Fall 2005 CS235 — Algebraic Algorithms Midterm exam

MIDTERM EXAM

Only a single hand-written “crib” sheet can be used, no books or notes. Even if I ask for just a yes/no
answer, you must always give a proof. You may get some points even if you write “I don’t know”, but
if you write something that is wrong, you may get less. (It is not possible to pass just writing “I don't
know” everywhere. . ..)

Solve 4 of the following problems. If you solve more, your 4 best solutions will be chosen.

Problem 1. (15) Show, via rough estimates, that the infinite series 21—3 + 4%5 + 617 + -+ - has a finite sum.
[Hint: recall the method used for the sum1+1/2+1/3+....]

Solution. The series can be written as ) ;- m As in the method of the hint, let us group the terms
betweeni = 1,2,4,8,.... Thus, one group consists of all 2k < i < 251 The number of terms in this

sum is 2, and each term is of size < wl(zlw < 272(k+1) | Therefore the total is at most 2 times this

much, which is 27¥=2. Therefore the original sum can be estimated by Yt ; 272, which as a decreasing
geometric series, is known to have a finite sum.

Problem 2. (15) Find positive integers a, b, ¢ such that ged(a,b) > 1, ged(b,c) > 1 and ged(a,c) > 1 but
gcd(a, b, c) = 1. Compute lem(a, b, ) (explaining the result).

Solution. Leta =2-3=6,b=3-5=15¢=2-5=10. Then ged(a,b) = 3, ged(b,c) = 4, ged(a,c) = 2.
But there is no prime number dividing all three of a, b, ¢, therefore gcd(a, b, c) = 1. We have lem(a, b, c) =
2 -3 -5, this is the number containing each prime divisor of 4, b, c with the largest exponent that occurs
in them.

Problem 3. Estimate the number of computation steps that it takes to compute the number 3* for integer
x (ordinary operations, not modulo anything) as a function of len(x):

(a) (7) without repeated squaring,

Solution. There will be x multiplications. Each largest multiplication involves 3 and a number whose
length is at most len(3*~1) = O(x). Such a multiplication takes O(x) steps. Therefore the number of
steps is O(x - x) = O(x?) = O(2%en()),

(b) (8) with repeated squaring.

Solution. The repeated squaring consists of O(len(x)) multiplication operations. The length of the
numbers can double at each squaring, so after the ith squaring is O(2'), and after the last squaring
it is O(2'"(®)) = O(x). The last term is Each squaring of a number of length k costs O(k?) steps, so
the number of steps is at the ith squaring is O(2%). The total number of steps is a geometric series
whose last term of which is O(22e"(*)) = O(x2) = O(22en(¥)), the same rate of growth as without
repeated squaring.

Problem 4. (15) Find an integer z with the property that z =1 (mod 230) and z = —1 (mod 81). Show
your work in a form followable for the grader.

Solution. Let us compute ged (230, 81) via the extended Euclidean algorithm.

ro = 230, so=1, to =0,

r1 =81, s1=0, t1=1,
7 =2, 12 =719 —qi7r1 = 68, s =50 —q151 =1, th =to—qit; = -2,
Q= 1, r3 =11 —(qat2 = 13, S3 = S1 — (252 = -1, tz3 =1t —qoty = 3,
g3 =5, 14 =71y —qarz =3, S4 =5y — (353 =6, ty =ty —qatz = —17,
qs =4, 75 =713 —qarg =1, S5 = 53 — (454 = —25, ts =tz —quts =71,

Hence gcd(230,81) = 1 = —25-230 + 71 - 81. It follows that —25-230 = 1 (mod 81) and 71-81 =1
(mod 230). Therefore z = 71 - 81 + 25 - 230 has the required properties.

Problem 5.
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(@) (8) Show that if gcd(m,n) > 1 then the set of equations x = 1 (mod m), x = 0 (mod n) is not
solvable.

Solution. Letd = ged(m,n), m = m'd. If x = 0 (mod n) then n|x and therefore d|x. Butif x = 1
(mod m) then x = 1+ km = 1+ km'd for some k, which shows that d does not divide x, a contradic-
tion.

(b) (7) Show that if gcd(a,m) > 1 then the equation a* =1 (mod m) is not solvable.

Solution. Let d = ged(a,m), a = da’, m = dm’. Then a* = (da’)* is divisible by d. But if a* = 1
(mod m) then a® = 1+ km = 1+ kdm’ for some k, showing that a* is not divisible by d. This
contradiction shows that a* =1 (mod m) is not solvable.

Problem 6. Consider the set M of all matrices of the form C(a,b) = (Z _ab ) fora, b € Q.
(a) (10) Show that M is a commutative ring with unity, under the usual matrix operations.

Solution. First we show that the sum and product of two matrices of this form is again of this form.

For the sum, we have (Z ;b) + (l”;; *al,’, ) =C(a+a,b+"0"). For the product,

a —b a b\ _ [(ad +(=b)b' a(=b)+ (-b)a"\ _ / i /
<b a>'<b’ a’> - < ba' + ab’ b(=b") +aa’ = Claa’ —bb’,ab + ba').
The fact that the ring properties are satisfied follows from the fact that as shown in class, matrices
form a ring with respect to matrix operations. The fact that the ring is commutative can be seen from

C(aa" —bb',ab' +ba") = C(a’a —b'b,b'a + a’b). It also easy to see from this formula that C(1,0) is a
unity.

(b) (5) Show that M is a field (elements other than 0 form a group under multiplication). [Hint: compute
C(a,b)-C(a,—b).]

Solution. We have by the above formula C(a,b) - C(a,~b) = C(a® + b%0). It follows that
Claipm ﬁ) is the inverse of C(a, b).



