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Abstract

The mechanism for declaring datatypes in functional programming languages such as ML and
Haskell is of great use in practice. This mechanism, however, often suffers from its imprecision in
capturing various invariants inherent in data structures. The introduction of dependent datatypes
in Dependent ML (DML) can partly remedy the situation, allowing the programmer to model data
structures with significantly more accuracy. In this paper, we present several programming examples
(e.g., implementations of random-access lists and red-black trees) to illustrate some practical use of
dependent datatypes in capturing relatively sophisticated invariants in data structures. We claim that
dependent datatypes can enable the programmer to implement algorithms in a manner that is more
efficient, more robust and easier to understand.

1 Introduction

The mechanism that allows the programmer to declare datatypes for modeling data structures in func-
tional programming languages such as Standard ML (Milner, Tofte, Harper, and MacQueen 1997) and
Haskell (Peyton Jones et al. 1999) is of great use in practice. It can offer both convenience in program-
ming and clarity in code. In practice, we often encounter a situation where the declared datatype for a
data structure can not accurately capture certain invariants inherent in the data structure . For instance,
if what we need is a data structure for pairs of integer lists with equal length, we often declare a datatype
in Standard ML or Haskell that is for all pairs of integer lists. This inaccuracy problem is often a rich
source for run-time program errors. For instance, a function that should only receive as its argument a
pair of integer lists with equal length may be mistakenly applied to a pair of integer lists of unequal length.
Unfortunately, such a mistake causes no type errors if pairs of integer lists of equal length are given a type
that is for all pairs of integer lists, and thus can usually go unnoticed until at run-time, when debugging
often becomes much more demanding than at compile-time. More important, this adversely affects our
ability in building robust software.

The inaccuracy problem becomes more serious when we start to implement more sophisticated data
structures such as red-black trees, binomial heaps, ordered lists, etc. There are certain invariants in these
data structures that we must maintain in order to implement them correctly. For instance, a correct
implementation of an insertion operation on a red-black tree should always return a red-black tree. If we
can form a datatype to precisely capture the properties of being a red-black tree, then it becomes possible
to detect a program error through type-checking when such an error leads to a violation of the captured
properties. This is evidently a desirable feature in programming if it can be made practical.

The need for forming more accurate datatypes partially motivated the design of Dependent ML
(DML) (Xi and Pfenning 1999; Xi 1998), an enrichment of ML with a restricted form of dependent types.
More precisely, DML is a language schema. Given a constraint domain C, DML(C) is the language in the
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schema where all type index expressions are drawn from C. Roughly speaking, a type index expression
is simply a term that can be used to index a type. Type-checking in DML(C) can then be reduced to
constraint satisfaction in the constraint domain C. In this paper, we restrict C to some integer domain and
use the name DML for this particular DML(C).1 We have currently finished a prototyped implementation
of DML in Objective Caml, which allows us to experiment with programming in a dependently typed
setting and in particular, to experiment with dependently typed data structures.

An alternative approach to forming more accurate datatypes is through the use nested datatypes (Bird
and Meertens 1998). For instance, a nested datatype exactly representing red-black trees can also be
readily formed (Hinze 1999; Kahrs 2001). However, DML-style dependent types and nested datatypes are
orthogonal features. In particular, we are to present an example where a nested datatype is refined into
dependent nested datatypes for capturing more properties. We find that nested datatypes are often less
intuitive than DML-style dependent types when used in practice to capture certain information (e.g., size
information) in data structures. Also, there are many important applications of DML-style dependent
types such as array bound check elimination (Xi and Pfenning 1998) that seem difficult to handle with
nested datatypes. However, type-checking for nested datatypes is significantly easier than for DML-style
dependent types.

We use typewriter font in this paper to represent code written in the concrete syntax of DML. A
significant consequence from the introduction of dependent types is the loss of the notion of principal types
in DML. For instance, both of the following types can be assigned to an implementation in DML that zips
two lists together.

’a list * ’b list -> (’a * ’b) list

{n:nat} ’a list(n) * ’b list(n) -> (’a * ’b) list(n)

The first type has the usually meaning, while the second one implies that for every natural number n,
the function yields a list with length n when applied to a pair of lists with length n. Notice that we use
(τ)list(n) for the type of a list with length n in which every element has the type τ . If a dependent type is
to be assigned to a function in DML, it is the responsibility of the programmer to annotate the function
with such a dependent type. This is probably the most significant difference between the programming
styles in ML and in DML. In practice, we observe that the type annotations in a typical DML program
often constitutes less than 20% of the entire code. Since dependent type annotations can often lead to
more accurate reports of type errors and serve as informative program documentation, we feel that the
programming style in DML is acceptable from a practical point of view. We will provide some concrete
examples in support of this claim, including implementations of red-black trees and random-access lists.
Some of the implementations are directly adopted from the corresponding ones in (Okasaki 1998). The
implementations in DML have several advantages over the original ones. We have verified more invariants
in these implementations. For instance, it is verified in the type system of DML that the function that
looks up for the ith element in a random-access list can never issue a run-time exception as long as i is less
than the length of the list. Also the type annotations in the implementations, which can be fully trusted
since they are mechanically verified, offer some pedagogical values.

This is not a technical paper on DML. Our primary purpose is to reach a wider audience for DML,
presenting some interesting examples in support of the claim that dependent types can be made both
useful and practical in programming. As the use of dependent types in practice is at least rare in the
literature, we believe that this paper can offer the programmer a good opportunity to see what dependent
types are able to do in practice. In this paper, it is neither possible nor necessary to formally present the
entirety of DML. Instead, we present a core language MLΠ,Σ

0 of DML, formalizing both static and dynamic

semantics of MLΠ,Σ
0 and stating its type soundness (subject reduction). This servers as the foundation of

DML. We then focus on presenting some concrete programming examples in DML as well as some intuitive
explanation. We refer the interested reader to (Xi 1998) for the formal development of DML, though we
strongly believe that this is largely unnecessary for comprehending this paper.

We organize the rest of the paper as follows. In Section 2, we formally present an explicitly typed
language MLΠ,Σ

0 , which can be regarded as a core of DML. We present both static and dynamic semantics

of MLΠ,Σ
0 and state its type soundness (subject reduction) theorem. We then introduce a prototype

1However, we will present an example in Section 4.4, where a constraint domain consisting of algebraic terms is used.
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implementation of DML in Section 3, presenting some of its unique and significant features and explaining
informally how type-checking involving dependent datatypes is performed. We present several examples
in Section 4 to illustrate how various program invariants can be captured in the type system of DML. As
the use of dependent types in practical programming is at least rare at present, we hope that the presented
examples can provide the reader with a solid feel as to what can be expected of dependent types in practice.
Lastly, we discuss some related work and conclude.

2 A Core Language of Dependent ML

We start with an explicitly typed language MLΠ,Σ
0 , which can be regarded as the core of DML. The

language MLΠ,Σ
0 essentially extends the simply typed call-by-value λ-calculus with a form of dependent

types and general recursion.

2.1 Syntax

The syntax for MLΠ,Σ
0 is given in Figure 1. We fix an integer domain and restrict index expressions, namely,

the expressions that can be used to index a type, to this domain. This is a sorted domain and subset sorts
can be formed. For instance, we use nat as an abbreviation for the subset sort {a : int | a ≥ 0}, which
is for index expressions with natural numbers as their values. We use if (P, i1, i2) for an index expression
that equals i1 if P holds, and i2 otherwise. We use δ(~ı) for a base type indexed with a (possibly empty)
sequence of index expressions ~ı. For instance, bool(0) and bool(1) are types for boolean values false and
true, respectively; for each integer i, int(i) is the singleton type for integer expressions with value equal
to i.

We use φ |= P for a satisfaction relation, meaning P holds under φ, that is, the formula (φ)P , defined
below, holds in the integer domain.

(·)Φ = Φ

(φ, a : int)Φ = (φ)∀a : int.Φ

(φ, {a : γ | P})Φ = (φ, a : γ)(P ⊃ Φ)

(φ, P )Φ = (φ)(P ⊃ Φ)

For instance, the satisfaction relation

a : nat, a 6= 0 |= a − 1 ≥ 0

holds since the following formula is true in the integer domain.

∀a : int.a ≥ 0 ⊃ (a 6= 0 ⊃ a − 1 ≥ 0)

Note that the decidability of the satisfaction relation depends on the constraint domain. Although the
syntax in Figure 2 allows non-linear2 integer constraints, such constraints are rejected immediately in our
implementation. We currently translate the problem of determining whether a given (linear) constraint is
satisfiable into some integer programming problem, for which there are various existing methods.

We use Πa : γ.τ and Σa : γ.τ for the usual dependent function and sum types, respectively. A
type of the form Π~a : ~γ.τ is essentially equivalent to Πa1 : γ1 . . . Πan : γn.τ , where we use ~a : ~γ for
a1 : γ1, . . . , an : γn. Note that γk may contain free occurrences of aj for 1 ≤ j < k ≤ n. In practice, we
also have types of the form Σ~a : ~γ.τ , which we omit here for simplifying the presentation. In particular,
given a type constructor δ that takes index expressions ~ı of sorts ~γ to form a base type δ(~ı), we often use
δ for Σ~a : ~γ.δ(~a). For instance, bool and int stand for Σa : bool.bool(a) and Σa : int.int(a), respectively,
where the sort bool = {a : int | 0 ≤ a ≤ 1}.

2A constraint is non-linear if contains a non-linear term such as a1 ∗ a2 for some index variables a1 and a2.
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index constants
cI ::= · · · | −2 | −1 | 0 | 1 | 2 | · · ·

index expressions
i ::= a | cI | i1 + i2 | i1 − i2 | i1 ∗ i2 | i1/i2 | i1 mod i2 | if (P, i1, i2)

index propositions
P ::= i1 < i2 | i1 ≤ i2 | i1 > i2 | i1 ≥ i2 | i1 = i2 | i1 6= i2 |

P1 ∧ P2 | P1 ∨ P2

index sorts
γ ::= int | {a : γ | P}

index variable contexts
φ ::= · | φ, a : γ | φ, P

index constraints
Φ ::= P | P ⊃ Φ | ∀a : γ.Φ

types
τ ::= δ(~ı) | 1 | τ1 ∗ τ2 | τ1 → τ2 | Π~a : ~γ.τ | Σa : γ.τ

contexts
Γ ::= · | Γ, x : τ | Γ, f : τ

patterns
p ::= x | 〈〉 | 〈p1, p2〉 | c[~a](p)

clauses
ms ::= (p1 ⇒ e1 | · · · | pn ⇒ en)

expressions
e ::= x | f | c[~ı](e) | if (e, e1 , e2 ) | λ~a : ~γ.v | e[~ı] |

〈〉 | 〈e1, e2〉 | fst(e) | snd(e) | lamx : τ.e | e1(e2) |
case e of ms | let x = e1 in e2 end |
fix f : τ.v | 〈〉 | 〈i | e〉 | open e1 as 〈a | x〉 in e2

values
v ::= x | c[~ı](v) | λ~a : ~γ.v | 〈〉 | 〈v1, v2〉 | lamx : τ.e | 〈i | v〉

Figure 1: The syntax for MLΠ,Σ
0
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fun ack x1 x2 =

if x1 = 0 then x2+1

else if x2 = 0 then ack (x1-1) 1

else ack (x1-1) (ack x1 (x2-1))

withtype {a1:nat, a2:nat} int(a1) -> int(a2) -> [a:nat] int(a)

fix ack : Πa1 : natΠa2 : nat.int(a1) → int(a2) → Σa : nat.int(a).
λa1 : nat.λa2 : nat.lam x1 : int(a1).lam x2 : int(a2).

if (= [a1, 0](〈x1, 0〉),
〈a2 + 1 | +[a2, 1](〈x2, 1〉)〉,
if (= [a2, 0](〈x2, 0〉),

ack[a1 − 1, 1](−[a1, 1](〈x1, 1〉))(1),
open ack[a1, a2 − 1](x1)(−[a2, 1](〈x2, 1〉))

as 〈a′

2 | x′

2〉 in ack[a1 − 1, a′

2](−[a1, 1](〈x1, 1〉))(x
′

2)))

Figure 2: The Ackermann Function in DML and MLΠ,Σ
0

We also introduce lam-variables and fix-variables in MLΠ,Σ
0 and use x and f for them, respectively. A

lambda-abstraction can only be formed over a lam-variable while recursion (via fixed point operator) must
be formed over a fix-variable. A lam-variable is a value but a fix-variable is not. We use c for constructors.
We assume that the type of a constructor is of the form Π~a : ~γ.τ1 → τ .3

We use λ for abstracting over index variables, lam for abstracting over variables, and fix for forming
fixed-point expressions. Note that the body after either λ or fix must be a value. We use 〈i | e〉 for packing
an index i with an expression e to form an expression of a dependent sum type, and open for unpacking
an expression of a dependent sum type.

There are two forms of application. We write e[~ı] for applying e to a sequence of index expressions and
e1(e2) for applying e1 to e2. The meaning of such forms of application is to become clear after we present

the dynamic semantics of MLΠ,Σ
0 .

Lastly, we present an example in Figure 2 for the reader to relate the concrete syntax of DML to the
syntax of MLΠ,Σ

0 . We will return to this issue later.

2.2 Static Semantics

We write φ ` τ [well-formed] to mean that τ is a legally formed type under φ. For instance, the following
rules are for constructing types of the forms int(i) and bool(i), respectively.

φ ` i : int

φ ` int(i) [well-formed]

φ ` i : {a : int | 0 ≤ a ≤ 1}

φ ` bool(i) [well-formed]

Notice that the rule for constructing bool(i) indicates that we need to show that 0 ≤ i ≤ 1 holds in
order to form such a type. Therefore, bool(2) is ill-formed. We omit other standard rules for constructing
well-formed types.

index substitutions θI ::= [] | θI [a 7→ i]
substitutions θ ::= [] | θ[x 7→ v] | θ[f 7→ e]

A substitution is a finite mapping and [] represents an empty mapping. We use θI for a substitution
mapping index variables to index expressions and dom(θI) for the domain of θI . Note that θI [a 7→ i]
extends θI , whose domain does not contain a, with a mapping from a to i. Similar notations are used for
substitutions on variables. We write •[θI ] (•[θ]) for the result of applying θI (θ) to •, where • can be a
type, a context, an expression, etc. The standard definition is omitted. In this paper, we substitute only
values for lam-variables.

We use a judgment of the form φ ` i : γ to mean that i can be assigned the sort γ under the index
variable context φ. We omit the standard rules for deriving such judgments. The following rules are for

3A constructor taking no argument can be treated as a constructor taking the unit 〈〉 as its argument.
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deriving judgments of the form φ ` θI : φ′, which roughly means that θI has the ”type” φ′.

φ ` [] : ·
(sub-i-empty)

φ ` θI : φ′ φ ` i : γ[θI ]

φ ` θI [a 7→ i] : φ′, a : γ
(sub-i-var)

φ ` θI : φ′ φ |= P [θI ]

φ ` θI : φ′, P
(sub-i-prop)

Clearly, we have the following.

Lemma 2.1 (Index Substitution) If φ ` θI : φ′ holds and φ, φ′ ` i : γ is derivable, then φ ` i[θI ] : γ[θI ] is
also derivable.

We write φ |= τ ≡ τ ′ for the congruent extension of φ |= i = j from index expressions to types, which
is determined by the following rules. Note that we write φ |= ~ı =~ı′ to mean φ |= ik = i′k for k = 1, . . . , n,
assuming ~ı = (i1, . . . , in) and ~ı′ = (i′1, . . . , i

′

n). The application of these rules generates constraints during
type-checking.

δ has the kind ~γ → ∗ φ `~ı : ~γ φ `~ı′ : ~γ φ |=~ı =~ı′

φ |= δ(~ı) ≡ δ(~ı′)

φ |= τ1 ≡ τ ′

1 φ |= τ2 ≡ τ ′

2

φ |= τ1 ∗ τ2 ≡ τ ′

1 ∗ τ ′

2

φ |= τ ′

1 ≡ τ1 φ |= τ2 ≡ τ ′

2

φ |= τ1 → τ2 ≡ τ ′

1 → τ ′

2

φ,~a : ~γ |= τ ≡ τ ′

φ |= Π~a : ~γ.τ ≡ Π~a : ~γ.τ ′

φ, a : γ |= τ ≡ τ ′

φ |= Σa : γ.τ ≡ Σa : γ.τ ′

We say that δ has the kind ~γ → ∗ if δ takes index expressions ~ı of sorts ~γ to form a type. There are
currently no formal judgments for sort equivalence or subsorting. They are not really needed at this point,
since ultimately all sorts only describe various subsets of integers. Some details can be found in (Xi 1998)
as to how an expression of the type Πa : γ.τ can be implicitly coerced into one with equivalent dynamic
semantics, but of the type Πa : γ ′.τ , where γ and γ′ are sorts such that a : γ ′ ` a : γ. As could be
expected, we have the following proposition.

Proposition 2.2 Type conversion is an equivalence relation:

1. If φ ` τ [well-formed] holds, then φ |= τ ≡ τ also holds.

2. If φ |= τ ≡ τ ′ holds, then φ |= τ ′ ≡ τ also holds.

3. If both φ |= τ ≡ τ ′ and φ |= τ ′ ≡ τ ′′ hold, then φ |= τ ≡ τ ′′ also holds.

We present the typing rules for MLΠ,Σ
0 in Figure 3 and Figure 4. We use φ; Γ ` e : τ for a typing

judgment. The judgment basically means that e can be assigned type τ under φ; Γ, which map free index
variables and variables in e to sorts and types, respectively.

Let ~a be a sequence of index variables a1, . . . , an and ~ı be a sequence of index expressions i1, . . . , in; we
write [~a 7→ ~ı] for a substitution that maps ak to ik for k = 1, . . . , n; given an index variable context ~a : ~γ,
that is, a1 : γ1, . . . , an : γn for ~γ = (γ1, . . . , γn), we write φ `~ı : ~γ to mean that φ ` [~a 7→~ı] : (~a : ~γ). Notice
that φ ` ~ı : ~γ does not simply mean φ ` ik : γk for k = 1, . . . , n as ak may have a occurrence in γk′ for
1 ≤ k < k′ ≤ n. Some of the typing rules have obvious side conditions, which are omitted. For instance,
in the rule (ty-ilam), ~a cannot have free occurrences in Γ. We write dom(Γ) for the domain of Γ, that
is, the set of variables declared in Γ. Given substitutions θI and θ, we say φ; Γ ` (θI ; θ) : (φ′; Γ′) holds if
φ ` θI : φ′ and dom(θ) = dom(Γ′) and φ; Γ[θI ] ` θ(x) : Γ′(x)[θI ] for all x ∈ dom(Γ′).

The following lemma plays a pivotal rôle in proving the subject reduction theorem for MLΠ,Σ
0 .

Lemma 2.3 Assume that φ, φ′; Γ, Γ′ ` e : τ is derivable and φ; Γ ` (θI ; θ) : (φ′; Γ′) holds. Then we can
derive φ; Γ[θI ] ` e[θI ][θ] : τ [θI ].

Proof Please see (Xi 1998).
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x ↓ τ ⇒ (·; x : τ)
(pat-var)

〈〉 ↓ 1 ⇒ (·; ·)
(pat-unit)

p1 ↓ τ1 ⇒ (φ1; Γ1) p2 ↓ τ2 ⇒ (φ2; Γ2)

〈p1, p2〉 ↓ τ1 ∗ τ2 ⇒ (φ1, φ2; Γ1, Γ2)
(pat-prod)

S(c) = Π~a : ~γ.(τ → δ(i)) p ↓ τ ⇒ (φ; Γ)

c[~a](p) ↓ δ(j) ⇒ (~a : ~γ, φ; Γ)
(pat-cons)

Figure 3: Typing rules for patterns

2.3 Dynamic Semantics

We present the dynamic semantics of MLΠ,Σ
0 through the use of evaluation contexts, which are defined

below.
evaluation contexts E ::=

[] | if (E , e1 , e2 ) | fst(E ) | snd(E ) | 〈E , e〉 | 〈v ,E 〉 | E [~ı] | E (e) | v(E ) |
case E of ms | let x = E in e end | 〈i | E〉 | open E as 〈a | x〉 in e

We write E[e] for the expression resulting from replacing the hole [] in E with e. Note that this replacement
can never result in capturing free variables.

Given a pattern p and a value v, a judgment of the form match(v, p) ⇒ (θI ; θ), which means that
matching a value v against a pattern p yields an index substitution for the index variables in p and a value
substitution for the variables in p, can be derived with the application of the rules in Figure 5.

Definition 2.4 A redex is defined as follows.

• if (true, e1 , e2 ) and if (false , e1 , e2 ) are redexes, which reduce to e1 and e2, respectively.

• fst(〈v1, v2〉) is a redex, which reduces to v1.

• snd(〈v1, v2〉) is a redex, which reduces to v2.

• (lamx : τ.e)(v) is a redex, which reduces to e[x := v].

• let x = v in e end is a redex, which reduces to e[x := v].

• Let e be fix f : τ.v. Then e is a redex, which reduces to v[f := e].

• case v of (p1 ⇒ e1 | · · · | pn ⇒ en) is a redex if match(v, pk) ⇒ (θI ; θ) is derivable for some
1 ≤ k ≤ n, and it reduces to ek[θI ][θ].

• (λ~a : ~γ.v)[~ı] is a redex, which reduces to v[~a :=~ı].

• open 〈i | v〉 as 〈a | x〉 in e is a redex, which reduces to e[a := i][x := v].

We use r for a redex and write r ↪→ e if r reduces to e. If e1 = E[r], e2 = E[e] and r ↪→ e, we also write
e1 ↪→ e2 and say e1 reduces to e2 in one step.

Let ↪→∗ be the reflexive and transitive closure of ↪→. We say e1 reduces to e2 (in many steps) if e1 ↪→∗ e2.

We are now ready to establish the the following subject reduction theorem for MLΠ,Σ
0 .

Theorem 2.5 (Subject Reduction) Assume ·; · ` e : τ is derivable in MLΠ,Σ
0 , that is, e is a well-typed

closed expression in MLΠ,Σ
0 . If e ↪→ e′, then ·; · ` e′ : τ is also derivable in MLΠ,Σ

0 .

Proof Please see (Xi 2002) for a thorough proof of the theorem.
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φ; Γ ` e : τ1 φ |= τ1 ≡ τ2

φ; Γ ` e : τ2

(ty-eq)

Σ(c) = Π~a : ~γ.τ1 → τ2 φ `~ı : ~γ φ; Γ ` e : τ1[~a :=~ı]

φ; Γ ` c : τ2[~a :=~ı]
(ty-constructor)

Γ(x) = τ

φ; Γ ` x : τ
(ty-lam-var)

Γ(f) = τ

φ; Γ ` f : τ
(ty-fix-var)

φ,~a : ~γ; Γ ` v : τ

φ; Γ ` λ~a : ~γ.v : Π~a : ~γ.τ
(ty-ilam)

φ; Γ ` e : Π~a : ~γ.τ φ `~ı : ~γ

φ; Γ ` e[~ı] : τ [~a :=~ı]
(ty-iapp)

φ; Γ ` e : bool(i) φ, i = 1; Γ ` e1 : τ φ, i = 0; Γ ` e2 : τ

φ; Γ ` if (e, e1 , e2 ) : τ
(ty-if)

φ; Γ ` 〈〉 : 1
(ty-unit)

φ; Γ ` e1 : τ1 φ; Γ ` e2 : τ2

φ; Γ ` 〈e1, e2〉 : τ1 ∗ τ2

(ty-tuple)

φ; Γ ` e : τ1 ∗ τ2

φ; Γ ` fst(e) : τ1

(ty-fst)
φ; Γ ` e : τ1 ∗ τ2

φ; Γ ` snd(e) : τ2

(ty-snd)

φ; Γ, x : τ1 ` e : τ2

φ; Γ ` lamx : τ1.e : τ1 → τ2

(ty-lam)

φ; Γ ` e1 : τ1 → τ2 φ; Γ ` e2 : τ1

φ; Γ ` e1(e2) : τ2

(ty-app)

p ↓ τ1 ⇒ (φ1, Γ1) φ, φ1; Γ, Γ1 ` e : τ2

φ; Γ ` p ⇒ e : τ1 ⇒ τ2

(ty-clause)

φ; Γ ` pk ⇒ ek : τ1 ⇒ τ2 for k = 1, . . . , n

φ; Γ ` (p1 ⇒ e1 | · · · | pn ⇒ en) : τ1 ⇒ τ2

(ty-clauses)

φ; Γ ` e : τ1 φ; Γ ` ms : τ1 ⇒ τ2

φ; Γ ` case e of ms : τ2

(ty-case)

φ; Γ ` e1 : τ1 φ; Γ, x : τ1 ` e2 : τ2

φ; Γ ` let x = e1 in e2 end : τ2

(ty-let)

φ; Γ, f : τ ` v : τ

φ; Γ ` fix f : τ.v : τ
(ty-fix)

φ; Γ ` e1 : Σa : γ.τ1 φ, a : γ; Γ, x : τ1 ` e2 : τ2

φ; Γ ` open e1 as 〈a | x〉 in e2 : τ2

(ty-open)

φ ` i : γ φ; Γ ` e : τ [a := i]

φ; Γ ` 〈i | e〉 : Σa : γ.τ
(ty-pack)

Figure 4: Typing Rules for MLΠ,Σ
0
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match(v, x) ⇒ ([], [x 7→ v])
(match-var)

match(〈〉, 〈〉) ⇒ ([], [])
(match-unit)

match(v1, p1) ⇒ (θ1
I , θ1) match(v2, p2) ⇒ (θ2

I , θ2)

match(〈v1, v2〉, 〈p1, p2〉) ⇒ (θ1
I ∪ θ2

I , θ1 ∪ θ2)
(match-prod)

match(v, p) ⇒ (θI ; θ)

match(c[~ı](v), c[~a](p)) ⇒ ([~a 7→~ı] ∪ θI ; θ)
(match-cons)

Figure 5: The pattern matching rules for MLΠ
0 (C)

2.4 Erasure

We can simply transform MLΠ,Σ
0 into a language ML0 by erasing all syntax related to index expressions

in MLΠ,Σ
0 . Then ML0 basically extends simply typed λ-calculus with recursion. Let |e| be the erasure of

expression e.4

Given a well-typed closed expression e in MLΠ,Σ
0 , it can be shown that if |e| reduces to e0 in ML0 then

e reduces to some e1 such that |e1| = e0. For this, we need the observation that the erasure of a value in

MLΠ,Σ
0 is a value in ML0, which can be readily verified. This is precisely the reason why we impose the

requirement that the body of each λ be a value. Otherwise, the erasure of λa : γ.e, which is |e|, may not

necessarily be a value in ML0. Therefore, the evaluation of a program in MLΠ,Σ
0 can be done through the

evaluation of its erasure in ML0. The significance of erasure is that it allows a program in DML to be
treated as one in ML.

2.5 Extensions

We can readily extend MLΠ,Σ
0 with second-order polymorphism, which encompasses the let-polymorphism

supported in DML.5

type variables α
types τ ::= · · · | α | ∀α.τ
expressions e ::= · · · | Λα.v | e[τ ]
values v ::= · · · | Λα.v

A type judgment is now of the form ~α; φ; Γ ` e : τ , where ~α is for a (possibly empty) sequence of type
variables α1, . . . , αn; all free type variables in Γ and τ are declared in ~α. It should be clear how to modify
each previous typing rule to accommodate type variables. We present the typing rules for handling type
abstraction and application as follows.

~α, α; φ; Γ ` v : τ

~α; φ; Γ ` Λα.v : ∀α.τ
(ty-tlam)

~α; φ ` τ [well-formed] ~α; φ; Γ ` e : ∀α.τ

~α; φ ` e[τ ] : τ [α := τ ]
(ty-tapp)

In a straightforward manner, we can also incorporate into MLΠ,Σ
0 some features involving side effects such

as references and exceptions. A chapter on this issue can be found in (Xi 1998).

4The erasure |open e1 as 〈a | x〉 in e2| is let x = |e1| in |e2| end.
5We are currently extending DML to support second-order polymorphism.
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3 An Overview of Some Features in DML

The concrete syntax of DML, in which the programmer writes programs, largely resembles that of Standard
ML (Milner, Tofte, Harper, and MacQueen 1997). New syntax is to be explained when it occurs in program
examples. In this section, we focus on presenting some unique and significant programming features in
DML, preparing for the examples to be presented in Section 4. The current implementation of DML,
written in Objective Caml, is available at (Xi 2001).

3.1 Dependent Datatypes

The programmer often declares datatypes when programming in ML. For instance, the following syntax
declares a type constructor list and associates with it two value constructors nil and cons.

datatype ’a list = nil | cons of ’a * ’a list

Given a type τ , the type constructor list constructs the type (τ)list for lists in which each element has the
type τ , and the value constructors nil and cons are assigned the following types:

nil : ∀α.(α)list
cons : ∀α.α ∗ (α)list → (α)list

However, the declared type constructor list cannot capture the length information of a list. For instance,
we cannot use a list type to distinguish an empty list from a non-empty one. In DML, this drawback can
be remedied by declaring list as a dependent type constructor:

datatype ’a list with nat =

nil(0) | {n:nat} cons(n+1) of ’a * ’a list(n)

The syntax datatype ’a list with nat means that list is a type constructor that takes a type τ and a
type index i of sort nat to construct the type (τ)list(i) for lists with length i in which each element has
the type τ . In addition, we have the following:

• The syntax nil(0) means that nil is given the type ∀α.(α)list(0). In other words, nil represents a
list with length 0.

• The syntax {n:nat} cons(n+1) of ’a * ’a list(n) means that cons is given the type:

∀αΠn : nat.α ∗ (α)list(n) → (α)list(n + 1)

That is, for every natural number n, cons yields a list of type (τ)list(n + 1) when applied to an
element of type τ and a list of type (τ)list(n). Note the syntax {n:nat} corresponds to Πn : nat in
type theory.

The list types have now become more informative. The following code defines the append function on lists,
where we use :: as the infix operator for cons.

fun(’a)

append ([], ys) = ys

| append (x :: xs, ys) = x :: append(xs, ys)

withtype {m:nat, n:nat} ’a list(m) * ’a list(n) -> ’a list(m+n)

The withtype clause is a type annotation supplied by the programmer, which simply states that the
function returns a list of length m + n when given a pair of lists of length m and n, respectively. We
now present an informal description on how type-checking is performed in this case. Please observe the
application of the typing rules (ty-clause) and the rules in Figure 3.

For the first clause append (nil, ys) = ys, the type-checker assumes that ys has the type (α)list(b) for
some index variable b of the sort nat. This implies that (nil, ys) has the type (α)list(0) ∗ (α)list(b). The
type-checker then instantiates m and n with 0 and b, respectively, and verify that the ys on the right side
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of = has the type (α)list(0+ b). Since ys is assumed to have the type (α)list(b), the type-checker generates
a constraint b = 0 + b under the assumption that b is a natural number. This constraint can be easily
verified.

Let us now type-check the second clause append (x :: xs, ys) = x :: append (xs, ys). Assume that xs
and ys have the types (α)list(a) and (α)list(b) respectively, where a and b are index variables of sort nat.
Then (x :: xs, ys) has the type (α)list(a + 1) ∗ (α)list(b), and we therefore instantiate m and n with a + 1
and b, respectively. Also we infer that the right side x :: append (xs, ys) has the type (α)list((a + b) + 1)
since xs and ys are assumed to have types (α)list(a) and (α)list(b), respectively. We need to prove that
the right side has the type (α)list(m + n) for m = a + 1 and n = b. This leads to the generation of the
following constraint,

(a + 1) + b = (a + b) + 1

which can be immediately verified under that assumption that a and b are natural numbers. This fin-
ishes type-checking the above DML program. The interested reader is referred to (Xi 1998) for a formal
presentation of type-checking in DML.

Clearly, a natural question is whether the type for the function append can be reconstructed or syn-
thesized. For such a simple example, this seems highly possible. However, our experience indicates that
it seems exceedingly difficult in general to synthesize dependent types in practice, though we have not
formally studied this issue.

3.2 Existential dependent types

Existential dependent types, that is, types of the form Σa : γ.τ , are of great use in practice. For instance,
an important application of existential dependent types is to cope with existing library functions. Suppose
f is some existing function that is already defined before the type constructor list is indexed with a natural
number and the type of f is ∀α.(α)list → (α)list. We can now assign f the type ∀α.(Σa : nat.(α)list(a)) →
(Σa : nat.(α)list(a)), which means that f takes a list with unknown length and returns a list with unknown
length. This makes it possible for f to be applied to an argument l of a dependent type, say, (int)list(2),
by coercing l into 〈2 | l〉, which has the type Σa : nat.(int)list(a).

We now mention a convention in DML. After declaring a dependent type as follows,

datatype (α1, . . . , αm) δ with (sort1, . . . , sortn) = · · · · · ·

we may write (τ1, . . . , τm)δ to stand for the following type:

Σa1 : sort1 · · ·Σan : sortn.(τ1, . . . , τm)δ(a1, . . . , an)

For example, (τ)list stands for Σa : nat.(τ)list(a) (assuming no free occurrences of a in τ).
There is another important application of existential dependent types in practice. In order to guarantee

practical type checking in DML, we must make constraints relatively simple. Currently, we only accept
linear integer constraints. This immediately implies that there are many (realistic) constraints that are
inexpressible in the type system of DML. For instance, the following code implements a filter function on
a list that removes from all the elements from the list that does not satisfy the predicate p:

fun(’a) filter p xs: ’a list =

case xs of

[] => []

| x :: xs => if p(x) then x :: filter p xs else filter p xs

In general, it is impossible to know the length of the list returned by filter p xs without knowing what p and
xs are. Therefore, it is impossible to type the function using only universal dependent types. Nonetheless,
we know that the length of filter p xs is less than or equal to that of xs. This invariant can be captured
by assigning filter the following type,

(’a -> bool) -> {m:nat} ’a list(m) -> [n:nat | n <= m] ’a list(n)
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which is formally written as follows:

∀α.(α → bool) → Πm : nat.(α)list(m) → Σn : {a : nat | a ≤ m}.(α)list(n)

The quantification Σn : {a : nat | a ≤ m} essentially acts like a post-condition for the function filter.
Another significant use of existential dependent types is to represent a range of values. For instance,

we can form a reference type (Σa : {a : int | i1 ≤ a ≤ i2}.int(a)) ref and assign it to a variable, requiring
that only integers between i1 and i2 be stored in the variable. This is particularly useful in imperative
programming (Xi 2000). In general, we view that the use of existential types in DML for handling functions
like filter is crucial to the scalability of the type system of DML, since such functions are ubiquitous in
practical programming.

3.3 Elaboration

A process that translates a program in the concrete syntax of DML into an expression in the explicitly typed
internal language of DML is what we call elaboration. For instance, in Figure 2, the first representation of
the Ackermann function in DML can be elaborated into the second one in MLΠ,Σ

0 .
Elaboration in DML is involved. An overview of elaboration is given in (Xi and Pfenning 1999), and

further details can be found in (Xi 1998). In the rest of the paper, we assume the availability of an
elaboration process. We have carefully written our examples so that they can be elaborated in a simple
and intuitive manner. The way in which the above list append function is handled can be applied to all
examples in Section 4.

4 Programming Examples in DML

In this section, we present several examples to demonstrate the use of dependent datatypes in capturing
invariants in data structures. All these examples in DML have been successfully verified in a prototype
implementation of DML written in Objective Caml. The claim we make is that dependent datatypes can
enable the programmer to implement algorithms in a way that is more efficient, more robust and easier to
understand.

4.1 Arrays

Arrays are a widely used data structure in practice. We use array as a built-in type constructor that takes
a type τ and a natural number n to form the type (τ)array(n) for arrays of size n in which each element
has the type τ .6 We also have the built-in functions sub, update and make array, which are given the
following types:

sub : ∀α Πn : natΠi : {a : nat | a < n}.(α) array(n) ∗ int(i) → α
update : ∀α Πn : natΠi : {a : nat | a < n}.(α) array(n) ∗ int(i) ∗ α → 1

make array : ∀α Πn : nat. int(n) ∗ α → (α)array(n)

There is no built-in function for computing the size of an array. Notice that the type of sub indicates that
the function can be applied to an array and an index only if the value of the index is a natural number
less than the size of the array. In other words, the quantification Πn : natΠi : {a : nat | a < n} acts like a
pre-condition for the function sub. The type of update imposes a similar requirement. We may, however,
encounter a situation where the programmer knows or believes for some reason that the value of the index
is within the bounds of the array, but this property is difficult or even impossible to be captured in the
type system of DML. In such a situation, the programmer may need to use run-time array bound checks to
overcome the difficulty. We now present a type-theoretical explanation on array bound checking in DML.

In Figure 6, we declare a type constructor Array for forming types for arrays with size information.
The only value constructor Array associated with the type constructor7 is assigned the following type:

∀αΠn : nat.int(n) ∗ (α)array(n) → (α)Array(n)

6Each valid index of an array is a natural number less than the size of the array
7Yes, we overload the name Array for both type and value constructors
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datatype ’a Array with nat = {n:nat} Array(n) of int(n) * ’a array(n)

exception Subscript

fun(’a) Sub (Array(n, a), i) =

if (i < 0) then raise Subscript

else if (i >= n) then raise Subscript

else sub (a, i)

withtype {n:nat,i:int} ’a Array(n) * int(i) -> ’a

fun(’a) Update (Array(n, a), i, x) =

if (i < 0) then raise Subscript

else if (i >= n) then raise Subscript

else update (a, i, x)

withtype {n:nat,i:int} ’a Array(n) * int(i) * ’a -> unit

fun(’a) Make_Array (n, x) = Array (n, make_array (n, x))

withtype {n:nat} int(n) * ’a -> ’a Array(n)

fun(’a) Sizeof (Array(n, _)) = n

withtype {n:nat} ’a Array(n) -> int(n)

Figure 6: A datatype for arrays with size information and some related functions

The defined functions Sub, Update and Make Array correspond to the functions sub, update and make array,
respectively. Note that run-time array bound checks are inserted in the implementation of Sub and Update.
For an array carrying size information, the function Sizeof simply extracts out the information.

Clearly, the programmer now has the option to choose which subscripting (updating) function should be
used: Sub or sub (Update or update)? Since the former is less efficient and may incur a run-time exception,
the latter is certainly preferred. However, in order to use the latter, the programmer often needs to
capture more program invariants by supplying type annotations. This point is clearly illustrated when we
compare the two implementations of the usual binary search on integer arrays in Figure 7. In the first
implementation, we use the array subscripting function Sub, which incurs run-time array bound checks.
In the second implementation, we use sub, which incurs no run-time array bound checks. Clearly, the
second implementation is superior to the first one when either safety or efficiency is concerned. However,
the programmer needs to provide a more informative type for the inner function loop in order to eliminate
the array bound checks. In this case, the provided type captures the invariant that i ≤ j + 1 ≤ n holds
whenever loop(l, u) is called, where i and j are values of l and u, and n is the size of the array Vec.

It is often argued that it can be a significant burden for the programmer to write type annotations when
programming in DML. However, this argument is largely misleading. Type-checking in DML currently
consists of two phases; in the first phase, the type-checker simply ignores type indexes and does ML-
like type-checking; only in the second phase, type constraints are generated and solved. Hence, if the
programmer uses few dependent types, then few type annotations are required. The above example clearly
shows that the programmer can certainly choose not to write the type annotation; instead, he or she can
employ run-time array bound checks to preclude out-of-bounds array access. Unfortunately, this strategy,
though better than no checks at all, does not really enhance the robustness of the implementation since
there is simply no sensible recovery code to execute when a run-time array bound check fails. In this
respect, DML is superior to ML as it allows the programmer to prove within the type system of DML that
a given array subscripting operation can never go out of bounds.
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fun binary_search_1 key Vec = let

fun loop (l, u) =

if u < l then NONE

else let

val m = l + (u-l) / 2

val x = Sub (Vec, m)

in

if x < key then loop (m+1, u)

else if x > key then loop (l, m-1) else SOME (m)

end

(* the following type annotation can be inferred *)

withtype int * int -> int option

in loop (0, Sizeof Vec - 1) end

withtype int -> {n:nat} int Array(n) -> int option

fun binary_search_2 key Vec = let

val Array (n, vec) = Vec

fun loop (l, u) =

if u < l then NONE

else let

val m = l + (u-l) / 2

val x = sub (vec, m)

in

if x < key then loop (m+1, u)

else if x > key then loop (l, m-1) else SOME (m)

end

withtype

{i:int,j:int | 0 <= i <= j+1 <= n} int(i) * int(j) -> int option

in loop (0, n-1) end

withtype int -> {n:nat} int Array(n) -> int option

Figure 7: An implementation of binary search on integer arrays in DML
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4.2 Random-Access Lists

A random-access list is a list representation such that list lookup (update) can be implemented in an
efficient way. In this case, the lookup (update) function takes O(log n) time in contrast to the usual O(n)
time (on average), where n is the length of the input list.

4.2.1 The First Implementation

We present an implementation of random-access lists in Figures 8. We first declare the dependent datatype
for random-access lists. Note that (τ)ralist(n) stands for the type of random-access lists with length n
in which each element has type τ . The value constructors Nil and One are for constructing empty and
singleton random-access lists, respectively. Furthermore, the value constructors Even and Odd are used to
form random-access lists of even and odd lengths, respectively. If l1 and l2 represent lists x1, . . . , xn and
y1, . . . , yn for some n > 0, respectively, then Even(l1, l2) represents the list x1, y1, . . . , xn, yn. Similarly, if
l1 and l2 represent lists x1, . . . , xn, xn+1 and y1, . . . , yn for some n > 0, respectively, Odd(l1, l2) represents
the list x1, y1, . . . , xn, yn, xn+1. With such a data structure, we can implement a lookup (update) function
on random-access list which takes O(log n) time. A crucial invariant on this data structure is that l1 and
l2 must have the same length if Even(l1, l2) is formed or l1 contains one more element than l2 if Odd(l1, l2)
is formed. This is clearly captured by the dependent datatype declaration for ralist. The function cons
appends an element to a list and uncons decomposes a list into a pair consisting of the head and the tail
of the list. Note that the type of uncons requires that this function only be applied to a non-empty list.
Both cons and uncons take O(log n) time.

The function lookup safe deserves some explanation. The type of this function indicates that it can be
applied to i and l only if i is a natural number and its value is less than the length of l. Notice that the
lookup safe (i, l) simply return x when l matches the pattern One(x). There is no need to check whether i
equals 0: It must since i is a natural number and i is less than the length of l, which is 1 in this case. The
usual lookup function can be implemented as usual or as follows.

fun(’a) lookup (i, l) =

if i < 0 then raise Subscript

else if i >= length l then raise Subscript

else lookup_safe (i, l)

withtype int * ’a ralist -> ’a

4.2.2 The Second Implementation

There is an implementation of random-access lists in (Okasaki 1998), which uses the feature of nested
datatypes. Okasaki’s implementation supports (on average) O(1)-time consing and unconsing operations
and thus are superior to the above implementation in this respect. We now present such an implementation,
showing that dependent datatypes can be readily combined with nested datatypes.

We use the following syntax to declare a nested dependent datatype for random-access lists. For each
natural number n, (τ)ralist(n) is the type for random-access lists with length n in which each element has
the type τ .

datatype ’a ralist with nat =

Nil(0) | One(1) of ’a

| {n:nat | n > 0} Even(n+n) of (’a * ’a) ralist(n)

| {n:nat | n > 0} Odd(n+n+1) of ’a * (’a * ’a) ralist(n)

For example, the following two expressions represent lists 1, 2, 3, 4, 5 and 0, 1, 2, 3, 4, 5, respectively.

Odd (1, Even (One ((2, 3), (4, 5)))) and Even (Odd ((0,1), (One ((2,3), (4,5)))))

Please refer to (Okasaki 1998) for an explanation on such a list representation.
We present in Figure 9 an implementation of random-access lists that uses the above nested dependent

datatype. Note that we need polymorphic recursion for type-checking the code, which is supported in
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datatype ’a ralist with nat =

Nil(0) | One(1) of ’a

| {n:nat | n > 0} Even(n+n) of ’a ralist(n) * ’a ralist(n)

| {n:nat | n > 0} Odd(n+n+1) of ’a ralist(n+1) * ’a ralist(n)

fun(’a)

cons (x, Nil) = One x

| cons (x, One y) = Even(One(x), One(y))

| cons (x, Even(l1, l2)) = Odd(cons (x, l2), l1)

| cons (x, Odd(l1, l2)) = Even(cons (x, l2), l1)

withtype {n:nat} ’a * ’a ralist(n) -> ’a ralist(n+1)

fun(’a)

uncons (One x) = (x, Nil)

| uncons (Even(l1, l2)) =

let

val (x, l1) = uncons l1

in

case l1 of Nil => (x, l2) | _ => (x, Odd(l2, l1))

end

| uncons (Odd(l1, l2)) = let val (x, l1) = uncons l1 in (x, Even(l2, l1)) end

withtype {n:nat | n > 0} ’a ralist(n) -> ’a * ’a ralist(n-1)

fun(’a)

length (Nil) = 0

| length (One _) = 1

| length (Even (l1, _)) = 2 * (length l1)

| length (Odd (_, l2)) = 2 * (length l2) + 1

withtype {n:nat} ’a ralist(n) -> int(n)

fun(’a)

lookup_safe (i, One x) = x

| lookup_safe (i, Even(l1, l2)) =

if i % 2 = 0 then lookup_safe (i / 2, l1) else lookup_safe (i / 2, l2)

| lookup_safe (i, Odd(l1, l2)) =

if i % 2 = 0 then lookup_safe (i / 2, l1) else lookup_safe (i / 2, l2)

withtype {i:nat, n:nat | i < n} int(i) * ’a ralist(n) -> ’a

fun(’a)

update_safe (i, x, One y) = One x

| update_safe (i, x, Even(l1, l2)) =

if i % 2 = 0 then Even(update_safe (i / 2, x, l1), l2)

else Even(l1, update_safe (i / 2, x, l2))

| update_safe (i, x, Odd(l1, l2)) =

if i % 2 = 0 then Odd(update_safe (i / 2, x, l1), l2)

else Odd(l1, update_safe (i / 2, x, l2))

withtype {i:nat, n:nat | i < n} int(i) * ’a * ’a ralist(n) -> ’a ralist(n)

Figure 8: An implementation of random-access lists in DML
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fun(’a)

cons (x, Nil) = One x

| cons (x, One y) = Even(One (x, y))

| cons (x, Even(l)) = Odd(x, l)

| cons (x, Odd(y, l)) = Even(cons ((x, y), l))

withtype {n:nat} ’a * ’a ralist(n) -> ’a ralist(n+1)

fun(’a)

uncons (One x) = (x, Nil)

| uncons (Even l) =

let

val ((x, y), l) = uncons (l)

in

case l of Nil => (x, One y) | _ => (x, Odd (y, l))

end

| uncons (Odd (x, l)) = (x, Even l)

withtype {n:nat | n > 0} ’a ralist(n) -> ’a * ’a ralist(n-1)

fun(’a) lookup_safe (i, l) =

case l of

One (x) => x

| Odd (x, l) => if i = 0 then x else lookup_safe (i-1, Even l)

| Even l =>

let

val (x, y) = lookup_safe (i / 2, l)

in

if i % 2 = 0 then x else y

end

withtype {i:nat, n:nat | i < n} int(i) * ’a ralist(n) -> ’a

fun(’a) fupdate_safe (f, i, l) =

case l of

One (x) => One (f x)

| Odd (x, l) =>

if i = 0 then Odd (f x, l) else cons (x, fupdate_safe (f, i-1, Even l))

| Even l =>

let

fun f’ (x, y) = if i % 2 = 0 then (f x, y) else (x, f y)

withtype ’a * ’a -> ’a * ’a

in

Even (fupdate_safe (f’, i / 2, l))

end

withtype {i:nat, n:nat | i < n} (’a -> ’a) * int(i) * ’a ralist(n) -> ’a ralist(n)

fun(’a) update_safe (i, l) = fupdate_safe (fn x => x, i, l)

withtype {i:nat, n:nat | i < n} int(i) * ’a ralist(n) -> ’a ralist(n)

Figure 9: Another implementation of random-access lists in DML
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DML. Obviously, this implementation captures many more program invariants when compared with the
one in (Okasaki 1998). For instance, the type of the function uncons indicates that the function can only
be applied to a random-access list with positive length, and the length of its output equals that of its
input minus 1. Therefore, the expression uncons(uncons(One(0))) leads to a type error since the type of
the expression uncons(One(0)) is (int)ralist(0). However, such a type error cannot be capture by using
only nested datatypes.

4.3 Red-Black Trees

A red-black tree (RBT) is a balanced binary tree that satisfies the following conditions: (a) all leaves are
marked black and all other nodes are marked either red or black; (b) for every node there are the same
number of black nodes on every path connecting the node to a leaf, and this number is called the black
height of the node; (c) the two sons of every red node must be black. It is a common practice to use the
RBT data structure for implementing a dictionary. We declare a datatype in Figure 10, which precisely
captures these properties of being a RBT.

A sort color is declared for the type index expressions representing the colors of nodes. We use 0 for
black and 1 for red. For simplicity, we use integers for keys. The type rbtree is indexed with a triple
(c, bh, v), where c, bh, v stand for the color of the node, the black height of the tree, and the number of
color violations, respectively. We record one color violation if a red node is followed by another red one,
and thus a RBT must have no color violations. Clearly, the types of value constructors associated with
the type constructor rbtree indicate that color violations can only occur at the top node. Also, notice that
a leaf, that is, E, is considered black. Given the datatype declaration and the explanation, it should be
clear that the type of a RBT is simply Σc : color.Σbh : nat.rbtree(c, bh, 0), that is, a RBT is a tree that
has some top node color c and some black height bh but no color violations.

It is an involved task to implement RBT. The implementation we present is basically adopted from
the one in (Okasaki 1998), though there are some minor modifications. We explain how the insertion
operation on a RBT is implemented. Clearly, the invariant we intend to capture is that inserting an entry
into a RBT yields another RBT. In other words, we intend to declare that the insertion operation has the
following type:

key ∗ (Σc : color.Σbh : nat.rbtree(c, bh, 0)) → Σc : color.Σbh : nat.rbtree(c, bh, 0)

If we insert an entry into a RBT, some properties on RBT may be violated. These properties can be
restored through some rotation operations. The function restore in Figure 10 is defined for this purpose.

The type of restore, though long, is easy to understand. It states that this function takes a tree with
at most one color violation, an entry and a RBT, and returns a RBT. The two trees in the argument must
have the same black height bh for some natural number bh and the black height of the returned RBT is
bh + 1. This information can be of great help for understanding the code. It is not trivial at all to verify
the information manually, and wee could imagine that almost everyone who did this would appreciate the
availability of a type-checker to perform it automatically.

There is a great difference between type-checking a pattern matching clause in DML and in ML. The
operational semantics of ML requires that pattern matching be performed sequentially, that is, the chosen
pattern matching clause is always the first one that matches a given value. For instance, in the definition
of the function restore, if the last clause is chosen at run-time, then we know the argument of restore
does not match either of the clauses ahead of the last one. This must be taken into account when we
type-check pattern matching in DML. One approach is to expand patterns into disjoint ones. For instance,
the pattern (a, x, b) expands into 36 patterns (pattern1, x, pattern2), where pattern1 and pattern2 range
over the following six patterns:

R(B , , B ), R(B , , E), R(E, , B ), R(E, , E), B , E

Unfortunately, such an expansion may lead to combinatorial explosion. An alternative is to require the
programmer to indicate whether such an expansion is needed. Neither of these is available in the current
implementation of DML, and the author has taken the inconvenience to expand patterns into disjoint
ones when necessary. We emphasize that the code in Figure 10 must be thus expanded in order to pass
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type key = int

sort color = {a:int | 0 <= a <= 1}

datatype rbtree with (color, nat, nat) =

E(0, 0, 0)

| {cl:color, cr:color, bh:nat}

B(0, bh+1, 0) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0)

| {cl:color, cr:color, bh:nat}

R(1, bh, cl+cr) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0)

fun restore (R(R(a, x, b), y, c), z, d) = R(B(a, x, b), y, B(c, z, d))

| restore (R(a, x, R(b, y, c)), z, d) = R(B(a, x, b), y, B(c, z, d))

| restore (a, x, R(R(b, y, c), z, d)) = R(B(a, x, b), y, B(c, z, d))

| restore (a, x, R(b, y, R(c, z, d))) = R(B(a, x, b), y, B(c, z, d))

| restore (a, x, b) = B(a, x, b)

withtype {cl:color, cr:color, bh:nat, vl:nat, vr:nat | vl+vr <= 1}

rbtree(cl, bh, vl) * key * rbtree(cr, bh, vr) ->

[c:color] rbtree(c, bh+1, 0)

exception Item_already_exists

fun insert (x, t) =

let

fun ins (E) = R(E, x, E)

| ins (B(a, y, b)) =

if x < y then restore(ins a, y, b)

else if y < x then restore(a, y, ins b) else raise Item_already_exists

| ins (R(a, y, b)) =

if x < y then R(ins a, y, b)

else if y < x then R(a, y, ins b) else raise Item_already_exists

withtype {c:color, bh:nat}

rbtree(c, bh, 0) -> [c’:color][v:nat | v <= c] rbtree(c’, bh, v)

in

case ins t of

R(a, y, b) => B(a, y, b)

| t => t

end

withtype {c:color, bh:nat} key * rbtree(c, bh, 0) -> [bh’:nat] rbtree(0, bh’, 0)

Figure 10: A red-black tree implementation
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datatype HOAS with ty =

Int(I) of int

| Bool(B) of bool

| Add(I) of HOAS(I) * HOAS(I)

| Sub(I) of HOAS(I) * HOAS(I)

| Mul(I) of HOAS(I) * HOAS(I)

| Div(I) of HOAS(I) * HOAS(I)

| IsZero(B) of HOAS(I)

| {t: ty} If(t) of HOAS(B) * HOAS(t) * HOAS(t)

| {t1: ty, t2: ty} Lam(Arrow(t1,t2)) of HOAS(t1) -> HOAS(t2)

| {t1: ty, t2: ty} App(t2) of HOAS(Arrow(t1, t2)) * HOAS(t1)

| {t1: ty, t2: ty} Let(t2) of HOAS(t1) * (HOAS(t1) -> HOAS(t2))

| {t: ty} Fix(t) of HOAS(t) -> HOAS(t)

Figure 11: A datatype for higher-order abstract syntax

type-checking in DML. Though this can be fixed straightforwardly, it is currently unclear what method
can solve the problem best.

The complete implementation of the insertion operation follows immediately. Notice the type of func-
tion ins indicates that ins may return a tree with one color violation if it is applied to a tree with a red
top node. This can be handled by replacing the top node with a black one for every returned tree with a
red top node.

Moreover, we can use an extra index to capture the size information of a RBT. If we do so, we can
then show that the insert function always returns a RBT of size n + 1 when given a RBT of size n (note
that an exception is raised if the entry to be inserted already exists in the tree).

4.4 A Type-Preserving Evaluator

In this section, we implement an evaluator for an object language based on simply typed λ-calculus,
capturing in the type system of DML that the evaluator is type-preserving at the object level. . This is
the only example in this paper where we need a constraint domain consisting of first-order algebraic terms
instead of integers.

We use the following syntax to define a sort ty for representing simple types in the object language. For
instance, the term Arrow(I,Arrow(I, B)) represents the type int → (int → bool) in the object language.

sort ty = B | I | Arrow of (ty, ty)

We use higher-order abstract syntax (Church 1940; Pfenning ) to represent expressions in the object
language. In Figure 11, we declare a type constructor HOAS, which takes an index expression t of
sort ty and forms a type HOAS(t) for the closed expressions in the object language that have the type
represented by t. For example, the function λx : int.x + x in the object language is represented as
Lam(fn x ⇒ Add(x, x)), which has the type HOAS(Arrow(I, I)); the usual factorial function can be
represented as follows (in the concrete syntax of DML), which also has the type HOAS(Arrow(I, I)).

Fix (fn f =>

Lam (fn x =>

If (IsZero (x), Int(1), Mul (x, App (f, Sub (x, Int(1)))))))

We now implement a function evaluate in Figure 12. The function is an evaluator for the object language,
taking an expression and returning its value. Notice the function is assigned the type Πt : ty.HOAS(t) →
HOAS(t), indicating that the function is type-preserving at the object level.

Clearly, a natural question is whether we can also implement a type-preserving evaluator for an object
language based on the second-order polymorphic λ-calculus (Girard 1972). In order to do so, we need to
go beyond algebraic terms, employing λ-terms to encode polymorphic types in the object language. First
we extend the definition of the sort ty as follows.
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fun evaluate (v as Int _) = v

| evaluate (v as Bool _) = v

| evaluate (Add (e1, e2)) =

let

val Int (i1) = evaluate e1 and Int (i2) = evaluate e2

in

Int (i1+i2)

end

| evaluate (Sub (e1, e2)) =

let

val Int (i1) = evaluate e1 and Int (i2) = evaluate e2

in

Int (i1-i2)

end

| evaluate (Mul (e1, e2)) =

let

val Int (i1) = evaluate e1 and Int (i2) = evaluate e2

in

Int (i1*i2)

end

| evaluate (Div (e1, e2)) =

let

val Int (i1) = evaluate e1 and Int (i2) = evaluate e2

in

Int (i1/i2)

end

| evaluate (IsZero e) =

let

val Int (n) = evaluate e

in

Bool (n=0)

end

| evaluate (If (e0, e1, e2)) =

let

val Bool (b) = evaluate e0

in

if b then evaluate e1 else evaluate e2

end

| evaluate (App (e1, e2)) =

let

val Lam (f) = evaluate e1

in

evaluate (f (evaluate e2))

end

| evaluate (Let (e, f)) = evaluate (f (evaluate e))

| evaluate (v as Lam _) = v

| evaluate (Fix (f)) = evaluate (f (Fix (f)))

withtype {t: ty} HOAS(t) -> HOAS(t)

Figure 12: An implementation of a type-preserving evaluation function in DML

21



sort ty = ... | All of ty -> ty

Given a term f of sort ty → ty, All(f) represents the type ∀α.τ if for each type τ0, f(t) represents
the type τ [α := τ0] as long as t represents the type τ0. For instance, All(λa.Arrow(a, Arrow(a, I)))
represents the type ∀α.α → α → int; the term All(λa.(All(λb.Arrow(a, Arrow(b, a))))) represents the
type ∀α∀β.α → β → α. With this strategy, we see no difficulty in implementing a type-preserving evaluator
for an object language based on the second-order polymorphic language calculus. However, we emphasize
that what is outlined above is not available in DML at present as no higher-order terms can be used as
type index expressions.

5 Limitations

We mention some limitations of dependent datatypes in this section.
In order to capture certain invariants in a data structure, we are often in need of declaring new datatypes

instead of using existing ones. For instance, we can use the following syntax to declare a type constructor
ointlist such that for each integer i, ointlist(i) is the type for ordered ascending integer lists that have the
first element equal to i if not empty.

datatype ointlist with int =

{i:nat} onil(i) | {i:int,j:int | i <= j} ocons(i) of int(i) * ointlist(j)

We may want to fetch the nth element in such an ordered integer list or sum up its elements, but we
cannot use the corresponding functions already defined for (integer) lists. Instead, we have to redefine
these functions for ordered integer lists. In other words, the use of dependent datatypes can adversely
affect code reuse.

Another limitation can be illustrated by using the following example, where we declare a type con-
structor brauntree for constructing types for Braun trees (Braun and Rem 1983).

datatype ’a brauntree with nat =

L(0)

| {m:nat, n:nat | n <= m <= n+1}

B(m+n+1) of ’a * ’a brauntree(m) * ’a brauntree(n)

A Braun tree is a form of balanced binary tree such that for every branch node in the tree, its left subtree
either has the same size as its right subtree, or contains one more element. Suppose that B(x, l, r) occurs in
the code where the programmer knows or believes for some reason that l has the same size as r or contains
one more element but this property cannot be established in the type system of DML. In this case, the code
is rejected by the DML type-checker, though the code will cause no run-time error (if the programmer is
correct). The situation is very similar to the case where we move from an untyped programming language
into a typed one. A solution to this problem is that we introduce some run-time checks. For instance, we
may define the following function and replace B(x, l, r) with make brauntree (x, l, r), where the function
make brauntree is defined as follows:

fun make_brauntree (x, l, r) =

let

val m = size(l) and n = size(r)

in

if n <= m andalso m <= n+1 then B(x, l, r) else raise Illegal_argument

end

withtype int * brauntree * brauntree -> brauntree

The function size, which is assigned the type ∀αΠn : nat.(α)brauntree(n) → int(n), computes the size of
a Braun tree. The function make brauntree can readily pass type-checking in DML but the penalty is that
make brauntree takes O(log2 n) time to build a Braun tree of size n (as there is an O(log2 n) algorithm for
computing the size of a Braun tree (Okasaki 1998)), though this can be avoided if we store size information
in each node.
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In general, if the programmer anticipates the above situation to occur frequently, then he or she should
either make sure that run-time checks can be done efficiently or switch back to non-dependent datatypes.
We recommend that the programmer avoid complex encodings when using dependent datatypes to capture
invariants in data structures.

6 A Comparison with Nested Datatypes

Both dependent datatypes and nested datatypes generalize the notion of datatypes, enabling the program-
mer to capture more invariants in data structures. For instance, either dependent datatypes or nested
datatypes can be constructed to precisely model various balanced trees such Braun trees and red-black
trees. However, we find it difficult to relate the ways in which they capture invariants.

Sometimes, we find it both less intuitive and difficult to capture size information with nested datatypes.
Although there are certain common techniques (Hinze 2001), the issue is still not trivial at all. For instance,
the reader may find the following declaration of a nested datatype intriguing.

datatype (’a, ’b) square_matrix’ =

Zero

| Even of (’a * ’a * ’a * ’a, ’b * ’b) square_matrix’

| Odd of ’a * ’b * ’b * (’a * ’a * ’a * ’a, (’a * ’b) * (’a * ’b)) square_matrix’

type ’a square_matrix = (’a, unit) square_matrix’

Actually, as its name suggests, values of the type (τ)square matrix represent square matrices whose ele-
ments have the type τ .8 As an example, the following 3× 3 matrix:





1 2 3
4 5 6
7 8 9





can be represented as follows.

Odd (1, (), (), Odd ((5,6,8,9), ((2,()), (3, ())), ((4,()), (7, ())), Zero)

While it is difficult to construct such a nested datatype, it seems even more difficult to program with it.
To fully understand the point, the reader may try to implement an O(log n)-time subscripting function for
such a matrix representation!

On the other hand, it is trivial to form a dependent type for square matrices. For instance, we can use
the type (τ)SquareMatrix(n) = ((τ)ralist(n))ralist(n) for square matrices with dimension n × n in which
each element has the type τ . This allows us to implement a subscripting function for square matrices by
using the already defined lookup function for random-access lists, facilitating code reuse.

There is a much more serious problem with nested datatypes. We find that while nested datatypes
are effective in capturing invariants within a data structure, they are ineffective in doing so between data
structures. For instance, we can define a function dimen as follows to compute the dimension of a square
matrix:

fun(’a,’b)

dimen Zero = 0

| dimen (Even mat) = 2 * dimen mat

| dimen (Odd (_, _, _, mat)) = 1 + 2 * dimen mat

withtype (’a, ’b) square_matrix’ -> int

Unfortunately, we cannot establish any relation between mat and dimen(mat) in terms of their types.
Hence, there is simply no possibility to implement a subscripting function whose type can prevent it from

8An elegant approach to constructing nested datatypes for square matrices can be found in (Okasaki 1999), which uses
the feature of higher-order type constructors.
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being applied to out-of-bounds indexes. Also, it is impossible to implement a matrix multiplication function
that can enforce through its type the requirement that its two arguments have the same dimension. To a
large extent, the type (τ)square matrix is like the type Σn : nat(τ)SquareMatrix(n): while the invariant of
being a square matrix is captured, there is no information available on the dimension of the matrix.

We feel that dependent datatypes and nested datatypes are basically two orthogonal approaches to
forming more accurate datatypes. They can complement each other in programming as is shown in
Section 4.2: The first implementation of random-access lists, which makes use of only dependent datatypes,
cannot achieve O(1)-time consing and unconsing, but the second implementation, which makes use of both
dependent and nested datatypes, can.

7 Related Work

The use of types in program error detection is ubiquitous in programming. Usually, the types in general
purpose programming languages such as ML and Java are relatively inexpressive for the sake of practical
type-checking. In these languages, the use of types in program verification is effective but too limited. DML
aims at providing a more expressive and yet still practical type system to allow the programmer to capture
more program properties through types and thus detect more program errors at compile-time. In addition,
types in DML can serve as informative program documentation, facilitating program comprehension. We
assign priority to the practicality of type-checking in our language design and emphasize the need for
restricting the expressiveness of a type system.

Both inspired by and related to Martin-Löf’s type theory (Martin-Löf 1984; Nordström, Petersson, and
Smith 1990; Thompson 1991), our work falls in between full program verification, either in type theory
such as NuPrl (Constable et al. 1986) and Coq (Dowek, Felty, Herbelin, Huet, Murthy, Parent, Paulin-
Mohring, and Werner 1993), or systems such as PVS (Owre, Rajan, Rushby, Shankar, and Srivas 1996),
and traditional type systems for programming languages. When compared to verification, our system is less
expressive but more automatic when constraint domains with practical constraint satisfaction problems
are chosen.

Most closely related to our work is the system of indexed types developed independently by Zenger in
his Ph.D. Thesis (Zenger 1998) (an earlier version of which is described in (Zenger 1997)). He works in the
context of of lazy functional programming. His language is clean and elegant and his applications (which
significantly overlap with ours) are compelling. In general, his approach seems to require more changes to
a given Haskell program to make it amenable to checking indexed types than is the case for our system
and ML. This is particularly apparent in the case of existential dependent types, which are tied to data
constructors. This has the advantage of a simpler algorithm for elaboration and type-checking than ours,
but the program (and not just the type) has to be more explicit.

When compared to traditional type systems for programming languages, perhaps the closest related
work is refinement types (Freeman and Pfenning 1991), which also aims at expressing and checking more
properties of programs that are already well-typed in ML, rather than admitting more programs as type
correct, which is the goal of most other research on extending type systems. However, the mechanism of
refinement types is quite different and incomparable in expressive power: while refinement types incor-
porate intersection and can thus ascribe multiple types to terms in a uniform way, dependent types can
express properties such as “these two argument lists have the same length” which are not recognizable by
tree automata (the basis for type refinements).

There have been many recent studies on the use of nested datatypes (Bird and Meertens 1998) in
constructing (sophisticated) datatypes to capture more invariants in data structures. For instance, a
variety of examples can be found in (Bird and Paterson 2001; Okasaki 1999; Hinze 2001; Hinze 1999).
We feel that the advantage of this approach is that it requires relatively minor language extensions,
which may include polymorphic recursion, higher-order kinds, rank-2 polymorphism, to existing functional
programming languages such as Haskell, while type-checking in DML is more involved. On the other hand,
this approach seems less flexible, often requiring some involved treatment at both type and program level.
The important notion of datatype refinement in DML cannot be captured with nested datatypes. For
instance, it is impossible to form a nested datatype that can capture the notion of the length of a list since
this would imply that one could simply use such types to distinguish non-empty lists from empty ones. In
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general, we think that these two approaches are essentially orthogonal in spite of some similar motivations
behind their development and they can be readily combined with little effort.

8 Conclusion

The use of dependent datatypes in capturing invariants in data structures is novel. This practice can offer
many advantages in implementing algorithms . The most significant advantage is probably in program
error detection, making programs more robust. We argued in Section 1 that the imprecision of datatypes
in Standard ML or Haskell in capturing invariants in data structures can be a rich source for run-time
program errors. In addition, the dependent type annotations supplied by the programmer are mechanically
verified and can thus be fully trusted. They can serve as valuable program documentation, facilitating
program understanding. The use of dependent types in eliminating run-time array bound checks can also
lead to more efficient program execution in safe languages like ML and Java, where out-of-bounds array
subscripting is disallowed.

Type-checking in DML is largely independent of the size of a program since a type-checking unit is
roughly the body of a toplevel function. In general, what matters in type-checking is the difficulty level of
the properties that are to be checked. A more serious issue is about accurately reporting error messages
in case of type errors. The type-checking in DML implements a top-down style algorithm, which usually
pinpoints to the location of a type error. Unfortunately, the author finds that it may often be surprisingly
difficult to figure out the cause of a type error. However, on the positive side, the type-checker of DML
is often capable of detecting a variety of subtle errors. For instance, the author once used Even(l1,

l2) to form a random-list (in Figure 8) and the type-checker raised an error because it could not prove
that l1 cannot be Nil. If this had gone unnoticed, it would have invalidated some invariant assumed
by the programmer, potentially causing (difficult) run-time errors. We are currently in the process of
implementing DML, planning a documented release.

The usual focus of data structure design is mainly on enhancing time and/or space efficiency, and
less attention is paid to program error detection. The introduction of dependent datatypes provides an
opportunity to remedy the situation. In general, we are interested in promoting the use of light-weight
formal methods in practical programming. We have presented some concrete examples of dependent
datatypes in this paper in support of such a promotion. We hope these examples can raise the awareness
of dependent datatypes and their use in implementing algorithms.
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