE-SEEDSET(H, S;—1), We can obtain a new activation sequence as
T, < GET-SEQ(H, Sk). As before, we repeat UPDATE-SEEDSET(H, Si—1) with fresh
randomness until we obtain S; and T} that satisfy (C.1) - (C.3). Theorem 3.3 we show
that a small number of repetitions suffice.

3.5. Correctness of the approximation algorithm
Finally, we prove the correctness of our approximation algorithm.

THEOREM 3.3. Our algorithm outputs a feasible seedset of size at most
24(1 4+ €)*In(2n)r - (20pt) + £ - r max{In(2.89n/¢), 24(1 + ¢)(20pt)} 3)

by repeating PRELIM-SEEDSET at most 0(1) times and UPDATE-SEEDSET at most
O(nl/¢) times.

PROOF. Our proof proceeds by showing the preliminary seedset Sj is ‘small’, and
preliminary activation sequence 7T, is feasible and connected. We then inductively
prove the reconciliation procedure resolves inconsistencies between the seedset and
activation sequence, by adding a small number of new seeds to the seedset; because
the seedset is consistent with a feasible activation sequence, the seedset is also feasi-
ble, and the theorem follows.

Preliminary seedset Sy and activation sequence T,. We start by showing that a small
number of repetitions of PRELIM-SEEDSET suffice to obtain a “small” preliminary
seedset Sy of size 24(1 + €)?In(2n)r(2opt) (i.e., the first term in equation (3)), and a
preliminary activation sequence T, that is both feasible and connected. Let # be the
hypergraph obtained from the optimal solution to the relaxation of the IP in Figure 2.
The following suffices to show we obtain a “small” preliminary seedset after few repe-
titions of PRELIM-SEEDSET:

LEMMA 3.4. A single trial of PRELIM-SEEDSET(H) satisfies property (P2) with
probability 1 — o(1).

We prove this as Lemma H.1 (Appendix H.1). The proof uses a Chernoff bound to show
that PRELIM-SEEDSET selects at most 24(1 + €)?In(2n)|o| seeds with high probability.
The proof proceeds to argue that since the optimal solution to the LP ¢ has size at most
(20pt) (from Theorem 3.2), and the GLUE-SEEDS procedure used in PRELIM-SEEDSET
expands the seedset by a factor of at most r, (P.2) holds with high probability, so that
the size of Sy is bounded by the first term in equation (3).
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We move on the preliminary activation sequence Tj < GET-SEQ(H, Sp). To show
that Tj is connected, we use the fact that Sj is connected and following connectivity
lemma (which follows by construction of GET-SEQ, as proved in Appendix H.3)

LEMMA 3.5 (CONNECTIVITY). If S is a connected seedset and T is such that T «+
GET-SEQ(#H, S), then T is connected.

Finally, note that the feasibility of T, (i.e., To(u;) < n for all u; € V) follows from
immediately from property (P.1): set ¢t = n in (P.1) so that >°,, . @ip = 1 > @
Furthermore:

LEMMA 3.6. A single trial of PRELIM-SEEDSET(H) satisfies property (P.1) with
probability (1).

We provide a sketch of this more substantial argument here, while the full proofis in
Appendix H.2 as Lemma H.2. The proof relies heavily on the idea that the x;; can be
thought of both a network flows and probabilities. Fix an arbitrary u; and let ¢(i) be
the smallest integer such that ZKt(i) Tip > ﬁ To simplify the exposition (this
simplification is not used in our full proof), suppose that either (a) z;; = 0 for all
t > 6(u;), or (b) z;; = 0 for all t < 6(u;). These represent the two extreme cases for
our lemma; the intermediate cases can be dealt with algebraic manipulations that
“interpolate” between these extreme cases.

For case (a) all the mass is to the left of the threshold line, and we use a Chernoff
bound to show that that u is a seed with high probability. The interesting part of the
proof comes for case (b) when all mass is to the right of the threshold line. To address
this, we look at the hypergraph H, and find a set of hypergraph nodes R to the left of
the threshold lines such that (i)

ST me>1/(1201+6)). (4)

X teERt<O())

and (ii) for each X, € R, if GET-SEQ was to flag X, as “active” (i.e., b;; = 1) then
u; will be activated before time ¢(i). We first algorithmically extract the set of hyper-
graph nodes R, via network flow ideas; namely, we extract them from a feasible flow
of the (i,¢(i))-flow problem. Next, when (4) holds, we use probabilistic analysis to show
that whp at least one u; corresponding to X;; € R will be selected as a seed, i.e,
PRELIM-SEEDSET will return Sy such that u; € Sp. It follows that X ; will be flagged
as active in GET-SEQ, and u,; will activate before time #(i).

Reconciliation procedure. We show that each of the ¢ stages of the reconciliation pro-
cedure grows the seedset by the additive factor in equation (2), resulting in the second
term in equation (3). Moreover, we show the procedure results in a consistent seedset
and activation function.

We do this inductively. For k£ € {1,...,¢}, we show that given S;_; and T;_; that
satisfy conditions (C.1)-(C.2), it suffices to repeat UPDATE-SEEDSET O(n/¢) times in
order to obtain S; and T} that satisfy conditions (C.1)-(C.3). (For the base case, note
that (C.1) and (C.2) hold for preliminary seedset Sy and activation function Ty if we
define 6y = 0). We start by showing that (C.3) holds, so that seedset growth is small.

LEMMA 3.7 (SEEDSET GROWTH). For the randomized UPDATE-SEEDSET proce-
dure for obtaining Sy from Sy_1 we have
Pr[|Sk\Sk—1| > r max{log(2n/¢),24(1 + €)(20pt) }] < i
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While this proof uses similar Chrenoff bounds as in the proof of Lemma 3.4, we in-
clude it here in full in order to explain the somewhat ‘unnatural’-looking terms in
equation (3).

PrROOF. Let AS; be the set of seed nodes selected during step 1 of
UPDATE-SEEDSET (before gluing) and recall that we add u; to AS, with probability
max{1,4(1 + €) >, g(,,) Ti,t }- It suffices to bound [ASy|, since [Si\Sk—1| < r[ASk| after
gluing in step 2 of UPDATE-SEEDSET. Observe that

EJASK) =) min{l,4(1+e) Y @i} <4(l+€)> > @iy <A4(1+ €)(20pt).
i<n t<0(u;) i<n t<0(u;)
(where the last equality follows because the objective function of the LP has size at
most (20pt)). Let 6 = max{log(2n/e),24(1+¢€)(20pt)}. We bound the event that |AS;| > §
in two cases:
Case 1. 24(1+ €)(20pt) > log(2n/¢). Notice first that E|AS,| < 6 x 4(1+ ¢)(20pt) and we
can apply the Chernoff bound (Part 2 of Theorem G.1):

Pr[|AS,| > 6] < Pr[|ASk| > 24(1 + €)(20pt)] < 27241+ 20pt) < 9=log(@n/e) < ¢ /9,

Case 2. 24(1+¢€)(2opt) < log(2n/e). We now have E|ASy| < 6 x 4(1+¢€)(20pt) < In(2n/e).
Using the same Chernoff bound:

Pr[|ASy| > 6] < Pr[|ASk| > log(2n/e)] < 27'8(2n/9) — ¢/on,
O

Next, we have a simple lemma (Lemma H.6) that shows that partial consistency condi-
tion (C.1), is immediate given that S; and T}, that satisfy condition (C.2), and S;_; and
T}, 1 satisfy condition (C.1) and (C.2). We leave that lemma to Appendix H.4, and move
on to our main task: showing that a single trial of UPDATE-SEEDSET produces S; and
Ty the satisfy (C.2) with probability O(e/n). We do this in two steps, (with proofs in
Appendix H.5 - H.6):

1. Ideally, we would like activation function 7j_; to have 6; — 1 nodes active by time
0r —1 (inclusive) so that (C.2) will be met after 7;_; is updated to 7. However, this may
not be the case for T),_;. Thus, we compute the gap between 6, — 1 and the number of
active nodes at time 6; — 1 according to activation function 7}_; and show such gap can
be “filled” whp after we execute UPDATE-SEEDSET once. The following lemma, proved
in Appendix H.5 follows almost immediately from algebra:

LEMMA 3.8 (GAP SIZE.). At beginning of the k-th stage, define the “gap” as
p="0k —1—{u;: Tp1(u;) <0 — 1} (5)

Note that ~ is the total mass in H to the left of the threshold line corresponding the
non-seed nodes u; € V\Sk_1. It follows that

p<n= Z in,t

wiTp_1(ui) >0 t<0Og
It follows that p < v = 32,1, (ui)>0, 21<0, Tirt
2. Next, we show that the number of nodes moved to a timestep earlier than 6, in T},

is larger than the gap p with probability at least e¢/n. Thus, it follows that condition
(C.2) holds with probability at least ¢/n.
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LEMMA 3.9. Let
p = Hui : (Th—1(wi) > 0) A (Ti(w;) < 0x)}|

be the number of nodes that are moved to a timestep earlier than 0y in activation se-
quence T}, (relative to Ty_1). Then Pr[p > ] > ey/n.

This lemma carries that majority of the substance of this part of the proof. We again
need to combine a network flow interpretation with probabilistic analysis in a manner
that is similar, but more sophisticated, than the analysis for Lemma 3.6. The main
complication is that in Lemma 3.6 the right-hand side of the inequality (4) is constant,
while here we must bound the sum of the masses through the hypergraph nodes in R
with a non-constant value that is related to the gap . The complete proofis presented
in Appendix H.6.

Thus, after the reconciliation procedure, S, has size as in equation (3), and is consistent
with activation sequence Ty. Since T} is feasible, S; is also feasible and the theorem
follows. O

4. LOWER BOUNDS

We present two lower bounds. First, we show an Q(logn) inapproximation
lower bound for for polynomial time algorithms, assuming no efficient (1 — o(1))-
approximation algorithm for set cover problem exists. This lower bound holds even
when r (the diameter of the graph) and ¢ (threshold granularity) are constants, and
implies that our algorithm is close to optimal for a wide range of interesting diffusion
problems described in Section 1, where r and ¢ are O(1):

LEMMA 4.1. There is no clnn-approximation algorithm (for some constant c) for the
technology diffusion optimization problem for a general graph, even if the seedset is
required to be connected, and graph diameter r and threshold granularity ¢ are O(1).

The proof, in Appendix D, is a reduction that takes an «a-approximation algorithm
for the technology diffusion problem and returns an O(«)-approximation algorithm
for set cover problem. The lemma follows because the set cover problem cannot be
approximated within a factor of ©(Inn) (see [Alon et al. 2006] and references therein).

Second, we show an unconditional (r)-inapproximation lower bound for the fam-
ily of algorithms that only search for connected seedsets (i.e., seedsets that induce a
connected subgraph of ), that explains our approximation algorithm’s dependence on
graph diameter 7:

LEMMA 4.2. For any fixed integer r, there exists an instance of technology diffusion
problem {G,0} such that (a) the diameter of G is ©(r), and (b) the optimal connected
seedset is at least Q)(r) larger than the optimal seedset.

The proof is in Appendix E. It follows that circumventing polynomial dependencies in
graph diameter r requires algorithms that can return disconnected seedsets. As dis-
cussed in Section 3.1, we believe that doing this will require substantially different
techniques, and is thus an interesting direction for future work.

5. GOING BEYOND HEURISTICS.

Given the prevalence of heuristics like “choose the high degree nodes” in the lit-
erature on technology diffusion in communication networks (e.g., [Chang et al. 2006;
Avramopoulos et al. 2007; Gill et al. 2011]), we sanity-check our approach against sev-
eral heuristics. We emphasize that our goal in the following is to give evidence that we
can find solutions that are substantially different from natural heuristics.
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threshold step length: c=1 c=5 c=10 c=20
Size Jaccard Size  Jaccard Size Jaccard Size Jaccard
degree 11.8 0.42 20.9 0.36 24.45 0.38 41.75 0.46
degree-threshold 8.95 0.41 15.40 0.42 19.00 0.44 33.25 0.55
betweenness  10.50 0.45 19.65 0.39 24.2 0.38 40.85 0.47
degree discounted 11.2 0.39 21.55 0.34 25.35 0.36 41.60 0.45
degree connected 12.9 0.35 22.65 0.29 25.90 0.33 43.25 0.44
ip_solver 6.45 1 11.15 1 13.75 1 23.45 1
degree overlap 0.44 0.39 0.37 0.39
betweenness overlap 0.47 0.39 0.37 0.40

Table I: Comparison the IP of Figure 1 to several heuristics.

We considered problem instances where (a) G(V, E) is 200-node preferential at-
tachment graph with node outdegree randomly chosen from {1,2,3,4} [Albert and
Barabasi 2002], and (b) thresholds 6 randomly chosen from {max{2, ¢}, 2¢, 3c, ..., [222] -
c}. We ran four groups of experiments with threshold step-length parameter c fixed to
1, 5, 10, and 20 respectively. With each group, we used a fresh random preferential at-
tachment graph, and repeated the experiment five times with a fresh random instance
of the threshold functions. We solve each of these 20 problem instance using the IP for-
mulation presented in Figure 1 (with the extra restriction that the highest degree node
must be part of the seedset) and the Gurobi IP solver. We compare the result against
five heuristics that iteratively pick a node u with property X from the set of inactive
nodes, add u to the seedset S, activate u, let u activate as many nodes as possible, and
repeats until all nodes are active. We instantiate property X as:

(a) degree: highest degree,

(b) degree-threshold: highest (degree) x (threshold),

(c) betweenness: highest betweenness centrality,

(d) degree discounted: highest degree in the subgraph induced by the inactive nodes
[Chen et al. 2009],

(e) degree connected: highest degree and connected to the active nodes.

For each group, Table I presents the average seedset size and the average Jaccard

index }gg—g‘:} between IP seedset S the heuristic seedset S’. We also compute the fraction

of nodes in S that are also part of the top-|S| nodes in terms of (a) degree (the row
denoted “degree overlap”), and (b) betweenness centrality (“betweenness overlap”). The
results of Table I do indeed give evidence that our IP can return seedsets that are
substantially different (and often better), than the seedsets found via heuristics.
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A. THE SIMPLE INTEGER PROGRAM

Our IP in Figure 2 is quite complex; in this section we show why we were not
able to base our approximation algorithm on the simpler integer program of Figure 1.
For the sake of exposition, we suppose that z; ; is a mass that gives a measure of the
probability that node u; activates at time ¢, and refer to the example in Figure 3:

t=1 a:AJ:O.l
t=2 $B72:O.1
t=3 z¢c3=01

e t=4 wxps=02

t=5 zc5=02

(B t=6 xpg=04

t=7 xcr=0.7

@ t=8 xpg=0.3
t=9 x49=09

because zp2 < 4 1)

because xc3 < B

because x4 < xa 1 + 130,3)

because zc5 < T2 + ZCB,4)

because zps < xa1 + Tc3 + o)
because zc7 < Tp2+ T4+ TBe)
because xpg < x4 + 203 + To5 + To7)
because 49 < Y g TR)

Py

Fig. 3: Here, the solution returned by the relaxed LP is unlikely to be helpful in round-
ing.

Figure 3: Suppose LP returns a solution such that at ¢ = 1, node A has mass 0.1,
while all other nodes have mass 0. The constraints repeatedly allow mass from node
A to circulate through nodes B and C and then back to A. (See the right hand side of
Figure 3 for the variable assignments over the time). Finally, at ¢ = 9, enough mass
has circulated back to A so that A will have mass 0.9, so that A has “probability” 0.9
of activating. Note that this is highly artificial, as all of this mass originated at A to
begin with! In fact, no matter how we interpret these z; ;, the example suggests that

Threshold Line

Fig. 4: The hypergraph H corresponding to the activation sequence of Figure 3.
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The threshold function

0(A) =5
0(B) = 2
0(C) =3
(D) =5
0(E) = 4
O(F) =6

The optimal solution for the IP
a1 =1 (Vt#1,z4:=0)
B2 = 1, (Vt 75 27$B,t = O)
res3 =1, (Vt 75 3,:133,75 = 0)
TD,5 = 1, (Vt 75 57$B,t = O)
rpe =1, (Vt # 6,25 =0)

(

Fig. 6: A solution for the technology diffusion problem in Figure 5 (on the right hand
side) and the corresponding timestamped diffusion tree (on the left hand side).

this “recirculation of mass” is not going to give us any useful information about when
node A should actually activate.

We took care of this recirculation of mass by introducing the timestamped diffu-
sion tree and the flow constraints, to prevent mass from circulating from a node back
to itself at some future time (e.g., From node A at time ¢ = 1 back to itself at time ¢t = 9).
To illustrate how the flow constraints eliminate the pathological example of Figure 3,
in Figure 4 we presents the hypergraph H corresponding to the first 4 timesteps of
activation sequence showed in Figure 3. Notice that H violates the constraints of the
IP in Figure 2 because the (B, 4)-flow problem has in total demand 0.2 (i.e,, xp 2 = 0.1
and xp 4 = 0.1) but there is no way to supply this demand from X4 ;.

B. SOME EXAMPLES

We now present a few examples of the constructions we used in our main IP in
Figure 2, and its relaxation, as described in Section 3.4.

We start with a technology diffusion problem in Figure 5, and present an optimal
timestamped diffusion tree and activation function 7T for this problem in Figure 6. The
hypergraph # that would result from an integer solution to the IP, is presented in
Figure 7. Notice that the edges in H form a tree corresponding to the timestamped
diffusion tree in Figure 6. Meanwhile, the hypergraph # in Figure 8, is constructed
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Threshold Line
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Fig. 7: The H graph corresponding to the diffusion tree in Figure 6.
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from a fractional solution of the LP for the problem in Figure 5. Notice that the edges
in H do not correspond to a tree (so that in the LP relaxation, we no longer have the
assurance that H encodes a timestamped diffusion tree); however, # does not contain
any violations of the flow constraints.

We now use H in Figure 8 to illustrate our rounding procedure. In particular,
we illustrate two “failure modes” where at intermediate stages of our algorithm, the
seedset S and activation sequence T violate one of the three conditions in Section 3.4.2,
as well as a “success mode” where S and T adhere to all three of these conditions.

Failure 1: Infeasible activation function. Let Sy + PRELIM-SEEDSET(H) and T, «
GET-SEQ(H, Sp) fr the hypergraph # in Figure 8. Suppose Sy = {A}. Figure 9 shows
the update of the flag variables b;, inside GET-SEQ using seedset S; = {A4}. This
example gives us

— So = {A}.
—Ty(A) =1, To(B) = 5, To(C) = 3, Ty(D) =5, To(E) = 6, To(F) = L.
That is, Ty = (A, L,C, L, {D, B}, E)

First, note the flag variables are activated along the solid trajectories, and that even
though hypergraph node (C,3) is flagged as active, there is no solid trajectory from
(C,3) and (F,4); this is because F' ¢ Sy and GET-SEQ only activates nodes to the right
of the threshold line. Moreover, observe that GET-SEQ can sometimes leave certain
timesteps in the activation function 7y empty, as with timesteps 2 and 4 in the example
above. Finally, note that in this example, our activation function Ty is infeasible; that is,
node F never turns on! Thus, this example represents a failed run of PRELIM-SEEDSET
that violates condition (P.1); so we must rollback PRELIM-SEEDSET and re-execute it
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Fig. 8: The H graph obtained from the solution of the relaxed program Figure 6.

Threshold Line
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Fig. 9: Setting the seed set S = { A} and using the flow graph from 7, the flag variables

are activated along the solid trajectories. We have T'(A)

T(D)=5,T(E)=6,T(F) = L.

1, T(B) = 5, T(C) = 3,
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until it it returns a feasible activation sequence (i.e., where all nodes eventually turn
on).

Failure 2: Inconsistent preliminary seedset and activation function. Suppose now that
we re-ran PRELIM-SEEDSET until it returned preliminary seedset So = {4, F'}. Re-
turning to Figure 9, GET-SEQ would now flag (F, 1), (F,2), (F,3), (F,4), (F,5) as active
(because F is a seed), and we would have additional solid trajectories from hypergraph
node (F,4) to hypergraph nodes (C,5),(F,5) and (F,6). Since we consider nodes to
be active at the timestep corresponding to their earliest active hypergraph node, our
activation function would become:

Tp = ({A,F},J_,C,J_,{B,D,E},J_)

First, note that our activation sequence is now feasible — every node eventually turns
on in T — so that Sy and Ty would be accepted as a preliminary seedset and activation
sequence. However, observe that Sy and T} inconsistent (as defined in Section 3.4.2). To
see why, note that T, has node D activating at timestep 4. Referring to the threshold
line, we note that D has threshold 4, and according to Sy, we have that D is not a seed.
However, Ty indicates that just before timestep 4 there are only three nodes that are
active (nodes A, F, C). This is precisely why Sy and Tj are inconsistent; because they
suggest that a non-seed node prematurely activates, i.e., when the number of active
nodes is less than as required by his threshold!

This is where our reconciliation procedure comes in; as we discuss in Section 3.4.4,
our reconciliation procedure iteratively adds additional nodes to the seedset until the
resulting activation function and seedset become consistent. We note that in this ex-
ample, it suffices for the reconciliation procedure to add either node B, D or F to the
preliminary seedset.

Success: Feasible and consistent seedset and activation function. Finally, suppose the
seedset becomes {A, B, F'}. Then, the activation function becomes

T={AB,F}, L,C L {DE}, 1)

which is the sort of activation function that we would like to have at the termination
of the reconciliation procedure, since it is both feasible (every node eventually turns
on) and consistent (non-seed nodes never activate prematurely).

C. OPTIMAL CONNECTED ACTIVATION SEQUENCES PROVIDE A 2-APPROXIMATION

Recall that a connected activation sequence T is such that the set of active nodes
at any timestep ¢ induces a connected subgraph of GG, while a connected seedset is
such that all nodes in S induce a connected subgraph of GG. Notice that requiring the
activation sequence T to be connected is weaker than requiring a connected seedset S:
since T allows a seed to activate after a non-seed, the connectivity of 7' can be preserved
by non-seeds whose activation time occurs between the activation times of the seed
nodes.

We now show that the smallest seedset that gives rise to a feasible connected
activation sequence is at most twice the size of the optimal seedset opt.

PROOF OF LEMMA 3.1. Given an optimal activation sequence T;,; and seedset opt,
we shall transform it into a connected activation sequence 7. Along the way, we add
nodes to the seedset in manner that increases its size by a factor of at most 2.

Notation. Let G;(T) be the subgraph induced by the first i active nodes in 7. We say a
node u is a connector in some activation sequence 7 if the activation of u in 7' connects
two or more disconnected components in G7(,)—1(7') into a single component.
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Creating a connected activation sequence. Notice that an activation sequence T'(-) is
connected if and only if there exists no connector in the sequence. Thus, it suffices to
iteratively “remove” connectors from 7" until no more connectors remain.

To do this, we initialize our iterative procedure by setting T' <— T;,,;. Each step of
our procedure then finds the earliest connector « to activate in 7', adds u to the seedset,
and applies the following two transformations:

Transformation 1: First, we transform T" so that every component in Gp,)(7T) is
directly connected to u. Let D(u) be the subsequence of T such that every node in D(u)
both activates before u, and is part of a component in G'r(,,)(T') that is not connected to
u. Transform T so the subsequence D(u) appears immediately after node u activates.
(This does not harm the feasibility of 7', because the nodes in D(u) are disconnected
from the other nodes in G, (T') that activate before v.)

Transformation 2: Next, we transform the activation sequence so that it is connected

up to time T'(u). To see how this works, assume that there are only two connected
components C; and C5 in Gp(,)—1(T), where |C1| > |Cs|. Our transformation is as
follows:

(1) First, activate the nodes in C; as in T'(+).

(2) Then, activate u. (This does not harm feasibility because we added u to the seedset.
Connectivity is ensured because u is directly connected to C;.)

(3) Finally, have all the nodes in C; activate immediately after u; the ordering of the
activations of the nodes in Cs may be arbitrary as long as it preserves connectivity.
(This does not harm feasibility because (a) seed nodes may activate at any time,
and (b) any non-seed v € C3 must have threshold 0(v) < |C2| < |C4]| and our
transformation ensures that at least |C| + 1 nodes are active before any node in
(5 activates.)

We can easily generalize this transformation to the case where k£ components are con-
nected by u by letting |C1| > |C2] > ... > |Ck| and repeating step (3) £ — 1 times. At
this point the transformed activation sequence is feasible and connected up to time
t=1+ |Cl| + |Cg| + ...+ |Ck|

Seedset growth. It remains to bound the growth of the seedset due to our iterative
procedure. We do this in three steps. First, we observe that number of extra nodes we
added to the seedset is bounded by the number of steps in our iterative procedure.
Next, we iteratively apply the following claim (proved later) to argue that the number
of steps in our iterative procedure is upper bounded by number of connectors in the
optimal activation sequence, Top:

CLAIM C.1. Let T; be the activation sequence at the start of j'* step. The number of
connectors in T 1 is less than the number of connectors in Tj.

Thus, it suffices to bound the number of connectors in 7. Our third and final step
is to show that the number of connectors in T, is bounded by |opt|. To do this, we
introduce a potential function ®(¢) that counts the number of disconnected components
in G, . (1)(T'), and argue the following:

opt

— For every connector u that activates at time ¢ in T,,,; and joins two or more discon-
nected components, there is a corresponding decrement in @, i.e,, ®(¢) < (¢t —1)—1.

— Next, we have that ®(1) = ®(|V]), since at the first timestep, there is only one active
node, and at the last timestep all the nodes in the graph are active and form a
single giant component. Thus, for every unit decrement in ® at some time ¢, there is
a corresponding unit increment in ® at some other time ¢'.
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— Finally, for any unit increment in ®, i.e., ®(t') = (¢’ — 1) + 1, it follows that a
new disconnected component appears in Gy, , /(7). This implies that a new seed
activates at time t¢'. Thus, it follows that the number of unit decrements of ® is
upperbounded by the size of the seedset |opt|.

Thus, we may conclude the the number of connectors added to seedset in our iterative
procedure is upperbounded by the number of connectors in 7T, which is upperbounded
by the size of the optimal seedset opt, and the lemma follows. O

The correctness of Claim C.1 is fairly intuitive, given that our transformations
always preserve the ordering of the nodes that are not in the components joined by
node u. We include the proof for completeness.

PrOOF OF CLAIM C.1. We make use of the following observation:

Observation 1: If two activation sequences T and 7’ have a common suffix, i.e., T = T’
for timesteps 7, 7+1,...,|V], then T"and T” contain the same number of connectors after
time 7 — 1.

Let t = T)(u). By construction, no connectors exist in 7; prior to time ¢. Further-
more, we can use Observation 1 to argue that T, and T;;, contain the same number
of connectors after time ¢. Thus, it suffices to show that Transformations 1 and 2 in
the ;" step of our iterative procedure do not introduce new connectors that activate in
prior to time ¢.

Let T* be the activation sequence after Transformation 1 in the j** step of our
iterative procedure, and let ¢’ = T*(u). We can see that (1) no new connectors activate
before time ¢’ in T* (since, before ¢’ our construction ensures that T* consists only
of disconnected active components that are joined by u) and (2) no new connectors
activate between time ¢’ + 1 and ¢ inclusive (since (a) © was chosen as the earliest
connector in T}, and (b) Transformation 1 preserves the order of the nodes that activate
between time t' + 1 and ¢ inclusive in T*).

Finally, we conclude by arguing that Transformation 2 cannot introduce new con-
nectors by (1) applying Observation 1 to the nodes after ¢’ and (2) observing that after
Transformation 2, the nodes that activate before ¢’ create a single connected compo-
nent, and thus by definition cannot contain any connectors. O

D. REDUCTION TO SET COVER

Let us recall the definition (of the optimization version) of the set cover problem:
given a finite universe I/ and a family S of subsets of I/, we are interested in finding
the smallest subset T of S such that T is a cover of U, i.e. ;. T = U. Because this
problem cannot be approximated within a factor of ©(Inn) (see [Alon et al. 2006] and
references therein), the following result proves Lemma 4.1:

LEMMA D.1. Given an a-approximation algorithm for the technology diffusion
problem with constant number of threshold values 6 > 2, and constant graph diameter
r > 3, we can obtain an O(«a)-approximation algorithm for set cover problem. Moreover,
the reduction holds even if the seedset in the technology diffusion problem is required
to be connected.

We remark that the main difficulty in constructing the reduction is that our util-
ity function is non-local (i.e., a node may decide to activate because a remote node
activated), while in typical NP complete problems, constraints are usually expressed
in local form (i.e., they only depend on a small number of variables). To encode con-
straints of an NP complete problem into gadgets for a technology diffusion problem,
we need to carefully insulate “influences” across different vertices so that node acti-
vations do not trigger an unplanned cascade. We do this using a padding argument.
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Set-type
vertices

Element-type
vertices

Fig. 10: Reduction.

Roughly speaking, to protect against inadvertent activations of a vertex v, we replicate
the vertices u that are supposed to activate v so that they block influences from other
possibly-activated vertices connected to v.

PROOF OF LEMMA D.1. Let us consider an arbitrary a set cover instance (U, T),
where m = |T| is the maximum number of sets in T.

The reduction. We construct a technology diffusion problem as described below, and
illustrated in Figure 10:

— The vertex set consists of the following types of vertices:
(1) The set type: for each T € T, we shall construct a vertex ur in the technology
network.
(2) The element type: for each e € U, we shall construct m + 1 vertices ue 1, te2, ...\
Ue,m+1-
— The edge set consists of the following edges:
(1)Foreach T € Tand e € T, we add the edges {ur, uc 1}, {ur, te2}, .. {Ur, e m1}-
(2) The set type vertices are connected as a clique. (For each T" # T’ € T, we add
the edge {UT, UTI}).
— The thresholds 6(-) are set as follows,
(1)For any e € U and i < m + 1, we set 0(u. ;) = 2.
(2)For every T € T, we set O(ur) = (m + 1)n + 1.

Properties of the reduction. Notice that our technology diffusion problem has only two
types of threshold values. Furthermore, the diameter of the graph we form is exactly
3 hops (in terms of edges); the maximum distance in this graph is from one u.; node
to another. Finally, we show below that the seedset must consists of set-type vertices.
Since these vertices form a clique, it follows that the seedset must be connected.

Correctness. To conclude that the size of the optimal seed set is the same as the size of
the optimal cover (which also means that our reduction is approximation-preserving),
we establish the following:

Item 1.. For any feasible cover S in the set cover problem, the corresponding seed
set {ug : S € S} is a feasible solution for the technology diffusion problem.
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0,=2 0,=2 0,=3 ... 0=r 0,=2rt1 0.,=r ...0,,=3 0,=2 0,,,=2

Fig. 11: An instance of the technology diffusion problem for the proof of Lemma 4.2.

Item 2.. Any feasible seedset in the technology diffusion problem that only consists
of set-type vertices corresponds with a feasible cover in the set cover problem.

Item 3.. Given a feasible seedset that consists of element type vertices, there is an
feasible seedset of equal or smaller size that consists only of set type vertices. Since
the set type vertices form a clique, we have that the optimal solution for the tech-
nology diffusion problem is also a connected one.

Item 1. To show the first item, we simply walk through the activation process: When
S is a cover, let the seedset be ur, for all T; € S. Notice that this seedset is connected.
Upon activating the seedset, the vertices u. ; forall e € U/ and i < m+1 are activated on
because they are connected to at least one active seed. Now, there are (m + 1)n active
nodes, so the rest of the set type vertices are activated.

Item 2. To show the second item, we consider an arbitrary seedset that only consists
of the set type vertices: U = {up,,ur,, ..., ur, }, where Ty, ..., T, € T. We shall show that
if Ty, ...,Ty is not a cover, then the seed set cannot be feasible (i.e., some nodes will
remain inactive in the technology diffusion problem).

Let e € U/ (Uj<iT;) be an element that is not covered by the sets in {77, ..., T} }.
Let us consider the vertices ue 1, Ue,2, .., Ue,m+1, and vertex up for each T ¢ {11, ..., Ty}
in the technology diffusion problem. We claim that none of these vertices will be acti-
vated with seedset U. Suppose, for the sake of contradiction, that one or more of these
vertices are activated, and consider the first activated vertex among them. There are
three cases:

Case 1.. up (T ¢ T) is activated first. This is impossible: when u.; (: < m + 1) are
not activated, the number of activated nodes is at most (n—1)(m+1)+m < (m+1)n.
Case 2.. u.; (i < m+1)is activated first. This is impossible because u. ; is only con-
nected with up, where T' ¢ {71, ..., Ti, } and none these set type vertices are activated.

Item 3. Finally, we move onto the third item. Let us consider a feasible seedset F’
that does not consist of only set type vertices. We show that we can easily remove the
element type vertices in F': let u. ; be an arbitrary vertex in . Then we can remove . ;
from F' and add an ur to F' such that e € T. This does not increase the cardinality of
F'. Furthermore, u.; would still be activated, which implies that the updated F is still
be a feasible seed set. O

E. CONNECTIVITY IMPLIES DEPENDENCE ON GRAPH DIAMETER R

We now prove Lemma 4.2, which shows that any algorithm that considers only
connected seedsets, suffers a factor of r loss in the approximation rate:

PROOF OF LEMMA 4.2. Let r > 0 be an arbitrary integer. Let us define a line graph
G, as follows (Figure 11):

— The vertex set is {v1, ..., Vo, 41}
— The edge set is {{v;,v;11}: 1 <i<2r+1}.

The threshold function shall be defined as follows,
—9(’01) = 9(U2r+1) =2 and 9(1)7«+1) =2r+1.
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—For1<i<r,0(v)=i.
—Forr+2<i<2r+1,0(v;,) =2r+2—i.

It is straightforward to see that the diameter of the graph is 2r = O(r). It remains
to verify that the optimal connected solution is ©(r) times larger than the optimal
solution.

It’s easy to see that {vq,vs,+1} is a feasible seedset and therefore, the size of the
optimal seed set is O(1). We next show that any feasible connected set has size Q(r).

Since the seedset must be connected, wlog we can assume that the seedset is
{vi, Vi1, ...,v;} and by symmetry ¢ < r + 1. When j < r + 1, node v, will never
activate (because v,11 has threshold 2r + 1, it only activates when all other nodes are
active, but in the case all  nodes to the right of v,,; are inactive). It follows that a
feasible seedset requires j > r + 1.

When ¢ = 1, the size of the seedset is ©(r) and the lemma follows. So, need only
consider the case where i > 1: symmetry allows us to assume wlog that » +1 — i >
j—(r+1)ie., 08(vjt1) > 0(v;—1). Therefore, since we have j —i+ 1 nodes in the seedset,
a necessary condition for this seedset to be feasible is thus j — ¢ + 1 > i — 2. Using the
fact that j > r+ 1, we get i <r/2+ 2 and j — i = Q(r), which completes our proof. O

One drawback of this construction is that ¢ = O(n). We may modify 6(-) so that

= 0(1) (thus ensuring that our lower bound depends on graph diameter r, rather
than the number of thresholds ¢):

— When i < n, set 0(u;) = max{2ll°&27 21,
—wheni=n+1,set§(u;) =2n+ 1, and
— When i > n, set 0(u;) = max{2llog:(2n+2=0] o1

One can use similar arguments to show that the size of the optimal seedset is O(1)
while the size of the optimal connected seedset is O(r).

F. OUR PROBLEM IS NEITHER SUBMODULAR NOR SUPERMODULAR

We wondered about the relationship between the algorithmic properties of our
model and the linear threshold model on social networks articulated in [Kempe et al.
2003]. [Chen 2008] showed that the problem of selecting an optimal seedset in the
linear threshold mode in social networks cannot be approximated within a factor
of 0(21"3176 V1) when the thresholds are deterministic and known to the algorithm.
[Kempe et al. 2003] got around this lower bound by assuming that nodes’ thresholds
are chosen uniformly at random after the seedset is selected, and designing an algo-
rithm that chooses the optimal seedset in expectation. Their (1—1/e—¢)-approximation
algorithm relies on the submodularity of the influence function, i.e., the function f(S5)
which gives the expected number of nodes that activate given that nodes in S are ac-
tive.

In this section, we shall show that algorithmic results for submodular and/or su-
permodular optimization do not directly apply to our problem, even if we restrict our-
selves to (a) graphs of constant diameter, (b) diffusion problems with a small number
of fixed thresholds, or if (c) we choose the thresholds are uniformly at random as in
[Kempe et al. 2003]. Moreover, we see neither diminishing, nor increasing marginal
returns even if we restrict ourselves to (d) connected seedsets.

F.1. Fixed threshold case

In this section, we construct two families of technology diffusion instances per
the model in Definition H.8. Each family will be on a graph of diameter at most 4, and
require at most 2 different threshold values, and each will consider connected seedsets.
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0=n+2 0,,.,=2n+1 0=n+2

Fig. 12: An instance of the technology diffusion problem.

The first family will fail to exhibit the submodularity property while the second will
fail to exhibit supermodularity.

Let {G, 6} be an arbitrary technology diffusion problem. We shall write fz ¢(S) be
the total number of nodes that are eventually activate after seedset S activates. When
G and 0 are clear from the context, we simply refer to fz ¢(S) as f(5).

F.1.1. The influence function is not submodular.. Let n be a sufficiently large integer such
that the number of vertices in the graph is 2n + 1. This family of technology diffusion
problems (which again is implicitly parameterized by n) is shown in Figure 12 and
defined as follows:

— The vertex set is {v1, va, ..., Vap+1}-
— The edge set is constructed as follows,
— The subsets {v1, ..., v, } and {v,41, ..., v2, } form two cliques.
— Vertex wy,y1 is connected to all other vertices in the graph, i.e., edges
{U17 U277,+1 }7 seey {U277,7 U277,+1 }
— The threshold function is
—fori < 2n, 0(v;)) =n+2.
—9(U2n+1) =2n+ 1.

To show this problem is non-submodular, we shall find two disjoint sets S; and S; such
that

F(S1) + f(S2) < f(S1US,) (6)

We chose S; = {v1,...,v,} and So = {va,4+1}. Note that S; and Ss are connected, and
that f(S1) =n, f(S2) =1, while f(S; US2) = 2n + 1 so that (6) holds. O

F.1.2. The influence function is not supermodular.. Let n be a sufficiently large integer that
represents the number of vertices in the graph. Our family of technology diffusion
problems G, # (implicitly parameterized by n) shown in Figure 13 and defined as fol-
lows:

— The vertex set is {v1, ..., v, }.
— The edge set is defined as follows:
—PFor any i < j < n —4, {v;,v;} is in the edge set, i.e., the subgraph induced by
{v1,...,Un_4} is a complete graph.
— The remaining edges are {vi,v,-3}, {vi,vn-2}, {vn—3,0n-1}, {Un-2,v,}, and
{'Un73a vn72}~
— The threshold function is
—Fori<n-—4,0(v;) =2.
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Fig. 13: Another instance of the technology diffusion problem.

—Fori>n—4,0(v;) =n.

To show this problem is not supermodular, we choose two disjoint sets S; and S such
that

f(S1) + f(S2) > f(S1US2) (7
We choose S = {v,-3} and S = {v,_2}. Note that S; and S, are connected, and
f(S1) = f(S2) = n — 3, while f(S1 US2) =n — 2 so that (7) indeed holds. O

F.2. Randomized threshold case

We now consider a modified version of our problem, where, as in [Kempe et al.
2003], we assume nodes thresholds are chosen uniformly at random:

Definition F.1 (Randomized technology diffusion optimization problem.). The ran-
domized technology diffusion model is identical to the model defined in Definition 2.1,
with the exception that nodes choose their thresholds uniformly and independently at
random from the set {2, 3,...,n}. Thus, the randomized technology diffusion optimiza-
tion problem is to find the smallest feasible seedset S in expectation over node’s choice
of thresholds, when G is given as input.

We follow [Kempe et al. 2003] and let the influence function f;(S) be the expected num-
ber of vertices that are eventually activated, i.e., fo(S) = E¢[fc,0(S)], where fg o(S) is
the number of activated vertices, and expectation is taken over the choice of thresh-
olds. We present two families of problem instances: each family will be on a graph of
diameter at most 4, and will consider connected seedsets. The first family will fail to
exhibit submodularity of f5(S), while the second will fail to exhibit supermodularity.

F.2.1. The influence function is not submodular.. Let n be a sufficiently large integer such
that the number of vertices in the network is 2n + 1. Our family of G (parameterized
by n) is defined as

— The vertex set is {v1, vz, ..., V241 }-

— The edge set is constructed as follows,
— The subsets {v1, ..., v, } and {v, 41, ..., v2, } form two cliques.
— Vertex vy,11 is connected to all other nodes in the graph.

Notice that this family of graphs is identical to the non-submodular example presented
in the previous section, and shown in Figure 12. We shall find two disjoint set S; and
S such that

fa(S1) + fa(S2) < fa(S1USs). (8

ACM Journal Name, Vol. 42, No. 42, Article 42, Publication date: February 2012.



Technology Diffusion in Communication Networks 42:31

Our choice of S and S3 is S1 = {v1, ..., v, } and Sz = {v2,+1}. We start with computing

fa(Sh):

fG(S1) = E[fg’9(51) | 0(v2n+1) < n+1] Pr[@(vgnﬂ) < n-i—l]—‘rE[fG,e (Sl) | 0(v2n+1) > n+1] Pr[@(vgnﬂ) > n+1]
9)

Notice that

E[fG,O(Sl) | 9(U2n+1) <n+ 1] = E[fG,@(Sl U 5’2)] = fa(S1 U 52) (10)
E(fco(S1) | O(vant1) >n+1]=n

Therefore, we may rewrite (9) as

S1US
fa(S1) = fa(51U82) Pr[f(vany1) < n+1]+n Pr[f(vani1) > n+1] = le‘zug (11)
We next move to compute f;(S2). Notice that when 6(v1) > 2 and 6(v2,,) > 2, the total

number of activated nodes is 1. Therefore, from (11) and (10) we have

fa(S1) + fa(S2) <3+ 3(fa(S1USs) +n),

Finally, by using an obvious bound f¢(S; U S3) > n+1+n/2 (because |S; U Sz =n+1
and the thresholds of half of nonseed vertices {v,, 11, ..., v2, } are < n+1 in expectation),
we indeed have that S; and S5 are connected and f¢(S1) + fo(S2) < fa(S1 US2) when
n is sufficiently large. O

F.2.2. The influence function is not supermodular.. Let n be a sufficiently large integer such
that the number of vertices in the network is 2n + 1. Our family of G (parameterized
by n) is defined as follows,

— The vertex set is {v1, v, ..., Van+1}-

— The edge set is constructed as follows,
— The subsets {v1, ..., v, } and {v, 41, ..., v2, } form two cliques.
— Vertex vy,11 is connected to all other nodes in the graph.
— There is an additional edge {v;,v2,}.

Notice that this family of graphs is almost identical to the two previous examples
and shown in Figure 12, except for the addition of a single edge {v1, v2,, }. We shall find
two disjoint set S; and Sy such that

fa(S1) + fa(S2) > fa(S1 U S2). (12)

Our choice of S; and Ss is S1 = {v1,...,v,} and S = {vy41, ..., v2, }. Notice that these
sets are connected by the edge {v1, v2,, }. By symmetry we have that f(5;) = f(S2), so
we start by computing f5(S1). Let T be the number of active nodes in S;, and let A be
the event that vertex vy, is active.
E[fc,0(S1)] > n+ (14 E[T|A, S1 active]) Pr[A|S; active]
>n+(14+n-3H)0
=n+ 31+ 2 (13)

where the second inequality follows because we used the trivial bound
E[T|A, Sy active] > n’tl where we ignore all cascading effects; we simply assume
that each of the n nodes 1n S5 is connected to an active component of size n + 1. On the
other hand,

E[fg_’e(sl U SQ)] =2n+ PI‘[A|51 U Ss active] =2n+1
Thus we indeed have f¢(S1)+ f(S2) > 2n+1+2H > 2n+1= f5(S1US:) foralln. O
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G. PROBABILITY REVIEW
THEOREM G.1 (CHENROFF BOUNDS). Let Xy, ..., X,, be independent Poisson trials
such that Pr[X; = 1] = p;. Let X =3 | X; and p = E[X]. Then
(I) For0<éd <1,
Pr(|X — | > 6p] < 2exp(—pd®/3).
(@) for R > 6y,
Pr[X > R] < 27X

H. LEMMAS TO PROVE THEOREM 3.3

In the following, let # be the hypergraph corresponding to an optimal solution
o to our relaxed LP in Figure 2, and let Sy <+ PRELIM-SEEDSET(#) and T; +
GET-SEQ(#H, Sp). Also, for each k € {1,...,£}, let Sx + UPDATE-SEEDSET(H, Sx_1) and
Ty <+ GET-SEQ(H, S) for Si_; that satisfies conditions (C.1)-(C.2).

H.1. Size of preliminary seedset Sp.
We argue that, with high probability, PRELIM-SEEDSET gives us a preliminary
seedset Sy that is at most O(r Inn) times the one given by the optimal solution opt.
LEMMA H.1. Let Sy + PRELIM-SEEDSET(H). We have

Pr[|So| > 24(1 + €)*r(In 2n)(20pt)] = o(1).

PROOF. We shall show that PRELIM-SEEDSET selects at most 24(1 + €)?In(2n)|o|
seeds with high probability, where by |oc| we mean the value of the objective function
of the linear program (which recall from Lemma 3.2 is of size at most (2opt)), so that
lo] = > i<n 2 t<0(u,) Tit- The lemma follows from the fact that GLUE-SEEDS used in-
side PRELIM- SEEDSET expands the seed set at most a r factor, and |o| < (20pt).

Now let Z; be the indicator random variable that sets to 1 if u; is selected as
seed during the second step of PRELIM-SEEDSET (i.e., before gluing). Then we have
Pr[Z; = 1] = min{1,24In(2n) 3=, o (,,) % }. It follows that

B Z]<24(1+)I2n) Y Y @iy =24(1 +€)In(2n)]o].

i<n i<n t<0(u;)

Since Z; are chosen independently, we may apply a Chernoff bound (Theorem G.1) and
get

Pr[Y " Z; > 24(1+ €)*In(2n)|o]] < exp | —E[>_ Zi]e*/2 | = o(1).

S i<n

and so our lemma follows. 0O

H.2. Feasibility of preliminary activation sequence Tp.

Our lemma below addresses condition (P.1), and therefore the feasibility of T;,. We
show that, during the GET-SEQ procedure, there should be at least one flag such that
b;+ = 1 Vi with good probability.

LEMMA H.2. Let Tj be obtained as described above. Consider an arbitrary i € [n].
Let

1
t(¢) = min{t : szt/ > m}

t' <t
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It follows GET-SEQ assigns the flags b; ; such that

. 1
Pr|3i: /\ (biy =0) Si.

t<t(i)

The proof of Lemma H.2 relies on some new notation and technical lemmas. First,
for each i,t € [n], let an arbitrary solution F; ; for the (i, t)-flow problem be the repre-
sentative flow for the (i, t)-flow problem. We also need the notion of border nodes:

Definition H.3 (Border nodes for the (i,t)-flow). Consider the (i,t)-flow problem on
the hypergraph # and the corresponding F; ;. Let us decompose F;, into paths (in
an arbitrary but consistent manner) P;, P, ..., P,. Consider an arbitrary one of these
pathes P;. Let X;, ;. be the last vertex on P; such that X;, ;, is to the left of the thresh-
old line. We denote X;, ;, as border(P;). The border nodes of the (i,t)-flow problem is
the set of vertices 3(i, t) = {border(P1), ..., border(P,)}.

We refer to Figure 8 to illustrate an example. Consider the representative flow
Fg,¢ for the (E,6)-flow problem. Suppose the flow decomposes into three pathes, P, =
XAJ — chg — XF74 — ch5 — XE',G, PQ = XA_]l — Xc_]g — XF74 — XE,G, and
Ps=Xa1— Xps — Xge. Wehave border(P1) = Xp4 because X4 is the last time the
path stays to the left of the threshold. Also, border(Pz) = X4, and border(P3) = Xp 5.
Therefore, for this example, 3(E,6) = {Xp5, Xp4}.

LEMMA H.4. Consider an arbitrary (i, t)-flow problem for the graph H and its cor-
responding set of border nodes (i,t). We have that the sum of the capacity of all the
border nodes in (i, t) is at least as large as the sum of demands of the sinks X, for

O(u;) <t/ <t ie.,
> mwz Y, w

X, €B(it) O(us)<t' <t

PrROOF OF LEMMA H.4. Consider the representative flow F; ; for the (i, ¢) problem.
Let | F; | be the corresponding volume of the flow and let F; ,(X) be the volume of the
flow on the node X. We have

Z Fir(X) = |Fiul = Z i g

Xep(it) O(u;)<t’'<t

On the other hand, we also require the capacity of any node X is no less than the
actual flow | F; ;(X)|. Therefore,

Z (E_],t/ > Z ]:Z t
X0 €B(41) XeB(it)
The lemma therefore follows. O

We are now ready to prove Lemma H.2.

PROOF OF LEMMA H.2. Let j3(i,t(i)) be the border nodes of the flow F; ;,), let

> @i (14)

t<6(u;)
be the mass of node u; to the left of the threshold line, and let
p; = min{(24(1 4 ¢) In(2n))w;, 1} (15)

ACM Journal Name, Vol. 42, No. 42, Article 42, Publication date: February 2012.



42:34 S. Goldberg and Z. Liu.

be the probability with which PRELIM-SEEDSET fixes node u; as a seed.
A node u; turns on before timestep ¢(i) in activation function T, i.e., \/; <;(;) (biy =

1), if either:

(1) w; is selected as a seed; this happens with probability p;.
(2) One of the border nodes X ;+ € 3(i,¢(i)) corresponds to a seed node u;; this happens
with probability p;.

Notice that the above two events are not necessarily independent, because X; ;+ could
be a border node in some (i, t(i))-flow problem.* Next, we have

Pr /\ (bipy =1)| <min{l — p;, H (1—-p)}
t/ <t(7) 4:3t
Xj,t’ Eﬂ(i,t)

=min{ 1 —min{(24(1+ ) In(2n))w;, 1}, [ (1 —min{(24(1 + €) In(2n))w;, 1})
4:3t
X0 €B(ist)

(16)

We use Lemma H.4 and some algebra to bound the quantity on the right hand size of
(16). Roughly, we use the idea discussed in Section 3.1: if the total flow at node u at
time ¢ is f1 + fo, then the probability that the technology is diffused to u via either of
these two flows is 1 — (1 — f1)(1 — f2) = f1 + f2, so that the total flow can be used to
determine node u’s activation probability. We start by noticing that

Yoowi= > D wme= ) wmw>= Y T un

4:3t 4:3t t<6(uy) g, 0(u;)<t’'<t(z)
Xj,t’ €B(i,t) Xj,t’ €B(i,t) Xj,t’ €B(i,t)

(where the first equality holds by equation (14), and the last inequality holds because
of Lemma H.4.) Therefore, we have

1
2max § wj, Z wj o > wit Z wj > Z T+ Z _ Tigr > Z Tipr > 2010
4:3t j:3t t/<0(u;) 0 (u;) <t <t(3) ' <t(i)
ijtzeﬁ(i,t) Xj,t’eﬁ(iwt)

(18)
(where the first inequality follows from algebra, the second from equations (14) and
(17), the third from algebra, and the final by definition of timestep ¢(7) in the statement
of this lemma.) Our next step involves an arithmetic lemma, as follows:

LEMMA H.5. Let € be a suitably small constant. Let x1,...,z, be numbers between
[0,1] such that 3=, v; = s, where s > gy Let A = 24(1 + ¢) In(2n). It follows that

. 1
H(l — min{Az;,1}) < o

N n
i<n

4While at first glance this seems to suggest the type of problematic recirculation of flow leading to the
integrality gap we discussed in Appendix A, its is not actually a problem for us, since the flow through such
an X; ; cannot be amplified due to the flow constraints.
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Equation (18) allows us to apply the arithmetic lemma to the right side of (16) as
follows:

min { 1 —min{(24(1 + ) n(2n))wi, 1}, [ (1 —min{(24(1 4 €) In(2n) )y, 1}) p < QL
n
j: 3t
XNJ, €B(i,t)
and the lemma follows from a union bound across all nodes. O

PROOF OF ARITHMETIC LEMMA H.5. Let us consider two cases over the values of
z;. In the first case, there exists some z; such that Az; > 1. For this case, we have

1
— 1 - = < —_—.
H(l min{\z;,1}) =0 < ™
i<n
In the second case, where all z; are less than 1/), the quantity [[,_ (1 —
min{Az;,1}) = [[;<,, (1 — Az;) is maximized when z; = 2 = ... = 2, = 7. In other
words,

[T -2z < (1 - %)n

i<n
2 \s
)\ Xs
n

< exp(—As)
A

1
S = (- @) = 5

< _
< exp( 5

O

H.3. Connectivity Lemma for the activation sequence.
Next we prove the Connectivity Lemma, that shows that if GET-SEQ takes in a
connected seedset, it returns a connected activation sequence:
PROOF OF CONNECTIVITY LEMMA 3.5. We inductively prove that {J, ., 7' (t) is

connected for 1 < ¢ < n. For the base case, observe that GET-SEQ is such that T71(1) =
S is the set of seeds, so 7~'(1) is connected. For any non-seed node u; such that T'(u;) >
1, GET-SEQ is such that the corresponding hypergraph node X; r(,,) to the right of
the threshold line is “activated”. Further, there is a path in H from X; 1(,,) to some
“activated” hypergraph node X ; to the left of the threshold line, where u; € S is a
seed and ¢ < 6(u;). Each edge in H corresponds to an edge in G, and all hypergraphs
nodes along the path must be “activated” before T'(u;). Thus, u; is connected to the
seedset S in the subgraph of G induced by {u;} U (Ut <T(us) Tfl(ui)). Connectivity of T

follows. O

H.4. Partial consistency.

The following lemma shows that partial consistency, i.e., condition (C.1), is almost
immediate:

LEMMA H.6. Sy and T} are partially consistent up to 0, — 1 if

(1) Sx_1 and Ty_1 are partially consistent up to time 0,_1 — 1, and
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(2) T}, satisfies (C.2); i.e., T}, has at least 0; — 1 nodes active by timestep 6; — 1 for any
j < k.

PROOF. First, the Connectivity Lemma 3.5 implies that that T}, is connected. There-
fore, to decide whether a node u; is a seed with respect to T}, we need count the number
of active nodes (per T}) prior to time 7} (u;) and compare it with u;’s threshold 6(u;).
Thus, we need only prove that for any node u; such that 6;,_; < Ty (u;) < 0 — 1, either
(a) the number of active nodes prior to time T} (u;) is at least 6(u;) — 1 or (b) u; is a seed,
i.e, u; € Sr . We have two cases:

Case 1. Ti(u;) < 6(u;). By construction of GET-SEQ, it follows that u; € S} is a seed.
Case 2. Ty(u;) > 6(u;). Since we are only concerned with nodes such that Ty (u;) < 6,
we have 0(u;) € {601, ...,0x—1}. Since T}, satisfies (C.2) by assumption, there are at least
0; — 1 active nodes at time §; — 1 in T},. Consequently, the number of activated nodes
by the time step T (u;) — 1 is at least 0(u;) — 1, (i.e., T} encodes u; as a non-seed). O

H.5. Proof of Gap Size Lemma 3.8

PROOF OF GAP SIZE LEMMA 3.8. This proof follows almost completely from alge-
bra. First, recall that our LP requires that >, z;; = 1 for all #. Therefore, simple

algebra gives that 0, — 1 = > ,_, ;> ., ;. The same simple algebra allows us to

write
Hui: Toor(u) <O =1} = > 1= 3 Y a

Wi T —1(u;) <Ok Wit Th—1(u;) <0 t<n

Substituting in these expressions into (5), we have
p=0k —1—{u;: Thoq(u) <O =1} =D > ay | - > > @i
i<n t<0p—1 wi T —1(u; )<k t<n

Next, since 6, — 1 < n, we modify the second summation in the second summand to
obtain

< E E Tit | — E E Tt
i<n t<0p—1 wi T (u;)<Of t<0p—1
= E E Tit | — E Tt (moving ¢ index ahead).
t<0p—1 i<n Wi Th—1(u;) <O

Finally, consider the term inside the first sum. Its first summand is over all vertices u;
i = 1...n, while its second summand over all vertices u; such that Tj_1(u;) < 0. Thus
the difference between these summands is over all vertices u; such that Tj,_(u;) > 0
so finally we have

= Z Z Tit | =7

tg@k—l ulkal(’uq)Z@k
O

H.6. Proof of Lemma 3.9

Lemma 3.9 is straightforward given the following Lemma H.7, as we shall we
show in Section H.6.2. In this section we focus our main task of proving Lemma H.7.
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Recall that the “gap” is given by

Y= Z Z Lit

Wi Th—1(ui) >0, <0k

The following lemma handles with each “row” of the gap (i.e., u; : Tx—1(u;) > 6;) sepa-
rately:

LEMMA H.7. Let u; be an arbitrary node such that Ty_1(u;) > 0Ok, so that u; is a
candidate for moving forward in activation sequence T}, (relative to activation sequence
Ty 1). It follows that

Pr[Ty(u;) < 0x] > (1+¢€) Z Tit-
t<0y

Before we begin the proof, we need a few definitions, related to the definitions we
introduced in Appendix H.2:

Definition H.8 (Border flow). Consider the (i,t)-flow problem and the correspond-
ing representative flow F; ;. Let Pi, ..., P, be the decomposition of F;; so that 3(i,t) =
{border(P1), ...,border(P,)}. Fix an arbitrary X € (i, t), define the flow across the bor-
der with respect to 7, ; as

fir(X) = > |Pjl.

j:border(P;)=X
We shall refer f; .(-) as the border flow function with respect to the (i,¢)-flow problem.

Notice that it is possible that border flow f; ,(X) does not equal the representative
flow 7, ; that passes through X (i.e. f;+(X) < F; (X)) because, e.g., there could be two
paths from P, ..., P, that passes through X where X is the border of one path and is
not the border of the other one.

We refer back to Figure 8 for an example. Consider the (B, 6)-flow problem and let
]:B,G consist of two paths: P = XA,l — XB,5 and Po = XA71 — Xc,3 — XF74 — XE75 —
XB,G- Notice that ﬁ(B, 6) = {XA,L XF,4}. We have ]:B,G(XA,l) = |]:B,6| while fB,G(XA,l)
only consists of the volume for flow along the path P;. i.e., Fps(Xa1) # fB6(Xa,1)-

Our analysis for Lemma H.7 utilizes the following fact.

Fact H.1. Consider the (i,t)-flow problem on the graph H and the corresponding
border flow function f; +(-). We have

Z fir(X) = Z Tl (19)

XeB(it) O(ui)<t'<t

This fact is intuitively straightforward, because all the “border flow” shall eventually
move to the sinks, though the actual formalization is fairly tedious, so we present it
after the proof of Lemma H.7:

ProoOF oF LEMMA H.7. We concern ourselves with u; that activates after timestep

0 in activation function T)_;. . Let’s consider the (i,6; — 1)-flow problem, and the

corresponding border nodes 5(i,60; — 1) as defined in Definition H.3. Since u turns on

after 6, in T)_q, it must follow that none of the border nodes are activated in T} _1;
otherwise, GET-SEQ would have activated u; by timestep 6, — 1 in T} _;.

Now let’s consider T%. A sufficient condition for u; to be activated in T} by timestep

0 — 1 is either (a) u; is a seed, or (b) at least one node u; corresponding to a border

nodes in §(i, 6 — 1) is selected as a seed. (Since by definition, border nodes X ; always
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have ¢t < 0(u;), GET-SEQ is such that the only way a border node X ; can be activated
is if it corresponds to a seed u,;.)

Now node u; will be activated before time 0, in T} if either (a) the border nodes
X, € B(i,0, — 1) that were not “active” in Tj,_; become active in T}, (this occurs with
probability 4(1 + ¢)w,, where w; is as in equation (14)) since T}, < GET-SEQ(H, Sk—1
and S;, « UPDATE-SEEDSET(H, Sk—1)), or (b) u; is itself is a seed in S (this occurs
with probability 4(1 + ¢)w;). Notice that events (a) and (b) could be correlated, so we
have that

Pr[Ty(u;) > 0x] < min < (1 —4(1 + €)w;), H (1—-4(1+ €)wj) (20)
w;€B(i0—1)

Given equation (20), our lemma will follow from the following claim:
CraiM H.1.

min{ (1-4(1+ew), [[ Q-40+ew)p<1—(1+€ > . (21)
uj; €B(1,0—1) t<0
O

Roughly speaking, the idea in Claim H.1 is to use the first order approxima-
tion to give a bound on the product term [, c4;9,-1)(1 — 4(1 + €)w;). By only
considering linear terms in this quantity, we get [], c5i0,-1)(1 — 4(1 + €w;) ~
1 — O, ep(,0,—1)ws)- Together with the inequality established in Fact H.1, we
can rewrite O(3, csi.0,—1)Wi) = O g, <v<¢ i), Which allows us to conclude

Claim H.1. We now formalize this idea step by step:
ProOF OF CLAIM H.1. We start with analyzing the right term in product in in-
equality (21). Recall that F; g, _; is the representative flow for the (i, 0;, — 1)-flow prob-

lem. F;9,-1(X;+) is the corresponding flow that passes through the node X;,. For
each flow

Fiop—1(Xjer) < g
since z; + represents the capacity of the node X, per the flow constraints. Now we
consider the terms inside the product on the left in equation (21):
1-4(1+e)wj =1—4(1+ ¢€)( Z zj¢) (Definition of w; in equation (14)) (22)
t<6(uy)

<1-4(1+¢€ | Y. Fis-1(X;s) | (Flow is bounded by capacity)
t<0(uy)

<1—4(1+¢) Y Fiee1(X0) | (algebra)
t<0(u )N
X;,t€B(4,0,—1)

<1-4(1+¢) Z fio—1(Xjt) (Construction of f; ;(-) in Definition H.8)

t<O(uj)A
X;,t€B(4,0,—1)
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and notice that X ; could be in 3(i, 6, — 1) only if X , is to the left of the threshold line,
i.e.t < 6(u;). Therefore, X;, € 3(i,0; — 1) implies ¢ < 6(u;) so we can write

=1—4(14¢) Z fior—1(Xjt) (23)

:X;,0€8(5,06—1)
Next, let us analyze the term (1 — 2(1 + ¢)w;) in (21). We have

1-4(1+e)w;=1—4(1+¢) Z Tit (Definition of w; in (14))

t<0(u;)

<1—4(1+¢) > zi¢ | (Algebra) (24)

t<min{60;—1,0(u;)}

We can substitute (24) and (23) back into our original equation (21), to yield a giant
product. We won’t write down this messy product yet. Instead, we show how to clean it
up using approximation of its lower order terms. Specifically, we shall use linear terms
to approximate the giant product as follows:

LEMMA H.9 (ANOTHER ARITHMETIC LEMMA). Let 21,22, ..., ,, be real values such
that y, ., x; < 1. We have

Zign‘ri
g(l—%) <1- ;xi <1— 71_21.91%).

1
3’

i<n i<n

Specifically, when Zign x; < =, we have

We present a proof of this arithmetic lemma after we complete the current proof. To
use the arithmetic lemma to clean up our product, we need to show that condition
specified in the lemma holds for our setting:

CrLAiM H.2.

1
4(1 +¢) | ezl 9 zi +4(1+¢) zt: fion1(Xj0) < 3 (25)
t<min{0;—1,0(u;)} Xj,teﬁ('i.ﬂkfl)
PRrROOF. Starting with the left side of (25), we can write
Z Tt + Z fio—1(Xj4) = Z i+ Z z;+ (Using Fact H.1)
t<min{0;—1,0(u;)} . tGﬁ?i 0r—1) t<min{0;—1,0(u;)} 0(u;)<t<0p—1
= > @i; (Algebra) (26)
t<0(u;)
< 1 27
12(1+¢)

We obtained the last inequality as follows. Property (P.1) required by the
PRELIM-SEEDSET tells us that if a node u; is on at timestep later than 6; — 1 in ac-

tivation sequence Ty, then it follows that -, _, _, i < @ In this lemma we are
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concerned only with node u; that are on at timestep later than 6, — 1 in activation
sequence Ty_1. However, recall the relationship between T, and T}; any node that is
on after 6, — 1 in T;_1 must be on after 0, — 1 in T, as well. Thus, we can conclude that

all of the u,;’s we consider in this lemma have ), 0,1 Tit < Wie) O

Finally, we apply the arithmetic Lemma H.9 to the giant product obtained when we
substitute (24) and (23) back into our original equation (21) and obtain:

min{ (1-4(1+ew), [[ Q=40 +e)w;)
uj; €6(1,0,—1)
S-d+age) [ G-d+aw)'”
uj; €6(1,0—1)

1/2
<|1- 4(1 + 6) Z Tt H 1-— 4(1 + 6) Z fi,&k—l(Xj,t)
t<min{6;—1,0(u;)} u; €6(1,0—1) Xj,teﬁ%,@k—l)
< |1-2(1+¢) > Tig+ Y > fioo-1(Xj1) | (By Lemma H.9)
t<min{6;—1,0(u;)} JEN) t:X;,:€6(4,0,—1)
= [1-201+¢ Y w (By(26)).
t<6(u;q)

S1-(14€ > miy

t<0(u;)
The claim follows.
H.6.1. Omitted proofs from Proof of Lemma H.7
PrROOF OF FACT H.1. Recall that we let I(Y') be an indicator function that is 1 if
and only if Y is true. The border flow function f; ;(-) can be re-written as
fir(X) = > Pl = I(X = border(P;))|P;l. (28)
j:border(P;)=X 7<q

Notice also that we have

Pil= Y I(X =border(P;))|P;l. (29)
XeV(H)
Therefore,
STIPil =3[ > (X =border(P)))[P;| | (By Equation 29)
Ji<q i<q \XEV(H)

— Z ZI(X = border(P;))|P;|

XeV j<q
= Zfi,t(X) (By Equation 28)
Xev

= Z fi,t(X) (Only border nodes have none-zero value on f; +(-)).
XepB(i,t)
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Finally, our claim follows from the fact that
S i =|Fidl =D [Py,
0(u;)<t'<t i<q
O
PROOF OF ANOTHER ARITHMETIC LEMMA H.9. We have

[T =)

i<n
=1- in + Z Ty Ty — Z Ty TigTig + onnen + (—1)k Z T 7 S S
i<n i1 #£ia€[n] i1 #i2F£13€[n] i1 FG2 A Fig
<1 —in-i- Z Ty Ty + Z Ty TigTig + onnen + Z Tip Xy, + o
i<n 71 ;éiQG[n] i1¢i2¢i3€[n] i1 7&12#751%
<1 —in-i- Z Ti Tiy + Z Ty TigTig + onnen + Z T o7 S
i<n i1,i2€[n] i1,i2,i3€[n] 01,82,k
=1-Y @+ =)+ =)+ ..
i<n i<n i<n
2
@
oy S
Zi<n €T
=1- €T; 1—-—.
igzn < 1- Zign i
O

H.6.2. Obtaining Lemma 3.9 from Lemma H.7

PROOF OF LEMMA 3.9. Let us write I(X) be an indicator variable that sets to 1 if
X is true. We have

[3: Z I(Tk(uz) <9k)-
wiiTp—1(ui) >0k
We start by computing F[j]:
Elpl = > E[I(Tk(u) < 64)]
Wit Th—1(ui) >0k
(1+€¢ > > i (Using Lemma H.7)
wi:Th—1(us) >0 t<Ok
= (14 ¢)y (Definition of 7).

Y

To prove the inequality we take:
(I+e)y

and algebra shows that Pr[p > 4] > e-vy/n. O
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