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Abstract. We present a transformation technique called freezing to fa-
cilitate automatic termination proofs for left-linear term rewriting sys-
tems. The significant merits of this technique lie in its simplicity, its
amenability to automation and its effectiveness, especially, when com-
bined with other well-known methods such as recursive path orderings
and polynomial interpretations. We prove that applying the freezing
technique to a left-linear term rewriting system always terminates. We
also show that many interesting TRSs in the literature can be handled
with the help of freezing while they elude a lot of other approaches aim-
ing for generating termination proofs automatically for term rewriting
systems. We have mechanically verified all the left-linear examples pre-
sented in this paper.

1 Introduction

It is an ever present task to decide whether a given term rewriting system(TRS)
is (strongly) terminating. While this problem is not decidable in general [14],
many approaches, such as path orderings [18,5,7], Knuth-Bendix ordering [15],
semantic interpretations[17,21,12], transformation orderings[4,20] and semantic
labelling [22], have been developed to give termination proofs. See [6,19] for
surveys.

In this paper, we are primarily concerned with automatic termination proofs
for TRSs. We propose a technique called freezing, which transforms a given left-
linear TRS into a family of left-linear TRSs such that the termination of any
TRS in this family implies the termination of the original TRS. The significant
merits of the freezing technique lie in its simplicity, its amenability to automation
and its effectiveness. Also we prove that the transformation terminates for all
left-linear TRSs.

In practice, we know that most automatic termination proving methods rely
on simplification orderings. 1 On the other hand, there exist numerous inter-
esting (left-linear) TRSs whose termination cannot be proven by simplification
1 We point out that automatic techniques have been developed, for instance in [20,1],

which can handle self-embedded rewrite rules.
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orderings. With the help of the freezing technique, we are able to show that
many among these TRSs can be transformed into those whose termination can
be shown by some methods based on simplification orderings.

We present some preliminaries in Section 2. Then in Section 3 we illustrate
the basic idea behind the freezing technique by a simple example. We formally
introduce the freezing technique in Section 4, and prove the termination of the
freezing technique when it is applied to a left-linear TRS. We then present some
examples in Section 5 to illustrate the effectiveness of the freezing technique,
compare our work with some related work in Section 6, and conclude.

2 Preliminaries

In general, we shall stick close to the notations in [9] though some modifications
may occur. We assume that the reader is familiar with term rewriting. The
following is a brief summary of the notations we shall use later.

We fix a countably infinite set of variables: x, y, z, . . ., which is denoted
by X throughout the paper. We use F for a (finite) set of function symbols:
f, g, h, F, G . . ., where each function symbol has a fixed arity Ar; T (F) for the
set of (first-order) terms: l, r, s, t, . . . over F and X ; Var(t) for the set of vari-
ables in t; tm,n for a sequence of terms: tm, tm+1, . . . , tn(m > n means this is
an empty sequence); ρ, σ for substitutions, and ε for the empty substitution;
〈F ,R〉 for a TRS, where R consists of the rewriting rules of the form l→ r such
that l, r ∈ T (F) and Var(r) ⊆ Var(l); 〈F ,R〉 is a left-linear rewrite system if
for every rewrite rule l → r in R there exists no variable which occurs more
than once in l. Note that we may use f, g, h for some specific function symbols
in certain parts of our presentation. As a consequence, we use F, G ranging over
F when this happens, avoiding possible confusion.

We feel that it is convenient to use the notion of contexts in reasoning, and
we present a definition. See [8] for some similar use of contexts.

Definition 1. Contexts C are defined as follows.

1. [] is a context, and
2. F (t1, . . . , ti−1, C, ti+1, . . . , tn) is a context if F is a function symbol with arity
Ar(F ) = n ≥ 1 and t1, . . . , ti−1, ti+1, . . . , tn are terms and C is a context.

C[t] is the term obtained from replacing the “hole” [] in C with term t, and C[C′]
is the context obtained from replacing the “hole” [] in C with context C′.

Given a TRS 〈F ,R〉, we write t →R t′ for t, t′ ∈ T (F) if t = C[lσ] and
t′ = C[rσ] for some C and σ, where l → r ∈ R. If t→R t′, we say t rewrites to
t′ (in one step). We use →+

R for the transitive closure of →R and →∗
R for the

reflexive and transitive closure of →R. A notation of the following form stands
for a finite or infinite →R-rewriting sequence (from t0):

t0 →R t1 →R t2 →R · · ·

We sayR or→R is terminating if there exists no infinite→R-rewriting sequence.
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3 The Basic Idea

It is a well-known technique to prove the termination of a TRS via “simulation”,
as formally shown below.

Definition 2. Let 〈F ,R〉 and 〈F1,R1〉 be two TRSs such that F ⊆ F1, and
∼⊆ T (F) × T (F1) be a relation satisfying t ∼ t for all t ∈ T (F). We write
R ∼=⇒R1 if for any given t ∼ t1 and t→R t′ there exists t′1 such that t1 →+

R1
t′1

and t′ ∼ t′1.

t
→R

t′

∼

t1

→+
R1

∼

t′1

The need of t ∼ t for all t ∈ T (F) is to start the simulation as shown in the
proof of next lemma.

Lemma 1. If R ∼=⇒R1, then →R is terminating if →R1 is terminating.

Proof. Assume that there exists an infinite →R rewriting sequence as follows.

t = t(0) →R t(1) →R t(2) →R t(3) →R · · ·

We can then construct an infinite →R1 rewriting sequence as shown in the
diagram below.

t = t(0) →R t(1)

∼

t = t
(0)
1

→+
R1

∼

t
(1)
1

→R t(2)

→+
R1

∼

t
(2)
1

→R t(3)

→+
R1

∼

t
(3)
1

Therefore, there exists no infinite →R rewriting sequence since →R1 is termi-
nating, i.e., →R is also terminating.

There exist many variations of the above approach. We use this formulation
since it suffices for the development of our technique.

Note that Lemma 1 can yield an approach to termination proofs as follows.
Suppose we want to prove that →R is terminating for some given TRS 〈F ,R〉.
We first construct another TRS 〈F1,R1〉 with F ⊆ F1 and a relation∼⊆ T (F)×
T (F1) satisfying t ∼ t for all t ∈ T (F), and proveR ∼=⇒R1. We then prove that
→R1 is terminating. This yields that →R is terminating by Lemma 1. Clearly,
we have to be able to construct R1 and ∼ in some way so that a termination
proof for R1 can be given “more easily” than for R, and this is the main subject
of the paper. We now present a simple example before going into further details.



274

Example 1. Let F = {f, g} and R consist of the following rule[6].

f(f(x))→ f(g(f(x)))

Clearly, it cannot be proven with simplification orderings that→R is terminating
since the left-hand side of the rule is self-embedded in the right-hand side. Now
we introduce the notion of freezing. Let fg be a new unary function symbol, and
we define ∼ as follows.

x ∼ x for all x ∈ X ;
f(t) ∼ f(t1), g(t) ∼ g(t1), and f(g(t)) ∼ fg(t1) if t ∼ t1;

In other words, if t1 is obtained from t by freezing some occurrences of f(g(· · ·))
into fg(· · ·), then t ∼ t1. We also extend ∼ to contexts as follows.

[] ∼ [] ;
f(C) ∼ f(C1), g(C) ∼ g(C1), and f(g(C)) ∼ fg(C1) if C ∼ C1;

Clearly, C ∼ C1 and t ∼ t1 implies C[t] ∼ C1[t1]. LetR1 be the TRS consisting of
the following rules, which can be generated automatically as shown in Section 4.

(1). f(f(x))→ fg(f(x)) (2). f(fg(x))→ fg(f(g(x)))

Assume t ∼ t1 and t→R t′. Then t is of the form C[f(f(s))] and t′ of the form
C[f(g(f(s)))]. We do a case analysis on the form of t1, showing R ∼=⇒R1.

– t1 = C1[f(f(s1))], where C ∼ C1 and s ∼ s1. Let t′1 = C1[fg(f(s1))], and
we have t1 →R1 t′1 by rule (1) and t′ ∼ t′1.

– t1 = C1[f(fg(s1))], where C ∼ C1 and f(s) ∼ fg(s1). Obviously, f(s) ∼
f(g(s1)) by the definition of ∼. Let t′1 = C1[fg(f(g(s1)))], and we have
t1 →R1 t′1 by rule (2) and t′ ∼ t′1.

Later, Proposition 2 will justify that the case analysis is complete. Therefore,
R ∼=⇒R1. Note that a termination proof for R1 can be given using rpo with the
precedence: f � fg � g. By Lemma 1, →R is terminating.

We now make an important observation. In the proof of R ∼=⇒R1, if we
replace R1 with any R∗ consisting of the following rules

f(f(x))→ t1 f(fg(x))→ t2,

where t1 and t2 are any terms satisfying f(g(f(x))) ∼ t1 and f(g(f(g(x)))) ∼ t2,
then R ∼=⇒R∗ can be proven similarly. This means that we can construct a
family of R∗ such that R ∼=⇒R∗ can be proven uniformly, and therefore the
termination of any R∗ in this family implies the termination of R. Now our
objective is to generate this family of TRSs automatically.

4 The Freezing Technique

In this section, we first give a formal presentation of the freezing technique for
left-linear TRSs, and prove the termination of this technique. We also show
with an example that the termination of the freezing technique can no longer be
guaranteed if it is extended directly to a non-left linear rewriting system.
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4.1 Left-Linear TRSs

We fix a left-linear TRS 〈F ,R〉 such that there exists a function symbol f ∈ F
with arity Ar(f) = nf > 0. Let g be some function symbol in F with arity
Ar(g) = ng. We may choose g to be the same as f . Also let F∗ = F ∪ {fg},
where fg is a new function symbol with arity Ar(fg) = nf + ng − 1.

Definition 3. Let m be a natural number between 1 and nf . The (f, g, m, fg)-
freezing relation ∼⊆ T (F)× T (F∗) is defined by the following derivation rules:
t ∼ t∗ if and only if the judgement t ∼ t∗ is derivable.

x ∼ x

t1 ∼ t∗1 · · · tAr(F ) ∼ t∗Ar(F )

F (t1, . . . , tAr(F )) ∼ F (t∗1, . . . , t∗Ar(F ))
t1 ∼ t∗1 · · · tm−1 ∼ t∗m−1 tm ∼ g(s∗1,ng

) tm+1 ∼ t∗m+1 · · · tnf
∼ t∗nf

f(t1,m−1, tm, tm+1,nf
) ∼ fg(t∗1,m−1, s

∗
1,ng

, t∗m+1,nf
)

Similarly, C ∼ C∗ can be defined by treating [] as a variable. Note that F ranges
over F in the definition.

Proposition 1. We have the following.

1. If C ∼ C∗ and t ∼ t∗, then C[t] ∼ C∗[t∗].
2. If t ∼ t1 then tσ ∼ t1σ for every substitution σ.
3. If t ∼ C[t1] and t1 ∼ t2, then t ∼ C[t2].

Proposition 2. Suppose t = C[s] ∼ t∗. Then one of the following two cases
holds.

– t∗ = C∗[s∗] for some C∗ and s∗ such that C ∼ C∗ and s ∼ s∗.
– C is of the form C′[f(t1,m−1, [], tm+1,nf

)] and s is of the form g(s1,ng ).
t∗ = C∗[s∗] for some C∗ and s∗ is of the form fg(t∗1,m−1, s

∗
1,ng

, t∗m+1,nf
)

such that C′ ∼ C∗ and f(t1,m−1, s, tm+1,nf
) ∼ s∗.

Proof. This follows from a structural induction on the derivation of t ∼ t∗.

The use of Proposition 2 is to do case analysis in proofs.
The following definition of � is crucial for the development of the freezing

technique. We will list some properties of � to ease the understanding as well as
presenting an simple example. Also a comparison of the definition with narrowing
may be helpful.

Definition 4. We define the relation � as follows, which is parameterized over
(f, g, m, fg).

x� 〈x, ε〉 (var)

t1 � 〈t∗1, σ1〉 · · · tAr(F ) � 〈t∗Ar(F ), σAr(F )〉

F (t1,Ar(F ))� 〈F (t∗1,Ar(F )),
⋃Ar(F )

i=1 σi〉
(fun)
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ti � 〈t∗i , σi〉 for 1 ≤ i 6= m ≤ nf

f(t1,m−1, x, tm+1,nf
)� 〈fg(t∗1,m−1, x1, . . . , xng , t∗m+1,nf

), σ〉, (inner)

where x1, . . . , xng are fresh variables, and

σ = (
⋃

1≤i6=m≤n

σi) ∪ {x 7→ g(x1, . . . , xng )}.

ti � 〈t∗i , σi〉 for 1 ≤ i 6= m ≤ nf tm � 〈g(s∗), σm〉
f(t1,m−1, tm, tm+1,nf

)� 〈fg(t∗1,m−1, s
∗
1,ng

, t∗m+1,nf
),

⋃nf

i=1 σi〉
(freeze)

l � 〈l∗, σ〉 r∗ = rσ

l→ r � 〈l∗ → r∗, σ〉
l � 〈g(l∗1,ng

), σ〉 r∗ = f(x1, . . . , xm−1, rσ, xm+1, . . . , xnf
)

l → r � 〈fg(x1, . . . , xm−1, l
∗
1,ng

, xm+1, . . . , xnf
)→ r∗, σ〉 (outer)

,

where x1, . . . , xm−1, xm+1, . . . , xnf
are fresh variables.

The master (f, g, m, fg)-frozen version R∗ of R is defined below.

R∗ = {l∗ → r∗ | l → r � 〈l∗ → r∗, σ〉 for some l→ r ∈ R}

Some properties of � include (i) t → 〈t∗, σ〉 implies tσ = t∗, (ii) t → 〈t, ε〉 for
all every term t, and (iii) l→ r� 〈l → r, ε〉. It can be readily verified that R∗ is
left-linear. If R is finite, then the finiteness ofR∗ clearly holds modulo renaming,
i.e. we treat every pair of rules l → r and l′ → r′ in R∗ as the same if the former
can be obtained from renaming some variables in the latter and vice versa.

Example 2. This example is due to L. Bachmair. Let R consist of the following
rules.

1. f(h(x))→ f(i(x)) 2. g(i(x))→ g(h(x)) 3. h(a)→ b 4. i(a)→ b

Let us compute the master (g, h, 1, gh)-freezing version R∗ of R. It is straight-
forward to obtain the following,

f(h(x)) � 〈f(h(x)), ε〉 g(i(x)) � 〈g(i(x)), ε〉
h(a) � 〈h(a), ε〉 i(a) � 〈i(a), ε〉

which include all the possibilities since there is no application of the (inner) rule
in this example. Hence R∗ consists of rule 1,2,3,4 and rule 5: gh(a)→ g(b). Let
R1 be a TRS consisting of rule 1, 3, 4, 5 and rule 2′: g(i(x)) → gh(x), then R1

is a (g, h, 1, gh)-freezing version of R. The termination of R1 can be shown by
recursive path ordering with precedence: h � i � gh � g, b. Notice that R1 is
the generated TRS S in Example 14 in [20].

Lemma 2. Let l be a linear term and ρ be a substitution. If t = lρ and t ∼ t∗,
then there exists a term l∗ and a substitution ρ∗ such that t∗ = l∗ρ∗ and l�〈l∗, σ〉
and ρ = σρ∗.
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Proof. We proceed by a structural induction on t. If t is a variable then the case
is trivial. Otherwise, we have the following cases.

– t = F (t1,n), where F 6= f . If l is a variable x, then ρ = {x 7→ t}. Let l∗ = x,
σ = ε and ρ∗ = {x 7→ t∗}, and we are done. We now assume that l is not a
variable. Since l is linear, l is of the form F (l1,n), and for 1 ≤ i ≤ n, ti = liρi

for some ρi and ρ =
⋃n

i=1 ρi. Since F 6= f , t∗ is of the form F (t∗1,n) and
ti ∼ t∗i for 1 ≤ i ≤ n. By induction hypothesis, for 1 ≤ i ≤ n, there exist l∗i
and ρ∗i such that t∗i = l∗i ρ

∗
i and li � 〈l∗i , σi〉 and ρi = σiρ

∗
i . Let l∗ = F (l∗1,n)

and ρ∗ =
⋃n

i=1 ρ∗i , then l� 〈l∗, σ〉 for σ =
⋃n

i=1 σi. It can be readily verified
that t∗ = l∗ρ∗ and ρ = σρ∗ since l is linear.

– t = f(t1,nf
). If l is a variable or t∗ is of the form f(t∗1,nf

), where ti ∼ t∗i for
1 ≤ i ≤ nf , then this case can be proven as in the previous one. We now
assume that l is of the form f(l1,nf

) and t∗ is of form fg(t∗1,m−1, s
�, t∗m+1,nf

),
where ti ∼ t∗i for 1 ≤ i 6= m ≤ nf and tm ∼ t∗m = g(s�). If lm is not
a variable, then this case can also be proven as the previous one. We now
assume l = f(l1,m−1, x, lm+1,nf

). Then for 1 ≤ i 6= m ≤ n, ti = liρi for some
ρi and

ρ = (
⋃

1≤i6=m≤nf

ρi) ∪ {x 7→ tm}.

By induction hypothesis, for 1 ≤ i 6= m ≤ nf , there exist l∗i and ρ∗i such that
t∗i = l∗i ρ∗i and li � 〈l∗i , σi〉 and ρi = σiρ

∗
i . Then

l � 〈fg(l∗1,m−1, x1, . . . , xng , l∗m+1,nf
), σ〉,

where σ = (
⋃

1≤i6=m≤nf
σi) ∪ {x 7→ g(x1, . . . , xng )}. Since tm ∼ g(s�), tm =

g(s) follows for some s and s ∼ s�. Let l∗ = fg(l∗1,m−1, x1, . . . , xng , l∗m+1,nf
)

and ρm = {x1 7→ s∗1, . . . , xng 7→ s∗ng
} and ρ = ∪nf

i=1ρi, then it can be readily
verified that t∗ = l∗ρ∗ and l � 〈l∗, σ〉 and ρ = σρ∗.

Lemma 3. Let l → r be a left-linear rewrite rule and ρ be a substitution. If
t = C[lρ] ∼ t∗, then l → r � 〈l∗ → r∗, σ〉 for some l∗, r∗, σ, and t∗ = C∗[l∗ρ∗]
for some context C∗ and C[rρ] ∼ C∗[r∗ρ∗].

Proof. Let s = lρ. We do a case analysis on the form of t∗ according to Propo-
sition 2.

– t∗ = C∗[s∗], where C ∼ C∗ and s ∼ s∗. By Lemma 2, we have l∗ and ρ∗ such
that s∗ = l∗ρ∗ and l � 〈l∗, σ〉 and ρ = σρ∗. Therefore, l → r � 〈l∗ → r∗, σ〉
for r∗ = rσ, and this yields r∗ρ∗ = rσρ∗ = rρ. Clearly, C[rρ] ∼ C∗[r∗ρ∗].

– t∗ = C∗[s∗], where C = C′[f(t1,m−1, [], tm+1,nf
)] and C′ ∼ C∗ and

s = f(t1,m−1, s1,ng , tm+1,nf
) ∼ s∗ = fg(t∗1,m−1, s

�, t∗m+1,nf
).

As the previous case, we have l∗0 = g(l�), r∗0 and ρ∗ such that g(s�) = l∗0ρ
∗
0

and l� 〈l∗0 , σ〉 and rρ = r∗0ρ∗0. Note l→ r � 〈l∗ → r∗, σ〉, where

l∗ = fg(x1, . . . , xm−1, l
∗
1,ng

, xm+1, . . . , xnf
)
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and

r∗ = f(x1, . . . , xm−1, r
∗
0 , xm+1, . . . , xnf

),

where x1, . . . , xm−1, xm+1, . . . , xnf
are fresh.

Let ρ∗ = ρ∗0 ∪ {x1 7→ t∗1, . . . , xm−1 7→ t∗m−1, xm+1 7→ t∗m+1, . . . , xnf
7→ t∗nf

},
then

C[rρ] = C′[f(t1,m−1, rρ, tm+1,nf
)] ∼ C∗[r∗ρ∗].

Definition 5. Let R1 be a TRS such that l1 → r1 ∈ R1 if and only if there exists
l∗ → r∗ ∈ R∗ satisfying l1 = l∗ and r∗ ∼ r1. We call R1 a (f, g, m, fg)-frozen
version of R.

In general, there exist a (finite) family of (f, g, m, fg)-frozen versions of R. For
instance, the following is another (f, g, 1, fg)-frozen version of the R given in
Example 1.

(1). f(f(x))→ fg(f(x)) (2). f(fg(x))→ fg(fg(x))

Theorem 1. R ∼=⇒R1 holds for every (f, g, m, fg)-frozen version R1 of R.

Proof. Assume t ∼ t∗ and t→R t′. Then t = C[lρ] for some C and l→ r ∈ R and
t′ = C[rρ]. By Lemma 3, there exists l→ r�〈l∗ → r∗, σ〉 such that t∗ = C∗[l∗ρ∗]
for some C∗ and C[rρ] ∼ C∗[r∗ρ∗]. By the definition of R∗, l∗ → r∗ ∈ R∗. Since
l1 → r1 ∈ R1 for some l1, r1 such that l∗ = l1 and r∗ ∼ r1, we have t∗ →R1

C∗[r1ρ
∗], and therefore C[rρ] ∼ C∗[r1ρ

∗] holds by (2) and (3) of Proposition 1.
This yields R ∼=⇒R1.

Remark 1. We emphasize that the freezing technique as presented above can
only be applied to left-linear TRSs. A straightforward extension to non-left linear
TRSs may end with non-termination as shown by the following examples.

Example 3. Let R consist of the non-left linear rule g(x, f(x))→ c, where c is a
constant. Then the master (f, f, 1, ff)-frozen version R, i.e., the TRS generated
according to the above procedure for left-linear TRSs, consists of infinitely many
rules (modulo renaming). For instance, the following rules are in R∗:

g(x, f(x))→ c, g(f(x), ff(x))→ c, g(ff(x), ff(f(x))→ c, . . .

The study on how to extend freezing to non-left linear TRSs is our immediate
research topic.



279

4.2 Freezing More Function Symbols
Given a TRS 〈F ,R〉 in which there exist f , g and h such that Ar(f) ≥ 1 and
Ar(f) + Ar(g) − 1 ≥ 1. Note that f, g, h do not have to be distinct from each
other. LetR∗ be the master (f, g, m1, fg)-frozen version ofR and∼1 the freezing
relation. Also let R∗∗ be the master (fg, h, m2, fgh)-frozen version of R∗ and
∼2 the freezing relation. Then the master (f, g, h, m1, m2, fgh)-frozen version of
R is defined as the TRS R−∗∗ which consists of all the rules l → r− such that
l → r ∈ R∗∗ for some r− ∼1 r and fg has no occurrences in l. The corresponding
freezing relation ∼ is defined as t ∼ t2 if t ∼1 t1 and t1 ∼2 t2 for some t1 and
fg has no occurrence in t2. Then R1 is a (f, g, h, m1, m2, fgh)-frozen version of
R if l1 → r1 ∈ R1 if and only if there exists l → r ∈ R−∗∗ such that l = l1 and
r ∼ r1.

Theorem 2. If R1 is a (f, g, h, m1, m2, fgh)-frozen version of a left-linear R
and ∼ is the freezing relation, then R ∼=⇒R1.

Proof. This simply follows from Theorem 1 with the explanation above.

This idea can certainly be generalized to freezing more function symbols, and
we leave out the details.

We say that R is a 0-level frozen version of itself and Rn+1 is an n + 1-level
frozen version of R if there exists a TRS Rn such that Rn+1 is a (f, g, m, fg)-
frozen version of Rn for some f, g, m, fg and Rn is an n-level frozen version of
R. We say to freeze

f(•1, . . . , •m−1, g(•m, . . . , •m+Ar(g)−1), •m+Ar(g), . . . , •Ar(f)+Ar(g)−1)
into

fg(•1, . . . , •m−1, •m, . . . , •m+Ar(g)−1, •m+Ar(g), . . . , •Ar(f)+Ar(g)−1)
in R to mean constructing a (f, g, m, fg)-frozen version of R.

4.3 Towards Automated Termination Proofs

A straightforward combination of the freezing technique with others can be de-
scribed as follows. Let Proc be a procedure which implements some approach
to automated termination proofs. Given a TRS R, we can enumerate all the
n-level frozen versions of R for some n and use Proc to decide if one of them
is terminating. This approach is impractical when the number of n-level frozen
versions of R is too large. We use the following example to demonstrate a way
to cope with this problem.

Example 4. This example is taken from [4]. Let R consist of the following rules.

1. Div2(∅)→ ∅
2. Div2(S(∅))→ ∅
3. Div2(S(S(x)))→ S(Div2(x))
4. LastBit(∅)→ 0
5. LastBit(S(∅))→ 1
6. LastBit(S(S(x)))→ LastBit(x)
7. Conv(∅)→ ε&0
8. Conv(S(x))→ Conv(Div2(S(x)))&LastBit(S(x))
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Suppose that we want to obtain some frozen version R∗ of R such that R∗
can be proven using some rpo. Then rule 1, 2, 3, 6 are well-oriented under any
(total) precedence relation. Since none of ε, 0, 1 and & occur in the left-hand
side of any rule, we assign to them the lowest precedence, and the rule 4, 5, 7
are then well-oriented. In order to orient rule 8, we freeze Conv(Div2(•1)) into
ConvDiv2(•1), generating a TRS R1 consisting rule 1. – 7., and the following
ones.

8′. Conv(S(x))→ ConvDiv2(S(x))&LastBit(S(x))
9. ConvDiv2(S(S(x)))→ Conv(S(Div2(x)))
10. ConvDiv2(S(∅))→ Conv(∅)
11. ConvDiv2(∅)→ Conv(∅)

Now rule 8′, 9, and 10 are well-oriented under the following precedence:

S � Conv � ConvDiv2, Div2, LastBit.

We then freeze Conv(∅) into Conv∅, generating a TRS R2 consisting of rule
1—7, 8′, 9, 10 and the following ones.

11′. ConvDiv2(∅)→ Conv∅ 12. Conv∅ → ε&0

Then rule 11′ is well-oriented under ConvDiv2 � Conv∅, and rule 12 is well-
oriented since ε, 0, and & have been given the lowest precedence. Hence R is
terminating. Note that R2 is the T ∪ S in [4], which shows the termination of
R.

5 Examples

In this section we present some examples to show the effectiveness of the freezing
technique. We say thatR1 is a frozen version ofR ifR1 is a n-level frozen version
of R for some n.

We will use the recursive path ordering (with status) approach (rpo(s)) for-
mulated in [19] to prove the termination of TRSs. Given a function symbol F ,
the status τ(F ) is either©m for multiset status or (i1, . . . , iAr(F )), a permutation
of 1, . . . ,Ar(F ), for lexicographic status. If the status of F is not presented, then
it is assumed to be τ(F ) =©m .

Example 5. This example is taken from [10], where it is proven terminating by
dummy elimination. The TRS consists of the following rule

x ∗ (y + z)→ (a(x, y) ∗ y) + (x ∗ a(z, x))

modulo associativity and commutativity of +.
We freeze a(•1, •2)∗•3 into a∗(•1, •2, •3) and •1 ∗a(•2, •3) into ∗a(•1, •2, •3).

x ∗ (y + z)→ a∗(x, y, y) + ∗a(x, z, x)
a∗(x1, x2, y + z)→ a∗(a(x1, x2), y, y) + ∗a(a(x1, x2), z, a(x1, x2))
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Let ⊕ and ⊗ be the usual addition and multiplication on positive integers. The
following polynomial interpretation proves that the system is terminating mod-
ulo associativity and commutativity of +.

x + y = x⊕ y ⊕ 2 a(x, y) = x⊕ y
a∗(x, y, z) = ((x ⊕ y)⊗ z)⊕ (z ⊗ z ⊗ z)

∗a(x, y, z) = x⊕ y ⊕ z x ∗ y = x⊗ y ⊗ y ⊗ y

Example 6. This example is taken from [1], where it is claimed that the example
eludes all the techniques in [21,20,16,11], which aim for generating automatic
termination proofs for TRSs.

minus(x, 0)→ x minus(s(x), s(y))→ minus(x, y)
quot(0, s(y))→ 0 quot(s(x), s(y))→ s(quot(minus(x, y), s(y)))

We freeze quot(minus(•1, •2), •3) into quotminus(•1, •2, •3).

minus(x, 0)→ x minus(s(x), s(y))→ minus(x, y)
quot(0, s(y))→ 0 quot(s(x), s(y))→ s(quotminus(x, y, s(y)))

quotminus(x, 0, y)→ quot(x, y)
quotminus(s(x), s(z), y)→ quotminus(x, z, y)

The termination of the above TRS can be proven using rpos with:

quasi precedence: quot ≈ quotminus � s
status: τ(quot) = (1, 2), τ(quotminus) = (1, 3, 2)

Example 7. (Greatest Common Divisor)

x− 0→ x s(x) − s(y)→ x− y
0 < s(x)→ true x < 0→ false s(x) < s(y)→ x < y

if(true, x, y)→ x if(false, x, y)→ y gcd(x, 0)→ x gcd(0, x)→ x
gcd(s(x), s(y))→ if(x < y, gcd(s(x), y − x), gcd(x − y, s(y)))

Note that the left-hand side of the last rule becomes self-embedded in the
right-hand side if y gets substituted with s(x). We freeze gcd(•1 − •2, •3) into
gcd−L(•1, •2, •3) and gcd(•1, •2 − •3) into gcd−R(•1, •2, •3), obtaining the fol-
lowing TRS R1.

x− 0→ x s(x) − s(y)→ x− y
0 < s(x)→ true x < 0→ false s(x) < s(y)→ x < y

if(true, x, y)→ x if(false, x, y)→ y gcd(x, 0)→ x gcd(0, x)→ x
gcd(s(x), s(y))→ if(x < y, gcd−R(s(x), y, x), gcd−L(x, y, s(y)))

gcd−L(x, y, 0)→ x− y gcd−R(0, x, y)→ x− y
gcd−L(s(x), s(y), z)→ gcd−L(x, y, z)
gcd−R(x, s(y), s(z))→ gcd−R(x, y, z)

gcd−L(x, 0, y)→ gcd(x, y) gcd−R(x, y, 0)→ gcd(x, y)
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The termination of R1 can be proven using the rpos with:

quasi precedence: gcd ≈ gcd−L ≈ gcd−R � −, <, if � true, false
status: τ(gcd) = (1, 2), τ(gcd−L) = (1, 3, 2), and τ(gcd−R) = (1, 2, 3)

We point out that this example is much harder than Example 6 in [20], where
if , < and − are simply treated as constructors.

Example 8. This example is taken from [2], which cannot be proven with a sim-
plification ordering since the last rule is self-embedded:

app(nil, k)→ k app(l, nil)→ l app(x.l, k)→ x.app(l, k)
sum(x.nil)→ x.nil sum(x.(y.l))→ sum((x + y).l)

sum(app(l, x.(y.k)))→ sum(app(l, sum(x.(y.k))))

We freeze app(•1, sum(•2.•3)) into appsumdot(•1, •2, •3) and app(•1, •2.nil) into
appdotnil(•1, •2):

app(nil, k)→ k app(l, nil)→ l app(x.l, k)→ x.app(l, k)
sum(x.nil)→ x.nil sum(x.(y.l))→ sum((x + y).l)

sum(app(l, x.(y.k)))→ sum(appsumdot(l, x, y.k))
appsumdot(nil, x, y)→ sum(x.y)

appsumdot(x.y, z, k)→ x.appsumdot(y, z, k)
appsumdot(l, x, y.k)→ appsumdot(l, x + y, k)

appsumdot(l, x, nil)→ appdotnil(l, x)
appdotnil(x.l, y)→ x.appdotnil(l, y) appdotnil(nil, x)→ x.nil

The termination of the above TRS can be proven by the rpos:

quasi precedence: app ≈ appsumdot � appdotnil � . � +
status:

τ(app) = (1, 2), τ(appsumdot) = (1, 3, 2), τ(appdotnil) = (1, 2), τ(.) = (2, 1)

The freezing technique cannot transform the following example of Kamin and
Lévy into any TRS which can be proven terminating using rpos.

Example 9. Let R be the TRS consisting of the following rules.

p(s(s(x)))→ s(p(s(x))) p(s(0))→ 0 fac(s(x))→ fac(p(s(x))) ∗ s(x)

Suppose that R1 is some frozen version of R. If R1 can be proven terminating
with some rpos, thenR2 = R1∪{p(s(0))→ s(0)} can also be proven terminating
using the same rpos. Clearly this is impossible since R2 is not terminating.
Therefore, none of the frozen versions of R can be proven using rpos.
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6 Related Work and Conclusion

Our work closely relates to transformation orderings [4], with which we give
some comparison.

Given two relations R1 and R2, we write R1 ·R2 for the relation R such that
xRz if and only if xR1y and yR2z for some y. Let R be a TRS for which we
intend to find a termination proof. We then try to construct two TRSs T and
S such that →R ⊆≡T · →+

S · ≡T ,2 where ≡T= (→T ∪ ←T )∗. In other words,
the following diagram commutes. →R

≡T →+
S

≡T

Notice the similarity and difference between this and the definition of ∼=⇒ . 3

Also we need to establish the following:

– T is confluent, and
– S ∪ T is terminating, and
– S locally cooperates with T , namely, ←T · →S ⊆ →∗

S/T ·∗←T .

By Lemma 5 in [3], ∗←T · →∗
S ⊆ →∗

S/T ·∗←T holds since S locally cooperates
with T , where →S/T stands for →∗

T · →S · →∗
T . Now suppose that there exists

an infinite →R-rewriting sequence. We can then construct an infinite →S/T -
rewriting sequence as shown below, yielding a contradiction since S ∪ T is ter-
minating. Therefore, →R is terminating.

→R →R →R

→+
S →+

S →+
S

≡T ≡T ≡T ≡T ≡T ≡T≡T

→∗
T →∗

T →∗
T →∗

T →∗
T →∗

T

→+
S/T

→∗
T →+

S/T
→∗
T

Note that this is very similar to Theorem 4 in [3]. The transformation ordering
(TO) technique is the method which proves the termination ofR by constructing
of T and S.

Although there exist many similarities between the freezing technique and
the transformation ordering technique, we point out a significant difference as fol-
lows. After freezing f(. . . , g(. . .), . . .) into fg(. . .), it attempting to relate freezing

2 This condition can be weaken to →R⊆→+
S/T ·∗←T .

3 This makes neither the transformation ordering technique nor the freezing technique
encompass the other.
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to transformation ordering by setting T = {f(x1,m−1, g(y1,Ar(g)), xm+1,Ar(f))→
fg(x1,m−1, y1,Ar(g), xm+1,Ar(f))}. However, this T may not be confluent(e.g., in
the case where f = g). Moreover, if one applies freezing repeatedly, which is often
the case in practice, the chance of obtaining a confluent T diminishes further.

In [20], Steinbach presented an algorithm to generate a transformation or-
dering for a given R. The freezing technique closely resembles the projection
technique in his algorithm. On the other hand, there also exist some significant
differences.

1. When implementing the transformation ordering technique, one has to guar-
antee that the generated T is confluent, and this could be a rich source for
the divergence of the algorithm. For a left-linear TRS, generating a frozen
version of R always terminates.

2. Overall the algorithm in [20] seems to be quite involved and highly heuristic,
while the freezing technique is conceptually simple and easily implementable.

In [3], a quasi-commutation method is introduced which does not require
that the transformer system be confluent, either. However, there is no particular
method given in [3] to facilitate the generation of such a transformer system. In
contrast, the presentation of the freezing technique, an approach to transforming
left-linear TRSs, is precisely the main contribution of this paper.

In summary, we have developed a technique called freezing, which can be
applied to a left-linear TRS R to transform it into a family of left-linear TRSs
such that the termination of any TRS in this family implies the termination of
R. We have shown that the transformation terminates for all (finite) left-linear
TRSs. The effectiveness of this technique is demonstrated by many examples,
all of which have been verified mechanically.
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