Weak and Strong Beta Normalisations
in Typed A-Calculi

Hongwei Xi

Department of Mathematical Sciences
Carnegie Mellon University
Pittsburgh, PA 15213, USA

Abstract. We present a technique to study relations between weak and
strong B-normalisations in various typed A-calculi. We first introduce a
translation which translates a A-term into a Al-term, and show that a
A-term is strongly SB-normalisable if and only if its translation is weakly
[-normalisable. We then prove that the translation preserves typability
of A-terms in various typed A-calculi. This enables us to establish the
equivalence between weak and strong @-normalisations in these typed
A-calculi. This translation can deal with Curry typing as well as Church
typing, strengthening some recent closely related results. This may bring
some insights into answering whether weak and strong B-normalisations
in all pure type systems are equivalent.

1 Introduction

In various typed A-calculi, one of the most interesting and important properties
on A-terms is how they can be f-reduced to S-normal forms. A A-term M is said
to be weakly B-normalisable (WN g(M)) if it can be f-reduced to a f-normal
form in some way while M is strongly f-normalisable (SN g(M)) if every j-
reduction sequence starting from M terminates with a f-normal form. If every
A-term in a A-calculus AS is weakly/strongly S-normalisable, we say that AS
enjoys weak/strong B-normalisation (AS |= WN g /AS |E SN ).

A conjecture presented by Barendregt at The Second International Confer-
ence on Typed Lambda Calculi and Applications states that AS = WA 3 implies
AS |E SN for every pure type system AS [2]. One can certainly strengthen
the conjecture by asking whether it is provable in the first-order Peano arith-
metic. We will argue that this is the case for various typed A-calculi including
all systems in A-cube [2].

We achieve this via introducing a translation || - || which translates a A-term
M into a Al-term ||M||. We then show that WA 5(||M||) implies SN 3(M) for
every A-term M and || - || preserves the typability of A-terms in various typed
A-calculi.

An immediate consequence of our technique is that it can also be used to infer
AS |E SN from AS E WA for many typed A-calculi AS. In a retrospection,
AS E SN were usually proven later than AS = WA g for many AS such as

A7, AN~ A2 and AC, involving more complicated methods. In addition, our



technique can help estimate bounds on u(M) for certain typable A-terms M,
where p(M) is the number of F-reduction steps in a longest S-reduction sequence
from M. We will demonstrate this for the simply typed A-terms.

The next section presents some preliminaries and basic known results. We
define translations ||-|| and |- | recursively in Section 3, and prove some properties
on them. We present several applications of ||| in Section 4 involving both Curry
typing and Church typing, and point out some available methods for removing
type dependencies on terms. Finally, we mention some related work and draw
some conclusions on our technique.

2 Preliminaries

We give a brief explanation on the notions and terminology used in this paper.
Most details can be found in [1], [19] and [2].

Definition1. The set A of A-terms is defined inductively as follows.

— (variable) There are infinitely many variables ,y, z,... in A; variables are
subterms of themselves.

— (abstraction) If M € A then (Az.M) € A; N is a subterm of (Az. M) if N is
(Az.M) or a subterm of M.

— (application) If My, My € A then M;(M3) € A; N is a subterm of M;(Ma)
if N is M;(M3) or a subterm of M; for some ¢ € {1,2}.

Let Var be the set of all variables. The set FV (M) of free variables in a A-term
M is defined as follows.

{M} if M € Var;

FV (M) UFV (M) if M = My (M>).

An occurrence of a variable x in a term M is bound if it occurs in some term
M; where Az.M; is a subterm of M; an occurrence of a variable is free if it is
not bound.

The set Ay of Al-terms is the maximal subset of A such that, for every term
M € A, if (Az.N) is a subterm of M then € FV(N).

[N/z] M stands for substituting N for all free occurrences of  in M. a-conversion
or renaming bound variables may have to be performed in order to avoid name
collisions. Also certain substitution properties, such as the substitution lemma
(Lemma 2.1.16 [Bar84]), are assumed.

Definition2. A term of form (Az.M)(N) is called a §-redex, and [N/z]M is
called the contractum of the f-redex; M; ~»5 M, stands for a B-reduction step
in which M5 is obtained from replacing some f-redex in M7 with its contractum;
a [-reduction sequence is a possibly infinite sequence of form

Ml’\")ﬁMQ’\f)ﬁ...;

a A-term is in F-normal form if it contains no B-redexes; (Ax.M)(N) is a fr-redex

if 2 € FV(M).



We use R for S-redexes. ~73, ME and ~7% stand for f-reduction sequences con-
sisting of n steps, a positive number of steps and a nonnegative number of steps,
respectively.

Definition3. A A-term M is weakly B-normalisable (WAN g(M)) if there exists
a f-reduction sequence M ~+% N such that N isin f-normal form; M is strongly
B-normalisable (SN g(M)) if all B-reduction sequences from M are finite.

We write AS | WA g (AS = SN3) if all Ad-terms in AS are weakly (strongly)
normalisable.

Let pu(M) = oo if there exists an infinite S-reduction sequence from M, and
let p(M) be the number of S-reduction steps in a longest S-reduction sequence
from M if SN g(M), which is guaranteed to exist by Konig’s Lemma.

We adopt

n+00=00+n=00+00=00
in the following arithmetic involving co.

Lemmad4. Given Mp = R(M;)...(My,) and My = N(My)...(M,), where
R = (Ax.N1)(N2) and N = [N3/z]Ny; then p(MRg) < 1+ pu(My) 4+ p(N2).

Proof. Tt suffices to prove this when p(Mpy) < oo and p(Nz) < co. Please see
the proof of Lemma 4.3.3 (1) in [2].

Now let us state the conservation theorem for Al-calculus, upon which this
paper is established.

Theorem Church For every Al-term M, WN g(M) if and only if SN 3(M).

Proof. See the proof of Theorem 11.3.4 in [1] or the proof of Theorem 21 in [33].

3 Translations

Translations | - | and || - || translate A-terms into Al-terms.

2]l = z(e) ([ My Mo || = [|Ma|(|M2])
(A2 M)[| = (Az.|M[((z,)))  |M]|=(Xe.[|M]])

Note that e and (, ) are two distinct fresh variables and (z, ) stands for (, )(z)(e).

Proposition5. || || and || have the following properties.

1. Given any A-term M ; ||M|| and |M| are AI-terms and there exists only one
free occurrence of & in ||M]||.

2. If Ms is a subterm of M then ||M;|| is a subterm of ||M|].

3 [IN|/z][|M||~% I[[N/z]M]| for any M and N.



Proof. (1) and (2) can be readily proven by a structural induction on A-terms.
Since |N|(e) ~p || N|| for every A-term N, (3) can also be proven by a structural
induction on M.

Lemma 6. (Main Lemma) For every A-term M, p(M) < p(||M])).

Proof. Tt suffices to show this when p(||M|]) < co. We proceed by an induction
on u(||M]|) and the structure of M, lexicographically ordered.

— M is of form (Az.N). Then p(N) < p(||V]]) by induction hypothesis. Hence,
u(M) = p(N) < p(IN]) < p(IN|((2, 0))) = p(l|M]]).
— M is of form x (M) ... (M,) for some n > 0. Then
1M = [l=[|(I1Mal) - .. (IMn])-

By induction hypothesis, p(M;) < u(||M;||) = p(|M;|) for i = 1,...,n. This
yields

p(M) = p(My) + -+ p(Mn) < p([|Ma]) + - -+ p(l| M)
= p(IMa]) + -+ p((Mn]) = p(l|M]])-

— M is of form R(M,)...(M,) for some f-redex R = (AxN1)(Nz). By defini-
tion, M| = [ RI(Mi]) ... ([My]). Let

N =[No/2]Ny and My = N(My)...(M,).
With Proposition 5,
IRl = [l(Az.N)[[(IN2]) = (Az | N1|((z, #))) (| V2])
~p ([IN2|/2]IN1])({[N2], #)) ~5 |[N2/2]N1|((| N2, o))
= [NI(|N2], 8)) ~5 [(|N2], )/ o][| N]].

We can take p(||Na||) G-reduction steps to reduce || Nz|| to some A-term * in
B-normal form. Since there is one free occurrence of e in ||N||, we can take
at least 2+ u(|| N2||) B-reduction steps to reduce [|R]| to ||N||t = [(x, &)]||NV]|.
Let [|My|I* = [IN[I*(IM1]) ... (|Mn]), then

2+ p(||Nafl) + w(|Mu (%) < p(lIM]).

Notice that u(||[My]|) < u(||[Mn]|*) since we can simply treat (x,e) as if it
were o. By induction hypothesis, p(Na) < u(||N2||) and p(Mn) < u(||Mn||)
since u(|Nall) < (| M ]}) < w([IM]). With Lemma 4,

p(M) <14 p(Na) + p(Mn) < 24 p([[Nof]) + p(([ M 1)
< 24 p(([IVal]) + u(IMN1F) < p(1M1).-

Therefore, pu(M) < p(||M]]) for every A-term M.



Corollary 7. For every A-term M, WN g(||M|]) implies SN g(M).

Proof. Note that [|M]| is a Al-term. By Theorem Church, WNg(||M]|) im-
plies SN3(||M|]), namely, u(||M|]) < oco. Therefore, pu(M) < p(||M]]) < oo
by Lemma 6, and this yields SN g(M).

Lastly, we mention a translation (-) which is a minor variant of |- |. (|-]) can
also be used to establish a version of Lemma 6.
(z) ==
((Az.M)) = (Ao Ax.(M)((z, o))
(M(N)) = (Ae.(M)(e)((ND))
It becomes clear that the use of e is to collect A-terms which might be thrown
away in S-reductions.

4 Applications

With the help of Corollary 7, we are now ready to prove the equivalence between
AS E WNj and AS = SN in various typed A-calculi. This amounts to typing
[|M]|] in these systems when given a typed term M. Since the method that we use
cannot deal with all pure type systems uniformly, we choose some appropriate A-
calculi to illustrate our technique. We also mention that translation || - || enables
us to easily assign a bound for the length of g-reduction sequences from simply
typed A-terms.

4.1 A-Curry and A-Church

We assume the familiarity of the reader with A7-Curry (A~ with Curry typing)
and A7 -Church (A7 with Church typing). Translations || - || and | - | on simple
types are given as follows.

bl = b A= Bl = Al =B lAl=1— (14l
Note that b ranges over base types and [] is some base type. Transforms || - || and
| - | on terms in A7 -Church are defined below.

l|z]| = =(e) (| My (Mz)]| = [| M| (| Ma])

(A2 - AM)|| = Az - [A[|M]((z, ) [M] = Ao : [].|| M]]

Lemma8. If M is a term in A7 -Curry (A7 -Church) with type A, then ||M]||
is a term in A7 -Curry (A7 -Church) with type ||A].

Proof. Note that (,)’s are given types of form A — ([] — []), and they are
different variables if their types are different. A structural induction on M yields
the results.

By a method invented by Turing [8] and, independently, by Prawitz [25], it
can be readily proven that every term M in A7-Curry(A™-Church) is WN g,
and therefore SN 3(M) by Corollary 7 since Lemma 8 yields WA 5(||M||). This

is clearly an arithmetisable proof. We pursue this further in the next section.



4.2 An Upper Bound for g-Reduction Sequences in A7-Church

A7 means A7 -Church in this section. The size of a A7 -term is given below.
size[z] = 1 size[(Az: A.M)] =1+ size[M] size[M (N)] = size[M] + size[N]
The rank p(A) of a simple type A is defined as follows.

(4) = 0 if A is a base type;
PE = 1+ max{p(Ao), p(A1)}if A = Ag — Ay,

The rank p(R) of a f-redex R = (Az : A.M)(N) of type B is p(A — B), and
the rank p(M) of a A7 -term M is

p(M) = max{p(R) : Ris a f-redex in M}.
We define functions 2o(n) = n and 2x41(n) = 2% for k =0,1,2, .. ..

Theorem 9. p(M) < 2i41(n) for every A7 I-term M, where k = p(M) and
n = size[M].

Proof. Please see [33] for a proof using the standardisation theorem in the un-
typed A-calculus. A similar result can also be found in [28].

Corollary 10. pu(M) < 2941(5n) for every A7 -term M, where k = p(M) and
n = size[M].

Proof. Tt can be readily verified that p(|A]) < 2p(A) for every simple type A,
yielding p(||M||) < 2p(M). Also notice size[||M||] < 5-size[M] for every A7 -term
M. Since ||M|| is a A7 I-term, p(||M]]) < 225+41(5n) by Theorem 9. Therefore,
w(M) < u(||M|]) < 22641(5n) by Lemma 6.

A result of a similar form is mentioned in [9], and is proven in [28].
The following translation |- translates A7 -terms into A= I-terms of the same

types.

[l z;

IM(N)] = [M](N])

[(Az: AM)|= Az : Adzy : Ay Az, 2 A ([M](21) - - . (=0), 2)),
where M is of type A1 — (--- (4, = B) --)
and B is a base type;

Note that (,) is a fresh variable of type B — (A — B) in the definition. It is
interesting to know that u(M) < p(]M]) for every A7 -term M. This is intimately
related to the translation used in [28]. |-] is far less flexible than || - || since it
can only translate A~ -terms. For the reader who is interested in this subject, we
point out that our technique can also be applied to the typed A-calculus with
let-polymorphism.



4.3 A2 with Curry Typing

The second-order polymorphic typed A-calculus A2 is originally introduced in
[10] and [27], where Church typing is involved. A2 with Curry typing can be
formulated as follows.

Syntax

Types A =X |A; = A |VX.A
Contexts I' n=-| Iz : A
Terms M ==z | (Az.M) | M1 (M)

We use X,Y for type variables, A, B for types, I' for contexts, M, N for terms
and z for variables assuming that any variable can be declared at most once in
a context. We write [B/X]A for the type obtained by substituting B for all free
occurrences of X in A.

Typing Rules

z:Ael
——(var)
I'kFaz: A
Iz:AF-M:B I'-M:A—> B I'-N:A
(-5 (- 5)
I't(A.M):A—> B I'-M(N):B
I'tM:A I'EM:VX.A
——— (V)" (VE)
I'EM:VX.A I'M:[B/X]A

I" must contain no free occurrences of X in rule VI. D :: I' = M : A denotes a
typing derivation with conclusion I"' = M : A.

A2 E WA ; is equivalent to A2 £ SN

Definition11l. M is a A2-term if I' + M : A is derivable for some I" and A.

Let A2 be the set of all A2-terms, and we show that A2 is closed under || - || and
|- |. Translations || - || and | - | on types are given below, where 1 = VX.X.

X=X 1A= Bl =[Al = [|B|

VXAl =VvX Al A= L =[]l
Given I' = @1 : A1,...,&n : Ap, then |I'| = (,) : (VXX = (L — 1)),21 :
|A1], ... &n 2 |Anl, and ||T'|| = |I'],e : L. It can be readily verified that |Iz :
Al,e: L {x,e): L is derivable for any I" and A.

Lemma12. Given M € A2, then ||M]| € A2.



Proof. By definition, there exists a derivation D with conclusion I' - M : A for
some I' and A. We proceed by induction on the structure of D to show that
there exists ||D|| = ||| & [|M]] : ||A]]. Since ||I'|| = |I'],® : L, we can define
[D| o || F | M| : |A| as follows when ||D|] is constructed.

D[] =[], o L E[[M]]: Al )
(= 1)
[ M= (Ao |[M]]) : [A] = L — [|A] :
We do a case analysis according to the last typing rule applied in D.
— If D ends with (var), (— E) or (Y1), the case is trivial.
— D is of form
Dl ZZFll_Ml IAQ
(= 1)
D:uT'F (AeM): A — Ay ,
where It = I''z : Ay and M = (Az.M;) and A = A; — A,. By induction
hypothesis, we have

[Dy| | I1],@: LE | M| :|As] = L = ||As]| [I1],0: L (x,e):L
(1], 0 LF[Mi]((z, @) : [| Azl (=1

\

1], 0 L (Az. |My[((z,0))) : [|A]l = [Ar| = [|A2|

(= E)

Since ||I'|| = |I'|, o : L and ||M|| = (Az.|M1|({z,e))), we have derived ||I'|| F
(| M]] = []A]
— D is of form

Dy :I'FM:VX.A (VE)

DT+ M:[B/X]4
where A = [B/X]A;. By induction hypothesis, we have

[Dall = (17N [[M] - (VX Al ZVX-IIAlll,VE)
\
I E (18] = (1B /X[ Al :

Notice [||B]|/X]||A1]] = [|[B/X]A1|| = ||A||. Hence, we have derived ||I'|| F
(M| = []A]

Therefore, ||M]| is a A2-term.
Theorem 13. A2 = WN 5 if and only if A2 |= SN 5.

Proof. Given any term M € A2, we have ||M|| € A2 by Lemma 12. If A2 |
WAN 5 then WN g (|| M||). This implies that SA/g(M) by Corollary 7. Therefore,
if A2 |E WN g then A2 |= SN . The other direction is trivial.

Note that this is a recent result, which can be formulated in the first-order Peano
arithmetic. On the other hand, no proofs of A2 = SN can be established in
the second-order Peano arithmetic. After Girard had proven that A2 = WANg,
several people (including Girard himself) modified his definition of reducibility
candidates and proved that A2 = SN 3, but none of these proofs achieve this by
showing the equivalence between A2 = WA 5 and A2 = SN .



4.4 Aw with Church Typing

We choose Aw, the higher order polymorphic typed A-calculus, to show that our
technique can also work with Church typing. Here we can see how to handle types
which contain f-redexes. Types depending on terms are avoided intentionally in
this case for some reason which will be explained later.

Syntax
Kinds K =% | K1 — Ko
Constructors 7 :=t|(At:k.7) | 1(m) |1 = 7 |Vt kT
Kind Contexts A ::= - | A,t: &
Type Contexts I' := - | [z : T
Terms e n=x | (Az:Te) | (M k.e)]|er(ez) | e(r)

We use k for kinds, 7 for constructors, ¢ for variables over constructors, A for
kind contexts, I" for type contexts, e for terms and z for variables. Variable can
be declared at most once in a context. 7 is a type if A F 7 : % is derivable for
some A.

Typing Rules

t:keEA
ARtk
Atk b Tk AF T 1K1 — Ko AlF 19K
AF (A K1.7) D K1 — Ko AF 71(72) : K2
At kb 10x% Ab 7 ox AbF7m %
AF (Yt k7)o x AbF 1 = 1%
We write AFT'if Ab- 7% forevery z:7€ .
AFRT x:rel’ I'tae:m m=pm AbFm:@x
(var) (=p
I'btaz:T I'bae:m
Ie:.mmbae:m (_){;)I—Ael:ﬁ—)ﬁ FI—AeQ:ﬁ(_)E)
'ta(Az:me):m o m I'taei(ez) :m
I'Fapre:T V)" I'ktae:(Vt:km) AbF 1 k(VE)
I'ba(At:ke):(Vt:kT) I'Fae(m):[m/tln
Now we can define transforms || - || and | - | on constructors.
[|t]| =1 [| At k.|| = At k7|
I ()]l = [l [I([[72]]) IVt = k.rl| = Vi k. |7|
I = nll=nl=rl |rl=L1=

Notice that | - | is only defined on types.



Proposition14. We have the followings.

LAllr/tmall = [[l72ll/2lI7all-

2. ™ =p 1 implies ||11|| =g ||72||-

Proof. (1) follows from a structural induction on 71, and (2) follows from (1).

Now we define || - || and |- | on Aw-terms and type contexts.
[zl = (o) llex(e2)ll = lleal(le=])
(A2 re)ll = Az - 7] le[((z, &)7))  [[(AL 2 mee)l] = (A= w[le]])
lle(I = llell([I~1]) lef = (Ao : L[le]l)

|- |=():Vt:x.t > (L—1) |l 7| = ||,z |7| ||| =|],e: L
Note that (x, )|, stands for (,)(|7])(x)(e).
Lemma15. If I' F e : 7 is derivable, then both
I Qlell = Il and [T = [e] - |7]
are also derivable.
Proof. This follows from a structural induction on the derivation of I' e : 7.

Theorem 16. A = WAN 3 if and only if Aw = SN 5.

Proof. Following the proof of Lemma 6, we can establish u(e) < pu(|lel]) ac-
cordingly. It is easy to observe that SAz(r) for every constructor 7 since 7
corresponds to a A-term in some simply typed A-calculus with constants. Given
a Aw-term e and [le|| ~+% €x; it is easy to note that every f-redex r in e, is
either a fBr-redex or of form (At : k.eg)7. Hence, r can always be regarded as a
perpetual f-redex [3] since one can only substitute constructors for the variables
in 7. Therefore, WA 3(||e||) implies SN s(||e|]). The rest is straightforward.

Through A2 with Curry typing and Aw with Church typing we can see that
||| handles Curry typing and Church typing with virtually no difference. This is
quite desirable. We will return to this point when we mention another translation
[] in Section 5.

4.5 Types Depending on Terms and A-cube

There exists a serious problem in handling dependent types if we apply our
technique directly. Given two distinct A-terms a and b such that a =g b; let e
be a term of type P(a), then e is also of type P(b) since P(a) =g P(b); if we
assign type P(||a|]) to ||e||, then type P(]|b]|]) can also be assigned to [|e||; when
[la]| # ||b]|, this may not be possible since P(||a||) and P(]|b||) are two different
types; ||a|| #s ||b|| often holds when a # b(try a = (Az.z) and b = a(a)).



Fortunately, there exist some methods in [12] and [11] to remove type de-
pendencies on terms for certain typed A-calculi. A proof in [11] shows that
A | SN implies AC' |= SN g, where AC' stands for the construction of cal-
culus. Following this example, we can verify that AS = WANpg if and only if
AS | SN for every system AS in A-cube [2]. Again we point out that this is a
result which can be formulated in the first-order Peano arithmetic.

5 Related Work

The research on deriving strong normalisation (SN) from weak normalisation
(WN) has lasted for at least thirty years. Nederpelt[21], Klop[17], Karr[16], de
Groot[7], and Kfoury and Wells[20] have all invented techniques to infer SN
from WN. Their techniques all require introducing some notions of reduction
different from F-reduction, deriving strong f-normalisation from weak normali-
sation of these newly introduced notions of reduction. For example, Klop’s tech-
nique amounts to introducing a pairing constant [, ], a m-reduction ~+, and a
k-reduction ~, as follows [29].

[M1, M3]N ~, [M1N, M>)] (M1, M|~y My

These techniques are successful when applied to A-calculi AS for which there exist
syntactic proofs of AS |= WAN s. If one tries to prove A2 = SN, it is doubtful
that one can gain much (if there is any) by arguing that A2 with some newly
introduced reductions enjoys weak normalisation. In addition, these techniques
does not help much on establishing the equivalence between WA g and SN in
various typed A-calculi.

Gandy[9] interprets simply typed A-terms as strictly increasing functionals.
His method, now called functional interpretations, can yield an upper bound for
the lengths of B-reduction sequences from simply typed A-terms. In this direction
further work can be found in [23] and [24] and [15]. One can somewhat view our
technique as a syntactic realisation of Gandy’s idea.

Schwichtenberg[28] shows an upper bound for the lengths of SB-reduction
sequences from simply typed A-terms. In his proof, he uses a translation closely
related to translation -, which translates simply typed A-terms into simply typed
Al-terms. This translation can only work with A7 -terms. Translating A P-terms
into A7 -terms [12], Springintveld[30] then uses Schwichtenberg’s upper bound
to establish an upper bound for the lengths of 8-reduction sequences from AP-
terms.

Serensen and the author independently discovered the following translation
['], which translates a A-term M into a Al-term [M] such that WA g([M]) implies
SNg(M).

[z] = 2
[(Az.M)] = (Ak1.k1(Az. Ako ([M](k2), 2)))
[My(M2)] = (Aky.[Mo](Aka.ko([M]) (k1))



Note that (,) is a fresh variable and a term of form (M, N) stands for {, }(M)(N).
[] is a minor variant of Plotkin’s call-by-name continuation passing style trans-
lation. Sgrenson[29] then proved the equivalence between WAN 5 and SN in
various typed A-calculi including the simply typed A-calculus, the simply typed
A-calculus with positive recursive types, and Aw. The author[32] showed the
equivalence between WAN 3 and SN g in A7 and A2 with Church-typing, and
mentioned that [-] can also be applied to Aw.

[[] cannot be applied to terms in A2 with Curry typing since [M] may not be a
well-typed A2-term for some M € A2. Some explanation can be found in [13] and
[14]. Also [-] has trouble working with AN~ -terms. Reasoning with [] is usually
more difficult than with || - || since one has to deal with a lot of administrative
B-redexes introduced by CPS-transformation [22].

6 Conclusion and Future Work

We have demonstrated some applications of our technique. The reader is encour-
aged to verify that this technique also works on AN~ with Curry typing [19], AN~
with Church typing [20] and the A-calculi with positive recursive types [31]. On
the other hand, translation [-], which exploits continuations, has troubles han-
dling Curry typing [29], and is less robust than translation || - ||. Besides, || -|| —
in the author’s opinion — leads to much more straightforward reasoning than
[] does.

All the presented proofs of equivalence between WA g and SA s in various
typed A-calculi can be formulated in the first-order Peano arithmetic. Therefore,
the following conjecture seems to have some grounds.

Conjecture 17. For every pure type system AS, the equivalence between AS =
WN s and AS |E SN s can be established in the first-order Peano arithmetic.

Like [], || - || has a serious problem handling types depending on terms since
it does not preserve the (-equivalence between terms(it would be useless for
our purpose if it did). We are exploring the possibility to generalise || - || to

a family of translations, making the technique applicable to dependent types.
Another direction is to adapt the techinique into systems such as Godel’s T,
where constants and d-reduction rules are allowed.
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