CS 511, Fall 2018, Handout 16

Predicate Logic:
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proof rules for equality

» equality introduction

t=t
» equality elimination
n=t olti/x
=e
olt2/x]
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formal proof for “=” is symmetric

1 uliug
2 up = Uy
3 Uy = uy
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=el,2
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formal proof for “=” is symmetric

1 Uy = up premise
2 u = u =i
3 up = ui =e 1,2

Question: What above corresponds to the WFF ¢ in the rule =e?
Answer: “x = uy” corresponds to ¢ in the rule =e, so that

“u1 = uy” corresponds to ¢[uy /x] & “up = u;” corresponds to ¢|u, /x]
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formal proof for “=” is symmetric
1 Uy =up premise
2 IZ3] = U =i
3 Uy = u =e 1,2

Question: What above corresponds to the WFF ¢ in the rule =e?
Answer: “x = uy” corresponds to ¢ in the rule =e, so that

“u1 = uy” corresponds to ¢[uy /x] & “up = u;” corresponds to ¢|u, /x]

We have formally proved
ui = uy [ un = ui

and we can therefore use as a derived proof rule

H==un . ]
. = symmetric
h=1n
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formal proof for “=" is transitive

1 Uy = u3 premise
2 Uy = up premise
3 ui = usz =e 1, 2
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formal proof for “=" is transitive

1 Uy = u3 premise
2 Uy = up premise
3 ui = usz =e 1, 2

Question: What above corresponds to the WFF ¢ in the rule =e?
Answer: “u; = x” corresponds to ¢ in the rule =e, so that

“u; = uz” corresponds to ¢[uz /x| & “u; = u,” corresponds to @[us /x]
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formal proof for “=" is transitive
1 Uy = u3 premise
2 Uy =up premise
3 uj = usz =e 1, 2

Question: What above corresponds to the WFF ¢ in the rule =e?
Answer: “u; = x” corresponds to ¢ in the rule =e, so that

“u; = uz” corresponds to ¢[uz /x| & “u; = u,” corresponds to @[us /x]

We have formally proved
Ui iug, u2£u3 H Ui iug

and we can therefore use as a derived proof rule

h=th tHh=1t3
= transitive

t1£t3
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proof rules for universal quantification

» universal quantifier elimination
Vx
olt/x]

(usual assumption: ¢ is substitutable for x)

» universal quantifier introduction

X0 fresh

plxo/]

Vx i

Vx
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proof rules for existential quantification

> existential quantifier introduction

oli/x _
—x i
dx

> existential quantifier elimination

X0 fresh
plxo/x] assumption
dx ¢ X
dx e
X

(xo cannot occur outside its box, in particular, it cannot occur in )
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proof rules for existential quantification

> existential quantifier introduction

o[t/x] ,
—dxi

Ix

> existential quantifier elimination

X0 fresh
plxo/x] assumption
dx ¢ X
dx e
X

(xo cannot occur outside its box, in particular, it cannot occur in )

> Note carefully:

Rule (3x e) introduces both a fresh variable and an assumption.
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example: Vx Vy o(x,y) F Vy Vx p(x,y)

1 Vx Vy o(x,y) premise
Yo 2 fresh yq
X0 3 fresh xg
1 Yy o(xo,) Vx e, 1
5 ©(X0,¥0) Vx e 4
6 Vx p(x,y0) Vx i,5
7 VyVxo(x,y) vy i,6
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example: Vx (P(x) — Q(x)), Vx P(x) F Vx Q(x)

Vx (P(x) = Q(x)) premise
Vx P(x) premise
X0 fresh xo
P(x0) — Q(xo) Vx e, 1
P(xp) Vx e,2
0O(x0) —e, 4,5
Vx Q(x) Vx i,3-6
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example: 3x (¢(x) V¥ (x)) F Ix p(x) V dx(x)
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Ax (p(x) V (x)) premise

X0 fresh xq
p(x0) V 1 (x0) assumption
¢ (x0) ¥(xo) assumption
x p(x) Ix p(x) dx i,4
I p(x) Vax(x) |[|Fxpx) VIxyp(x) Vi,5
Ax p(x) V 3Ix P(x) Ve, 3,4-6
Ax p(x) V Ix (x) dx e, 1,2-7
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example: Ix p(x) V dx¢(x) F Ix (p(x) V (x))
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example: Ix p(x) V dx¢(x) F Ix (p(x) V (x))

> Yes, this is a derivable sequent — left to you.

» Hence, 3x p(x) vV Ix(x) 4+ Tx (px) V (x))

Assaf Kfoury, CS 511, Fall 2018, Handout 16 page 16 of 27



example: 3x (¢(x) A(x)) F Ixp(x) A Jx(x)

> Yes, this is a derivable sequent — similar to the formal proof of
Ax (p(x) Vo (x) F Ixelx) V Ixy(x)
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example: 3x (¢(x) A(x)) F Ixp(x) A Jx(x)

> Yes, this is a derivable sequent — similar to the formal proof of
Ax (p(x) Vo (x) F Ixelx) V Ixy(x)

» Question: Jx p(x) A Ix P (x) F Tx (p(x) AP (x)) ??
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example: 3x (¢(x) A(x)) F Ixp(x) A Jx(x)

> Yes, this is a derivable sequent — similar to the formal proof of
Ax (p(x) Vo (x) F Ixelx) V Ixy(x)

» Question: Ix p(x) A IxY(x) F Tx (px) A(x)) 22
Find an interpretation (a “model”) where
Ix p(x) A Ix(x) is true, but

Ix (e(x) A p(x)) is false

» Hence, 3x (p(x) A(x)) AF Txe(x) A Tx(x)
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example: 3x (¢(x) A(x)) F Ixp(x) A Jx(x)

> Yes, this is a derivable sequent — similar to the formal proof of
Ax (p(x) Vo (x) F Ixelx) V Ixy(x)

» Question: Ix p(x) A IxY(x) F Tx (px) A(x)) 22
Find an interpretation (a “model”) where
Ix p(x) A Ix(x) is true, but
x (p(x) Ap(x)) is false

» Hence, 3x (p(x) A(x)) AF Txe(x) A Tx(x)

REMEMBER! To show that a WFF is NOT derivable, it is generally easier
to find an interpretation where the WFF is not satisfiable.
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example: dx P(x),Vx Vy (P(x) — Q(y)) F Vy Q(y)

Assaf Kfoury, CS 511, Fall 2018, Handout 16 page 21 of 27



example: 3x P(x),Vx ¥y (P(x) — QO(y)) F ¥y Q(y)

1 dx P(x) premise
2 VxVy (P(x) = Q) premise
Yo o3 fresh yo
X0 4 fresh xq
5 P(xo) assumption
6 Vy (P(x0) = Q(y)) Vx e,2
7 P(xo) = O(yo) Vy e, 6
8 0O(yo) —e,5,7
9 O() dx e, 1,4-8
w0 Yy O(y) Yy i,3-9
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quantifier equivalences

Theorem

> “Vxp - dx-p

-Ixe HA- Vx-p
» Assume x is not free in 1):

Vx o A
Vx oV
Ix p AW
IxpVy

> Vx o AVx o
Ix oV Ixy

+
+
+
-

-
~+
+
~+

-
+
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proof of only one quantifier equivalence, others in the book

> —Vxp F dx -
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proof of only one quantifier equivalence, others in the book

> Vx o F dx—p

1 VX @ premise
2 —dx g assumption
X0 3 fresh xg

4 —p[xp/x] assumption
5 dx Ix i, 4

6 L -e,5,2

7 plxo/x] PBC, 4-6

8 Vx o Vx i,3-7

9 L -e, 8,1
10 dx g PBC, 2-9
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three fundamental questions

> Question

Given a WFF ¢, can we automate the answer to the query “+ ¢ ??”
» Question

Given a WFF ¢, can we automate the answer to the query “t/ ¢ ??”

> Question
Given a formal proof

¥1
2.
3.
n. e,

can we automate the verification of the proof?
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