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Abstract

This paper is concerned with the performance rami-
�cations of \self-similar" or \fractal" data tra�c upon
networked systems. It is expected in the near future
that communication systems will experience serious
performance degregations as a consequence of this phe-
nomena. Thus, the development of tractable models
to analyze behaviors exhibited by these processes is
important. Interarrival processes which possess self-
similar properties are discussed and analytic queue-
ing models to ascertain performance measurements are
presented. We conclude by analyzing the performance
consequences of self-similar processes upon these sys-
tems.

1 Introduction

Recent measurements of data tra�c have revealed
interesting properties with potentially signi�cant ram-
i�cations to the modeling, design, and control of
broadband ISDN networks. For instance, Leland et.al.
at Bellcore Morristown Research Center have analyzed
millions of packets on several Ethernet LAN's and
millions of frame data by Variable-Bit-Rate (VBR)
video services [9, 10]. In [9, 10] and other studies
[1, 2, 3, 7] packet tra�c is characterized by variability
or \burstyness" across a wide range of scales. That
is, network tra�c looks the same when measured over
time scales ranging from milliseconds to minutes to
hours, etc. Data tra�c of this type is said to be
self-similar or fractal in nature [9, 10]. One property
of these self-similar processes is that r(k), the auto-
correlation function lag-k of the number of arrivals

per time interval, N(t) (the counting process), con-
verges to zero so slowly such that

P
1

k=1 r(k) = 1
[12]. When the aforementioned occurs it is said that
the counting process has the property of long-range
autocorrelations or long-range dependencies. Thus, it
can be said, in general, important properties of these
processes include: high-variability; counting processes
which possess long-range dependencies; and, interar-
rival processes with long-range autocorrelations.

One way to emulate some of the aforementioned be-
haviors is by using power-tail distributions [8]. Note
that power-tail distributions encompass ALL L�evi-
Pareto functions. It has been shown that the counting
process of power-tail distributions possess an autocor-
relation function where the lags, k, decay as 1

k��1
[12].

In this paper, concepts of self-similarity and long-
range dependencies will be discussed and its conse-
quences upon system performance will demonstrated
by comparing performance measurements of queues
with self-similar interarrival patterns with conven-
tional approaches (i.e. using the GI=M=1 queue where
GI is, for example, exponential or hyperexponential).
Studying the impact of self-similar network tra�c
upon communication systems is a timely and impor-
tant research area because many researchers have ar-
gued that the rami�cations of self-similar network traf-
�c will (if not already) have grave performance con-
sequences upon networked systems in the near future
[2, 9, 10]. The paper goes on to discuss one interarrival
process, a power-tail distribution merged with a Pois-
son stream (PT 
 �), developed by [6] which exhibits
properties of self-similarity and long-range dependen-
cies its counting and interarrival times. When this pro-
cess is fed to an exponential server, the response times



are computed. These performance measurements are
compared to a TPT-32=M=1 andM=M=1 queues with
comparable means. This is done to illustrate perfor-
mance bounds for queues which exhibit LRD behavior
in their interarrival processes. We conclude by spec-
ulating upon the impact of long-range dependencies
upon these systems.

1.1 Background

This section presents the background for this pa-
per. The notions self-similarity, power-tail distribu-
tions, and long-range autocorrelations in the counting
and interarrival processes will be addressed.

1.1.1 Self-Similarity

From our perspective, when the notion of self-similar
data tra�c is discussed, we mean that the data tra�c
looks similar when measured across many time scales.
It should be noted that stochastic self-similarity is not
the same as topological self-similarity. Roughly speak-
ing, topological self-similarity implies that if we exam-
ine a small portion, S0 of some set S, S0 resembles the
original set S. In other words, there exists some exact
a�ne transformation which maps S0 directly onto S.

Stochastic self-similarity is a weaker version of its
topological cousin since there can be no exact a�ne
transformations. However, one way to quantify self-
similarity is to realize that there exists some scaling
factor, �, such that random variables in a self-similar
distribution can be generated in the following manner
[8]:

Zn = n�[Sn �E(X)]; (1)

where � = 1 � 1

�
for 1 < � < 2. Note that Sn

represents a sample average drawn from the distri-
bution, F1(�). In other words, Sn = 1

n

Pn

k=1Xk

where X = fx1; x2; � � � ; xng is a sequence of iid ran-
dom variables generated from F1(�). In this context
it can be shown that all distributions are asymptoti-
cally self-similar. The random variable Zn in (2) ap-
proaches what has been described as a 4-parameter
family of distributions called the �-stable distributions
[14]. Furthermore note that the �-stable distributions
do not adhere to convergence properties inherent in
distributions which obey the Central Limit Theorem
(CLT). For instance, random variables which follow
the CLT can be generated in the following way:

Zn = n
1
2 [Sn �E(X)]; (2)

where again, Sn represents a sample average drawn
from some distribution, F2(�); and, Sn = 1

n

Pn

k=1Xk

whereX = fx1; x2; � � � ; xng is a sequence of iid random
variables generated from F2(�).

What equations (1) and (2) are implying is that the
�-stable or \self-similar" distributions contract much
more slowly when compared to distributions which ad-
here to the CLT. In other words, in general, it takes
many more samples from an �-stable distribution for
the random variable Zn in equation (1) to converge
than it does Zn in equation (2).

1.1.2 Power-Tail Distributions

Power-tail distributions have been used to model for
network tra�c behavior [8]. One reason is that these
distributions inherently exhibit \bursty" behavior.
Power-tails have been shown to be self-similar func-
tions, have long-range autocorrelations in the counting
process, and possess in�nite variance [8, 12]. Power-
tail distributions encompass all L�evi-Pareto functions.
The power-tail's reliability function, R(x), which is de-
�ned to be Pr(X > x), has the following property for
large x:

R(x))
c

x�
; (3)

where � > 0; c > 0. Its pdf, after di�erentiation, is
f(x) = �c

x�+1
. Note that the variance does not exist

for f(x) if 0 < � � 2. In general, for all the moments,
it can be shown that E(X`) =1 8 ` � �.

These distributions have been known to exist for a
long time. Pareto used them in describing the distri-
bution of wealth in economics. L�evy showed that all
stable distributions with in�nite variance have power-
tails. For a more thorough discussion, the reader is
referred to Feller [5]. These distributions have been
ignored in the past because an extremely large num-
ber of events must occur for the tail to be felt. Only
recently, with the arrival of the information highway
can we expect to see so many events in a short time.

In general, simple power-tail distributions where of
the form f(x) = cx��1=(1 + x)�+� and were di�cult
to utilize for Laplace transforms, and do not have a
direct matrix representation. Greiner, however, devel-
oped a family of functions which emulates the power-
tail distribution and can be utilized in analytic models
generally [8]. The reliability function for a TPT-M
distribution is given by

RM (x) =
1� �

1� �M

M�1X
n=0

�n exp

�
�
�x


n

�
; (4)

where 0 < � < 1 and 
 > 1. When the limiting
function is de�ned, then Greiner has shown that R(x)
satis�es (3), and � is related to � and 
 by �
� = 1,



or � = � log(�)= log(
) [8]. Furthermore, Greiner has
shown that all moments are in�nite as M ! 1. We
refer to these functions, RM (x), as truncated power-
tails or TPT-M distributions, because, depending on
the size of M , they look like their limit function, the
true power-tail, R(x) [8] . But for some large x, de-
pending upon M , they drop o� exponentially. These
functions are easy to manipulate algebraically. Fur-
thermore, they are m-dimensional phase distributions
which have vector-matrix representations. See Lipsky
or Neuts for a more detailed information concerning
matrix representation of phase distributions [11, 13].

It should be noted that by utilizing power-tails as
arrival processes to queues, it can be expected that
long interarrival times will occur. The reason is that
power-tail distributions have the property of in�nite
variance. That is, assuming some �xed mean, we have

�2 �

Z
1

y

xR(x)dx =1 8 y � 0: (5)

One interpretation of Equation (5) is that no matter
what y is chosen to be, there will always be a non-
negligible probability that large deviations from the
mean (i.e. long interarrival times) will occur.

1.1.3 Parameters of the TPT-M Distributions

Physically, the
TPT-M distributions are hyperexponential-M distri-
butions which satisfy certain criteria. Consequently,
this enables TPT-M distributions to be rich in pa-
rameters and facilitates modeling of teletra�c data.
The � parameter, in a sense, indicates the degree of
self-similarity. The closer � is to 1, the more \bursty"
the TPT-M distribution is. Alternatively, as � ap-
proaches 2, the system becomes less \bursty". The
M parameter of the TPT distribution indicates the
degree of truncation. Essentially, where the TPT-M
is truncated more or less determines when its relia-
bility function, RM (x), begins to decay exponentially.
The entrance vector, p, of the TPT-M distribution
is geometrically distributed with parameter �. When
the power-tail is truncated, this vector has to be nor-
malized by (1 � �)=(1 � �M ) so that

P
i pi = 1. The

parameter 
n, where n is the phase of the TPT-M dis-
tribution whose value ranges from [0 : : :M � 1], is the
mean service time in the sub-system for that phase.
Note that the values for �, 
, and � are determined by
the relationship �
� = 1. The parameter � is equal to
(1 � �)=(1 � �
) and can be used as a normalization
constant so the mean can be �xed to a speci�c value.
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Figure 1: The Sys-
tem Times of the (TPT-64)=M=1, H2=M=1, and
M=M=1 Queues. The power-tail interarrival process
(TPT-64) has clearly the worst performance compared
to the hyperexponential-2 (H2) and the exponential
arrival streams.

1.2 Performance Consequences of Self-
Similar Arrivals

In this section, the impact of self-similar arrivals
to a GI=M=1 queue will be examined. These results
will be compared toH2=M=1 andM=M=1 queues with
comparable mean interarrival times.

It is clear from the �gure that the TPT-64=M=1
queue has the worst performance followed by the
H2=M=1 and the M=M=1 systems. What is occur-
ring is long-interarrival times are being generated by
the TPT-64 distribution. The consequence of this be-
havior is that this statistically necessitates \bursts" of
arrivals which backlogs the queue. Note that as M
gets larger for the TPT distribution, performance of
the (TPT-M)=M=1 queue will only get worse. What
this implies is that if network data tra�c is \self-
similar", then we can expect serious performance prob-
lems. Furthermore, queueing models which attempt to
emulate communication systems which utilize conven-
tional techniques (i.e. Batch Poisson, Markov Modu-
lated Poisson Processes (MMPP), etc.) will surely be
inadequate to appropriately characterize behavior's of
these systems. Some of these reasons are that the
aforementioned processes are not self-similar, and do
not possess long-range autocorrelations in the count-
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Figure 2: TPT-M Distributions Merged with
Varying amounts of a Poisson Process. Note
that for the TPT-64 
� process, that r(k) appears
linear for more than 8 orders of magnitude.

ing or arrival time processes.

1.3 The PT
� Stream: A Self-Similar In-
terarrival Process

The PT 
 � process is a Poisson process super-
positioned upon TPT-M distribution. In this sec-
tion we compute the autocorrelation lag-k for the
PT 
 � interarrival process. This is done with power-
tails using various truncation sizes, that is, for M =
16; 32; and 64 in order to study its impact upon the
autocorrelations. Also, for the TPT-M distributions,
parameters such as the interarrival rate, �x, and � are
�xed to 1 and 1.4 respectively. � was �xed to 1.4 in or-
der to �t the data in [10]. In order to compute the au-
tocorrelations we utilized the following equation from
[?]. The autocorrelation between the Xth and X+kth
event (lag-k) can be computed by the following

r(k) =
}
�
V [Yk � "0 }]V

�
"0

2}V2"0 � [}V"0]2
: (6)

When examining Figure (6) note that the autocorrela-
tions for the TPT-16
� and TPT-32
� distributions
decay relatively quickly as compared to the TPT-64
�
distribution. One observation regarding Figure (6) is
that the autocorrelations appear to be \long-range".
The reason long-range dependencies occur is a result of
the \distance" between power-tail interarrival points.
In this point process, as more power-tail arrivals are
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Figure 3: The system times of the TPT-32=M=1,
SM=M=1, and M=M=1 Queues. The amount of
Poisson added to the PT 
� process ranges from 10%
to 90%.

generated, large power-tail interarrival times will even-
tually occur. The \gaps" generated by large power-
tail interarrival times are �lled with Poisson arrivals.
This behavior tends to cause long-range dependencies
since there exists some deviation between the means
of the Poisson and the PT 
 � processes. This, in ef-
fect, contributes signi�cantly to the autocorrelations.
In essence, what is occurring is that the Poisson ar-
rivals retain the \memory" of long power-tail interar-
rival times.

1.4 Queueing Performance

In this section, we compute the steady-state sys-
tem times of the TPT-32=M=1, SM=M=1, and
GI(SM)=M=1 queues, analyze queueing performance,
and discuss the nexus between power-tails and LRD.

From Figure (3) it is apparent that the TPT-
32=M=1 queue has the overall worst performance. One
way to understand why this is occurring is realize with
power-tail distributions, large events will eventually
occur. Long interarrival times create \gaps" in the ar-
rival stream which indicate long periods of no arrivals
to the system. The consequence of these long peri-
ods of no arrivals is that it statistically necessitates
intervals where large numbers of arrivals will occur in
\bursts". The consequence of these bursts of tra�c is
that the performance of the system, as a whole, de-
grades.



Figure (3) also indicates that varying the amount
of Poisson which is added to the arrival process af-
fects the performance of the SM=M=1 queue. For the
TPT-32 and PT 
 � streams in Figure (3), when the
amount of Poisson added to the process is 10%, the
behavior of the queue is very similar to that of the
TPT-32=M=1 queue. This implies that the PT 
 �
interarrival stream has the similar bursty behavior of
the power-tail renewal process, however, not quite as
severe.

Adding more Poisson to the stream has the e�ect
of subduing the bursty behavior of the PT 
 � pro-
cess. The reason is that fewer bursts of tra�c are
needed to engender the mean since Poisson arrivals
are breaking up long interarrival time gaps generated
by the power-tail distribution. Consequently, as more
Poisson is added to the stream, performance of this
system improves.

1.4.1 Performance Bounds for the SM=M=1
Queue

Figure (3) indicates that the TPT-32=M=1 and
M=M=1 cases represent performance boundaries for
the SM=M=1 queue. That is, as the percentage of the
power-tail distribution is augmented, the performance
of the SM=M=1 queue approaches that of the TPT-
32=M=1 queue. Alternatively, as the amount of Pois-
son added to the PT 
� stream is diminished, its per-
formance approaches that of the M=M=1 queue. This
is interesting since ALL the SM=M=1 queues exhibit
LRD in its interarrival stream. In fact, it has been
shown that an in�nitesimal amount of Poisson added
to a PT 
 � stream results in LRD in its associated
interarrival process [6]. Note that it should be obvi-
ous that SM=M=1 queueing behavior asymptotically
approaches that of theM=M=1 system as the percent-
age of Poisson added to the PT
� process approaches
100%. This becomes evident when the amount of Pois-
son added to the merged stream is 99.9% as since the
performance of the SM=M=1 queue is comparable to
the M=M=1 system. This is interesting since the SM
interarrival process in this case does exhibit LRD in its
interarrival process yet it's performance is nearly iden-
tical to that of theM=M=1 queue! Thus, the following
question needs to be addressed: What is the precise
impact of LRD upon queueing performance? Figure
(3) indicates when the amount of Poisson added to the
PT 
 � stream is small, then system performance is
adversely a�ected. Thus, if the TPT-32=M=1 queue
is not considered, it could be inferred that LRD has
a deleterious impact upon performance. On the other
hand, as the amount of Poisson is augmented in the
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Figure 4: Comparing the performance of an
SM=M=1 Queue with LRD to the M=M=1 sys-
tem. This Figure indicates the di�erences between
the performance the queues. The following question
needs to be addressed: What is the precise impact of
LRD in the interarrival process?

PT 
 � process, then it could be implied that LRD
does not have a signi�cant impact upon queueing de-
lay since its behavior is similar to that of the M=M=1
queue.

When considering performance bounds for this par-
ticular SM=M=1 queue, remember that both the TPT-
32=M=1 and the M=M=1 queues interarrival processes
are renewal processes. In other words, by de�nition,
these arrival streams do not possess any correlated be-
havior. Thus, one conclusion is that an interarrival
stream that exhibits LRD behavior could be viewed
as one particular characteristic of an interarrival pro-
cess; and, the magitude of the correlated behavior in
the interarrival stream should be the more general in-
dicator of performance degregation.

1.5 Power-Tails and LRD

It is our contention that LRD are a consequence
of power-tail distributions. It is well known that the
autocorrelations in interarrival processes described by
Leland [10] and others decay via r(k) � c

k��1
where

1 < � � 2. Consequently, the autocorrelations decay
so slowly that they tend to in�nity. The interpreta-
tion of the above is that it has long memory. In other
words, dependence between events which are far apart
diminishes slowly with increasing lag. We surmise the
cause of LRD in interarrival processes merged or mixed
with a power-tail is a result of the \distance" between
power-tail interarrival points. For example, in the
PT
� process, the autocorrelations are caused by the



power-tail generating long interarrival time \gaps" or
\distances". These gaps are �lled with Poisson arrivals
and correlations result. LRD in the PT
� process oc-
curs because the autocorrelations retain the memory
of long interarrival times generated by the power-tail
distribution. As previously mentioned, one property of
power-tail distributions is that it has a predisposition
to generate large interarrival times because they have
in�nite variance. The reason long-interarrival times
are generated a result of the power-tail distribution
experiencing large deviations from the mean. This, in
e�ect, is responsible for the \distance" phenomena.

1.6 Conclusion

This paper has illustrated that teletra�c of the
nature described by Leland and others [9, 2] is cer-
tainly di�erent; and, one consequence of modeling
these systems using conventional methodologies is that
overly optimistic performance measurements should
be expected. Thus, traditional tra�c processes (i.e.
Batch Poisson, MMPP, etc.) behaviors must certainly
be inadequate to characterize behaviors such as self-
similarity and long-range dependencies because they
inherently do not possess these properties. In other
words, one important property of self-similar func-
tions from a network modeling perspective is that of
appropriately characterizing \burstyness"; and, while
conventional models do attempt to incorporate this
feature, it is unclear whether these models can ever
emulate this behavior adequately. One self-similar ar-
rival process with long-range dependencies was dis-
cussed (the PT
� stream) and performance measure-
ments were obtained. These results were compared to
a power-tail renewal process. Furthermore, it was ar-
gued, at least in the PT 
 � process, that long-range
dependencies were a consequence of large power-tail
interarrival times.
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