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0 PA3JIMYHBIX MEPAX CJIOFRHOCTI KOHEYHBIX OB BEKTOB
(AKCIGMATNYECKOE OIIMCAHHE)

(Ipedcrasaeno axademuron A. H. Koamoeoposun 12 I 1976)

1. B (*) 6BLI0 ompefeseHO IOHATHE CIOKHOCTH 33[[aHHSI KOHETHOIO 00HeK-
ta K(z). BnociencTsum 0Ka3ajioch, 9T0 BO MHOIUX CIyIadx yHOOHO MCIOTB-
30BATH PA3JMYHBIE [PYTHEe MEpHl CIOKHOCTH, IIOCTPOGHHBIC II0 AHAIOTHE C
K(z), o me cosmapjaromiue ¢ meit. TaKoBH, HaIpuMep, YyCIOBHAA CIOMKHOCTH
K(z|y) (*), cnommocts paspemenns ciosa (°), morapudm ampmopHoit BeposaT-
mocrm (%), Mepa cayuaitEocT: cxosa (mimHAa Mumyc nedexr crydaimocT:m (%))
u 1p. Met mpuBesiem 00HIYI0 KOHCTPYKIHIO, KOTOPAs CBASHIBAET KAMKIAYIO M3 ITUX
Mep CIIOMKHOCTH ¢ HeKOTOPHIM yHKImoHATOM (Ha3sIBa€MBIM HOPMOI MM KBA3H-
HOPMOit) , AMEIOIAM aHaIuTHYecKn mpoctoil Buj. OKa3bIBaeTCs, 4To IO T000My
QYHRIMOHATY, YIOBIETBOPIIOMIEMY HEKOTODBHIM aKCHOMaM, Hallla KOHCTPYH-
IUA CTPOAT COOTBETCTBYMOINYI0 Mepy caokHOcTH. Cpenm Bcex TakHX Mep CY-
mecTByeT camas Gonpmasa — KP. Ona acumnroTudeckn cosnazfaer ¢ K m Tem ca-
MEIM (¢ 2TOH TowHOCTHIO) BEImeNser K u3 Bcex mpouux ciroKEOCTHHX Mep. Ho B
cIydasx, Korjga 9Ta TOYHOCTH HefocratogHa, KP dacro obiajfaer TeXHWIECKH-
mu mpemmyiecTBamu nepef K. Cpefu Mep CI0KHOCTH, yOBIeTBOPAIOMAX CHIIb-
HOMY BapHaHTy aKCHOMATHKH, CYIIECTBYeT Takme «camag Goraras»y KM (f)=
=[log, M (f/max f(®)) ], tme M(f) — aupmoproe MareMaTHUeCKOe ORHUIAHUE
saemenTapHOit ynrmum f (cm. (°)). Bee ocrampable MepEHI SBIAIOTCA B HEKO-
TOPOM CMEICIE €€ YACTHBIMHU CIYIagMH I PasHEIX KIACCOB DIeMEHTAPHBIX
PyHRITAIH.

IIpessne wem mepeiiTm K oOI[eMy WBJIOMKEHUIO, PACCMOTPHM IIpeiIaraeMyio
KOHCTPYKIHIO HA TpHUMepe, WILIIOCTPUPYIOIEM WHAeI0 PabOTHL.

Yenosumes: o6o3HATaTh: N — HaTypalabHBIA paAx, R, — MHOMKECTBO HEOTPH-
I[ATeIbHBIX NEHCTBETENLHEIX UHCeN, BK4as +oo; I — MHOMKeCTBO PYHKRIHI
rona N—R.; ST — muokecTBo QUHATHHIX (DYHKIWI, T. e. QYHKIWE ¢ panuo-
HaJIBHBIMH 3HA9eHHAME, paBHBIMA ( BCIOAY, KpoMe HEIyCTOI0 KOHEYHOTO MHO-
secrpa. Oynrnmio fET GymeM Ha3HBaTh IepeYMCIUMONl (CHEBY), ecium mepe-
qucamMo MHOMKecTBO map (r, ) Takmx, uto r<f(z) (r — panmoHAIbHOE THCIO).
Paccvorpum  Qymrmumonan N (f)=sup (r-d{z: f(z)=r}), rtme d(A) — mom-
HocTh MHOKecTBa A.

Mpegnomenne 1. Cpedu nepeuucaumvrz gynryuii f ¢ N(f) <o cywye-
CTEYET MAKECUMAALHAS, ¢ TOYHOCTBIO 00 MYAbTURAUKATUBHOU KOHCTAHT®L. Le
MuRyc 06ouuHBLl A02apupm pasen Koamoeoposckol caoxrnoctu K(x) (cm. (1))
¢ TOuHOCT®bI0 00 alOUTUBHOU KOHCTAHTHL.

TaxnMm oGpasoM, mMepa cuomuocTr K(x) ecTecTBeHHBIM 00pasoM CBA3aHA
Ppyurguonamom N. Kaxmas m3 ocTaIbHEIX NepedUCIeHHBX BHAYale Mep CIO0K-
HOCTH CBSI3aHA ¢ HEKOTOPHIM CBOUM (DYHKIMOHAJIOM, NMEIOIINM CTOJIb 3Ke IIPO-
cToil Buj. B cmIy mpocToTH 9THX (JYHKIMOHAIOB ¢ HEME 9acTo paborars ymoo-
Hee, UeM C CAMHMM MepaM; CIOMHocTH (HampmMep, Ipu W3YIeHUHW BCAKREX
COOTHOIIEHNI MeKy PasImdHEIMA MepPaMH CITOMKHOCTH). B BTOM CMEICIe IIpefi-
JaraeMas KOHCTPYKIWS aeT yMoOHBIA anmapar ¥ NP M3YYeHAN KOHKPETHHIX
Mep CIOKHOCTH. KpoMe TOTO B TeX M3JI0KEHWSIX, B KOTODHIX jKeJaTelIbHO IOJI-
YEPKHYTh AHAINTHYIECKYIO CTOPOHY Meja, yHoOHO YTBEp:K[eHHe NpeIOKeHns
1 NpEHEATH 3a OMpe[eleHne CIOKHOCTH, & €r0 DKBHBAJIEHTHOCTH OOBIIHOMY OI-
PefielieHnI0 PacCMaTPUBATh KAK TEOPEMY THUIIA TeopeM KOAWPOBAHHA B TEODHIL
pa@OpMAIIH.
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2. Teopema Koamoroposa m o0mee MOHATHE CIOKHOCTH.
Jlis paccMoTpeHms Mep CIOMKHOCTH pAasiIMIHBIX KOHCTPYKTHBHEIX O00BEKTOB
MOCTATOYHO OTPAHMYUTHCA KAKUM-HHOYIh CTAHAADPTHHIM THIIOM TaKAX 00BEK-
TOB, HAIIPEMep, HaTypaabHBIMU duciaMu. MBI Tak u cjexaeM, HO HHOTA, JO-
ImycKag BONBHOCTH peum, OyjeM TIOBOPHTH O CHOKHOCTH CJIOB, dIeMeHTapHEIX
PyHKIEI 7w 1p., MOLpasyMeBas HOMepa THX OOHEKTOB B eCTECTBEHHOW HyMe-
panuu. _ »

Onpenemenne. Monoronmsii QyEknmmonanm N: T—R,, KOHEYHHI U
HEeHyJIeBOH Ha S, HA3LIBAETCA HOPM O, ecin BRINOJTHAIOTCS CIeNyoImne yC-
MOBUSA: :

1) menpepsBHOCTH: N(f)=supN(g),g<S, g</;

2) BEiumcaAEMOCTb: cymecrsyer airoputd A (g, n), BETACIAIOMME
N(g) nus g8 ¢ Tounocrsio 1/n;

3) OMHOPOAHOCTH, W BHIOYKIOCTDH:

a) N(af)=alN(f) nns peiicreurensuoro o=0,

6) N(j+g)<N(})*N(g).

Ecau BMecto 36) BHIIOIHAeTcA Ooiee ciaaboe YycIoBHme

36’) KBaAa3WBH NIYKIOCTH:

Nmax(f, g)<2max(N(/), N(g)),
torma N HassBaeTcs KBAa3WHOPMOiH * (9T0 ycroBme HYMKHO s CYIIEcT-
BOBAHMA MAKCHMAIbHOH IO IOPSAKY (YHKImAE w3 Teopembl HKommoroposa).
OueBHAHO, 4TO (DYHRIMOHAT, PACCMOTPEHHBI B IyHKTe 1, ABIsSETCS KBasH-
HopMoit. OraspiBaeTcs, 4ro W Ja00as APyTasd KBasHHOPMA 3ajlaeT HEKOTOPYH
Mepy CIOMHOCTH: Teopema HoiMoroposa 00 ONTHMANbHOM CIOMKHOCTH *)
obo0maeTcss Ha CiIydai 0607 KBa3sHHOPMEL

Teopema 1 (Hommoroposa o6 onrumanbmoctn). /Jas npoussosbHol
keasunopmsr N cywecreyer MAKCUMALLHAA C TOUHOCTLIO 00 MYALTURIUKA-
TUBHOT KOHCTaHTbL nepewucaumas pynryusa f ¢ N(f)<oe.

Oyarnmo [—log, f(z)] me Gymem HaspiBaTh MepPO#d CIOKHOCTH,
cBsasanmoil ¢ N, m o6osragars KN (z). 3amernm, 9T0 Jorapudm I menas JacTb
speck Geperca Ges morepm TouHocTH (Tak Kak f(x) BCe PAaBHO 3ajaeTcA HEONI-
HO3HAYHO ¢ TOYHOCTHIO /[0 MYIBTHIIMKATHBHOI KOHCTAHTH). B memounciennoi
ke morapmpmmaeckoi mrare gpynrmuas KN (x) sapmaercst ysKe ¢ TOIHOCTBIO [0
QIUIATHBHON KOHCTAHTH (T. €. [0 M3MEHEHUs HA KOHEYHOEe OrpaHHIeHHOe IUCIIO
memenmit mkams1). TaxmM 06pasoM, 9Ta IIKAJTA SBIAETCA HamboIee ecTecTBeH-
HOIt 7T MBMEPEHNS CIOMKHOCTH, TTIOCKOIBKY B Hell ocTHraeTcsa Hambopmas ofi-
Ho3HAYHOoCTh B sajnanmm KN(z), Bosmokmas Ges morepm TowHOcTH. Hpome
TOTO HTAa ITKAJNA COOTBETCTBYeT IIPUHATOH B Teopuu MHPOPMANUE AXAATHBHOM
[IKaJe.

CooTBeTcTBIE MEKIY KBAasMHOPMAMHI W COOTBETCTBYIOIIAMH MEPAMU CJIOM-
HOCTH B3aWMHO OJHO3HAYHO, & IMEHHO CIPaBEINBA

Teopema 2. Meper caoxnocru KN, u KN, cosnadaior ¢ TOUHOCTbIO do
a0OUTUEHOT KOHCTAHTHL T020a U TOAbKEO To2da, kKoeda cOOTEeTCTEYWle K8as3u-
HOPMbL 9KEUEALEHTHBL (¢ TOUHOCTBI0 D0 MYABTUNAUKATUGHOU KOHCTAHTBL).

Teopema 3. Juas ecarot mepvr caoxnoctu KN(z) cywecreyer marcu-
NAALHAS C TOUHOCTI0 0 adOUTUBHOL KOHCTANTbL 6LIUUCAUMAL PYHKYUS gy (X),
menvuas KN (z).

Ouesmpno, aro Qyuxruus KN’ (z) =KN (z) —gy(z) OyaeT Mepoil CIOMKHOCTH,
cBasammoil ¢ kBasmopmoil N'(f)=N(f/28"), upugem gy'(x) Gymer TompecT-
perHO pasHa (. Tarme MepHl CIOKHOCTH W COOTBETCTBYIOIME HM KBAa3HHOPMEL
MBL GymeM HassBaTh NpuBege HHB MU llpuBenentHble Mepbl CIOKHOCTH,
IOCTPOEHHEIe TI0 KBasWHOPMe, ABIAMINeics HOPMOI, GyieM HasBIBATH peTy-
IAPHHME. Bce HeTpHBHATbHEE TPUBEJICHHEIE MEPHI CIOKHOCTH HEBBITHCIIH-
MBI, TIOCKOJIBKY T06as MaskopupyeMas HME BEIYmCIEMas (YHKIHA OTPAaHIIeHA
KomcrauToil. HenpupeeHHEe Ke CIOKHOCTHEIE MepHI OTJIUYAIOTCSI OT IPUBe-

* Begrag KBasHHOPMA He 0ojlee WeM B JBa Pasa OTIMYAETCA OT HEKOTOPOH Apyroi
KBASHHODMHI, YOBIETBOPAIOIIeH ycmosmio 30) AnA Beex f, ¢ TaKmX, ITO IMin (f, g)=0.
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JIeHHHIX CHBATOM Ha IPOMSBONBHEYI0 BEIYHCIANMYI0 (YHRIZIO H, CIE{0BATEILHO,
HX MOKHO HCKIIOYHATh M3 PACCMOTDPEHW:, HE OTPAHMYUBAA OON[HOCTH.

OGEIYHO CIIOKHOCTHEIE MEPHl CTPOMIUCH IO ciexylomeil cxeme, Bragaie 3a-
maBajoch ceMmeiicrso L mepeumcauMbIx (cBepxy) (PYyHKImHA, XapaKTepmsyio-
MUX CIO0KHOCTH, OTHOCHTEIbHO WACTHEIX CIOCO00B 3aJaHWs 00HEKTOB - (HampH-
mep, B pabore (!) aT0 cemeiicTBo cumoskHOCTe# K () OTHOCHTEIBHO BCEX airo-
putMoB A) m 3areM [OKa3HBAIACh TEOpeMa O CYINECTBOBAHME B TOM CeMeii-
ctBe ontuManbHOl QyHKmEE. C KaKIBIM TAKEM CEMeHCTBOM €CTECTBEHHO CBS-
sarp Qyrrmmonan O (f) =inf {r: [—log. (f/r) €L}, rme f— mepeumcimma cHm-
3y. HempepsiBHOCTH, BBHIYMCINMOCTD I KBAa3HBHITYKJIOCTHh BTOT0 (PYHKIZEOHAIA
ABIAIOTCA TPEMA aKCHOMaMH, KOTOPEIM [OJKHO Y/IOBIETBOPATEH CEMEHCTBO, 4TO-
OBl BIHCHIBATLCA B Hamly OOy KOHCTPYKOHIO. ITH aKCHOMEL MOKHO OBLIO
65, KoHeuHO, C(DOPMYIMpPOBATH W B TEPMEHAX caMoro. cemeicrsa L.

3. lse KomkpeTHwe MepH caoskHEOCTH. I[lpmBemem Teopemy, o-
TOpas BHIIENAT U3 BCEX MEICIMMEIX MeD CIOKHOCTH OfHY, MIDAIOILYI0 0C00YI0
poab. 3Hakm =<, > u < 0003HAYAIOT HEPABEHCTBA M YKBUBAJIEHTHOCTH C TOI-
HOCTBIO [0 AAJUTHBHON KOHCTAHTEL

Teopewma 4. Cpedu ecex 603MONCHBIX NPUBEOEHHBLL MeD CAOHHOCTU CY-
wecreyer makcumasvhas KP ¢ TounocTeio 0o adduruenoil komcrawrsl. OHa
6yder peeyaapuoti. HUmerorT MmecTo HepaseHcTsa

K(z) <KP(z)=<K(z)+2log: K(x).

dra mMepa (HasoBeM ee abGCONITHON CIOKHOCTHIO) 3aCIYREBAET
cHenmaabLHoro pacemorpenus. Anaropur™ A HazoBeM Ipe @M KCHHEI M, €ClId
IS MIOOBIX IBOMYHEIX CJIOB Py, P» TaKEX, 9410 A (p:) oupepmemeHo m p, ABIsLETCA
HauajoM p,, mmeeT mecto A (p.)=A(p.). Taxme axropuTMsl ecTeCTBEHHO WH-
TepPIpeTHPOBATh KAK MAUINHEL, KOTOPHe HE MOTYT HOJIb30BATHCA CIENUATLHEIM
3HAKOM O KOHIe mporpammbl. VEdopManmio o ToM, Ifie MPOrpaMMa KOHIAETCH,
HY’KHO KOJAHPOBATH [BOMYHEIMA 3HAKAME CaMoOil mpOrpaMMsl (Ha 9TO pacxo-
AyeTca mMoHmOJHEATenbHAas AuwHA). OTHOCHTENbHO TAKAX NPEQUKCHBIX AITOPHT-
MOB A MOKHO PacCMOTpeTH CIOKHOCT, Kak B (‘). Cpeam HEX TosKe ecTh OI-
TEMAJIBHEI AITOPUTM, CIOKHOCTH O KOTOPOMY (C TOYHOCIBIO /10 affUTEBHOM
KOHCTAHTH) MEHBIIIe, 9eM II0 JI000MY HApyroMy HpeuKCHOMY AJITOPHTMY; 9Ta
cioskuoCcTh # ecth KP.

Oynxnua K(z) memsme, wem KP(z), mockonbky npm ompefnenernz K (z)
MHL He YYHTHIBaeM mHPOpPMAOuio 0 KOHIE IporpaMMsl. BosEmKaer omaceHme,
970 upH onpenenenun KP(x) MBI ToKe MOTIH HE YIeCTh KaKOi-To mEQOPMATAH
7 (WCTHHHAA CIOMKHOCTBHY MOKHA OBITH eme Goxbire. OgHAKO 9Ty 0IACHOCTH
meKmiouaer Teopema 4. Hopma P, csasamnas co cioskEocThI0 KP, mMeeT BHF

P(f)=Xf(z). Taxam oGpasom, 22-**®<{. NnusiMu croBamm, KP ects MmEYC

norapuM MaKCHMAIBHOTO [0 MOPSAKY IEPeYHCINMOr0o CHH3Y DPaclpefeneHus
BEPOSTHOCTEH Ha MHOMKECTBe HATYPANBHBIX YHCeX. JTO pacipefedexue (ero
MOKHO Ha3HIBATh aIPUOPHE M) HMeeT MHTepecHbe NPAMEHEeHHS B TEOPUH
BepoaTHOCTell. MHOTEe ypaBHEHNS U HePaBeHCTBA BHIONHAIOTCH [ KP Goiee
touno, gvem mi1a K. B wacrmocTn, mycrs @ (z, y) — soramcaumasn pysxnus (Ha-
npuMmep, BEymepanusa map gmcerx). Torga KP(¢(z, y)) <XKP(z)+KP(y).

Moskno Beipasuts Qynkumio K wepes KP, a mmenH0: K —5T0 emECTBEHHAS
¢ TOYHOCTHI0O [0 ANJNUTUBHON KOHCTAHTH (QYHKIZA, YHOBIETBOPAWINAA ypaB-
mermio KP(z|K(z))<K(z) (ycmosmasz camomuocrs KP(x|y) ompepmensercsa
ecrecTseEHO To amHaizormm ¢ K(z|y)).

B sakmioueHme IpEmBeJeM TEOPEMY O CYLIECTBOBAHWH «CaMoii GoraToi» —
peryaspHoii Meprl ciosmuoctm. B (°) pacemarpmsamack ¢ymrmma KM (f) =
=[—log. M (f/sup f(®))], rme M — ampmopHOe MaTeMaTHIECKOe OKHMAHWE
pieMeHTapHOH (yHKOUE | (HempepHBHOW ‘KYCOYHO-IIOCTOSHHON (QYHKOUE
PANMOHATHEEIMI 3HAYCHUSAMM Ha LIPOCTPAHCTBE GECKOHEUHBIX [JBOMYHEIX IIO-
cJlenoBaTelbHOCTEH) .

Teopema 5. KM — peeyaapnas mepa cA0HHOCTU, npULeM Oas nPOUIEONL-
Holi pezyasproti mepvr caoxnoctu KN cywecrsyer eviuucaumas nymepayus
z—f. Takas, uro KN(z)<XKM(f.). :
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B (°), Teopema 3¢, sra Teopema Gslia OPOMJLIIOCTPAPOBAHA MJIA Caydas
KN=KP (z—f.— mpomsBoibHOe BHYHCIEMOE OTOGpasKeHHE ¢ HellePeceKar-
MuME HOCHTENAME f. musA pasEeix z). Oymxnma KM (f) nns cIydas, Korma
| — XapaxrepmcTHIecKre (YHKIME WHTEPBANOB, PACCMATPHBAIACH TAKIKE B ™
z B (°) (c oGosmauemmem [—log, R(T)]). ®yurnns KP mcmons3oBamach B
(*, % °). B (*) comepmarca yrsepmmerns TeopeM 1, 3, 4 (B HecKOIBKO HHOM
TepmmHONOorEN) . MiETepecHEe cBeenna o Mepax ciaomuoctm KP w KM copep-
smareas B paGorax (°, 1°).

ABTOp mONB3YeTCH CIydaeM BHIPA3HTh 6maromaprocts A. C. Hemmposcromy
3a MHOTOYHCIEHHBIC KOHCYJbTanuw mpy paboTe HAX NAHHON cTaTheil.

Ioctrynmmo
7 VI 1975
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