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1.1 Topi
s 
overed in 
ourse1. Information Infrastru
ture/ Internet queries are more 
omplex than stru
tured queriesof relational databases.

Internet
query

Servers (not regulated)

Considering the Internet from a database perspe
tive it is not just a database, but adistributed database. Given this perspe
tive we 
an address many algorithmi
 ques-tions� Where is the 
ontent? (distributed DB)� How to answer a query (sear
h engine)� Information gathering (distributed and parallel 
rawler)� Information organization (data mining, 
lustering, information hierar
hy and tax-onomy)� Stru
ture of Web2. Networking� EÆ
ient Communi
ation� Network Infrastru
tures(a) TraÆ
 Control(b) Load Balan
e(
) Networking Addressing(d) Data Compression - need to �nd eÆ
ient ways to 
ompress(e) Error 
orre
ting 
odes - fault toleran
e3. Parallel Pro
essing� Complex Design� Task Partitioning
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� Load Balan
ing4. Modern Algroithm Analysis� Heuristi
s - Algorithms used by web, 
ir
uit design, et
. (many times algorithmsused today do not "look good" for traditional algorithmi
 analysis) Today 
arefultesting needed for 
ost trade o�s, in this 
ourse will look to smooth analysis. Ideais to try to analyze the heuristi
s that are working in pra
ti
e. It is a "physi
stype" approa
h, observe it then �nd a mathemati
al model.� Study behavior of spe
ial 
lass of inputs (some inputs have a great deal of paral-lelism)Problem is where to begin, �rst study 
on
rete to try understand web design, and loadbalan
ing issues.

1.2 Spe
tral Te
hniques for OptimizationSpe
tral generally refers to eigenvalues and eigenve
tors. An example is how does Googlerate the relevan
e of parti
ular sear
h results. To �nd out �rst de�ne a graph.De�nition 1.1 (Graph). A graph, G, is a set (V, E) 
onsisting of a set of nodes or verti
esV, and set edges, E. Note: E � V � V

May be directed or undirected

Example: Refren
es in Do
uments - Let ea
h paper be a node and ea
h 
itation an edgeto another paper(node). Edges 
an be dire
ted, paper A 
ites paper B. Some more examplesare friends, web-graph (similar to refren
e do
uments), maps, 
ir
uits, nearest neighbor ingeometry.Graph Partition Problem: Consider as input an unweighted, undire
ted graph G(V,E)and an integer k > 1. Want to partion into k pie
es. V = V1[V2[V3[� � �[Vk Normally wantto minimize or maximize a partition. The 
ost of partition is de�ned as (V1; V2; V3; : : : ; Vk) =℄edges whose endpoints are in di�erent set.

Cost of partition is 2
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Idea is want to minimize 
ost, note that this is trivial if you put everything in one set,no partitions, no 
ost. You generally want to partiton subje
t to other 
onditions. Thebalan
ed 
ondition is subje
t to exa
t k-way partition jvij � dnk e, i.e. we want balan
edpartition into k pie
es. So given a 5 node graph and want to partition into 2 pie
es, want 2and 3, not 1 and 4 element subsets. Note when k=2 this is bise
tion problem, this problemis believed to be NP-hard.De�nition 1.2 (NP-Hard). A problem A is said to be NP-Hard if 8B 2 NP;B �T ASpe
i�
ally every problem in NP 
an be solved using an ora
le to A. Note that it is notne
essarily true that A be in NP.Given that, this is an optimization problem we 
an deal with it one of two ways, approxi-mation, or heuristi
s. An algorithm is an ��approximation(� � 1) for exa
t k-way partition,
ost(A) � �� 
ost� optimal(�) Bise
tion problem does not have a know 
onstant approxi-mation. Today we will 
onsider heuristi
 appro
ahes, the te
hnique use by Google.Mathemati
al programming V = (1; 2; : : : ; n) (x1; x2; x3; : : : ; xn) 2 f�1g where -1 de-notes left side, +1 denotes right side. We will 
onquer the problem without eigenvalues, butrather with graph theory. Consider n even and see how fasr we 
an go.We know 1:Xxi = 02:Xx2i = nNow 
ost is E(i; j) 2 E(xi � xj)2 = � 14And the 
ost of partition 4� Cost =P(i;j)2E (xi � xj)2So we want to minimize this 
ost subje
t toXxi = 0Xx2i = nBut the problem we have is that ea
h xi 2 Z Now 
onsider matrix representation ofgraphs, idea is need to be able to des
ribe eigenvalue/eigenve
tors in graph.De�nition 1.3 (In
iden
e Matrix). The in
iden
e matrix is the N by E matrix repre-senting graph G, where N is the number of nodes and E is the number of edges in G, whoseentries x(i;j) = 1 if ni is the positive end of edge ei;j;�1 if it is the negative edge, 0 otherwise.So given graph G as follows
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We get the following matrix:
E1 2 3 4 5 6

N 12345
266664
�1 0 1 0 0 00 �1 0 �1 1 01 1 0 0 0 10 0 �1 1 0 �10 0 0 0 �1 0

377775
De�nition 1.4 (Adja
en
y Matrix). The adja
en
y matrix denoted A[n�n℄ where n isthe number of nodes in G is de�ned asAij = � 0 if (i; j) 2 E1 if (i; j) 2 ENote we assume no self 
one
tions so Aii = 0.So for our above graph the adja
ent matrix is:266664

0 0 1 1 00 0 1 1 11 1 0 1 01 1 1 0 00 1 0 0 0
377775

De�nition 1.5 (Diagonal Matrix). The matrix D is the diagonal matrix of graph G de-�ned as Dij = � di if i = j; where di is the degree of node i0 otherwiseContinuing with our graph G, the diagonal matrix D is266664
2 0 0 0 00 3 0 0 00 0 3 0 00 0 0 3 00 0 0 0 1

377775
De�nition 1.6 (Lapla
ian). The Lapla
ian of graph G is L, where L = D�A. Here D isthe diagonal matrix of G and A is the adja
en
y of A.Using the graph again L = D � A is266664

2 0 �1 �1 00 3 �1 �1 �1�1 �1 3 �1 0�1 �1 �1 3 00 �1 0 0 1
377775

Properties of the Lapla
ian 1-4
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1. L is symmetri
 LT = L2. Sum of any row is zero.3. L =M �MT

De�nition 1.7 (Eigenve
tor). A ve
tor ~x is 
alled the eigenve
tor of L if 9 a s
alar 
 s.t.L � ~x = 
 � ~x Furthermore 
 is 
alled the eigenvalue.
So for the Lapla
ian we have an eigenve
tor of

0BBB�
11...1
1CCCA and an eigenvalue of 0. Note that

this 
omes easily as we have a row sum of zero for the Lapla
ian. The eigenve
tor with its
orresponding eigenvalue is 
alled the spe
tral of the matrix.Now a heuristi
 argument for property 3, L =M �MT . First 
onsider
~xT � L � ~x = � x1 � � � xn � � L �0B� x1...xn

1CA = X(i;j)2E(xi � xj)2
Now look at property 3~xTL~x = ~xTMMT~x =< MT~x;MT~x >Whi
h is the dot produ
t, noti
e the degree ofMT �~x is jEjj~xj Also noti
e that ea
h entryof MT~x is (xi � xj)(i;j)2E so < MT~x;MT~x >= X(i;j)2E(xi � xj)2
So the problem of minimize 
ost of a partition redu
es to minimizing ~xT � L � ~x subje
ttoP xi = 0 and P x2i = 1 Now 
onsider translation (normalization) that is yi = xipnP yi =0 and P y2i =P xipn = 1 So we want to minimize ~yT � ~y subje
t to P yi = 0 and P y2i = 1Consider L, it has n eigenvalues, say 
1; 
2; : : : ; 
n Sin
e L is symmetri
 then 
's are RSo we 
an order them say 
1 � 
2 � 
3 � � � � � 
n Re
all that sin
e L = M �MT that L ispositive de�nite, and then 8~x; ~xT � L � ~x � 0
Noti
e here that 
1 = 0; so u1 =

0BBBBB�
111...1
1CCCCCA Also re
all that for a symmetri
 matrix all

eigenve
tors are orthogonal, ie u1 ? u2 ,< u1; u2 >= 0Claim se
ond eigenve
tor is solution to minimizing ~yTL~y with P yi = 0 and P y2i = 1
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Consider the power up matrix of L.Lx;L2x; L3x; : : :x =X�iuiLkx =X�i
ki uiNow 
onsider the Rayleigh Quotient 
~x(L) = ~xTL~x~xT ~xSmallest eigenvalue of L = 
1 = minx
x(L) So 
2 = minx?0BBBB� 1...1

1CCCCA
~xTL~x~xT ~x

Also note that we 
an ignore xTx if ve
tors are normalized.So it is eÆe
ient to �nd eigenve
tor - why is this not a solution? When u2 
omes ba
k itis possible it is not equal to �1, it may not even be an integer. You �nd a solution that isguaranteed � optimal, but when you use it you may do it wrong.
1.3 Spe
tral Bise
tion Algorithm1. Form L from D � A2. Compute u2, se
ond eigenve
tor of L3. u = u2, 
alled the Fiedler ve
tor u = (w1; w2; : : : ; wn)4. L = fi; wi � mediang, R = fi; wi � mediangSpe
tral Embedding of Graph Question:Why just on eigenve
tor?Consider 2 eigenve
tors u2; u3 with u2 = (w1; w2; : : : ; wn) and u3 = (z1; z2; : : : ; zn) Wehave embedding of graph, but we have more freedom in �ndong median, division need notbe perpendi
ular to u2; u3. It is unknow how to in
rease these eigenve
tor and use them inalgorithm.
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