
CS : ALGORITHMS FOR THE NEW AGE Fall 2002Le
ture 10 | November 18, 2002Le
turer: Shang-Hua Teng S
ribe: Marwan Fayed
10.1 Expander Graphs: Some Properties and Appli
a-tionsExpander graphs are important not only from a theoreti
al standpoint, but also in appli
a-tions and engineering. Con
eivably, an expander graph allows us to build 
ommuni
ationnetworks with desirable properties. Su
h properties in
lude (but are not limited to) guaran-tees with respe
t to making 
onne
tions between two nodes, or routing messages. Moreover,the removal of an edge in an expander graph 
hanges its properties only minimally. Hen
e, itis useful for 
onstru
ting networks that are fault-tolerant. Expanders also have appli
ationsin other settings, in
luding random sampling, 
ryptography, and 
oding theory.But what is an expander graph? For now, we will say that intuitively, an expander graphis a graph for whi
h any \small" subset of verti
es has a relatively \large" neighbourhood.All dis
ussions rely on undire
ted graphs G = (v; E), where V is the set of verti
es ornodes, and E is the set of edges.
10.1.1 Vo
abularyBefore we 
ontinue, we need to learn some new vo
abulary.� The neighbourhood of a vertex v is the set of all verti
es adja
ent to v, and isdenoted by �(v) = fu 2 V : (v; u) 2 Eg.� This 
an be extended to determine the neighbourhood of a set of verti
es U � Vby �(U) = [u2U�(u).� The vertex set boundary of a subset of verti
es U � V is denoted by �U = �(U)nU .Think of the boundary as lying between those verti
es in U , and those not in U . Thenthe boundary 
an be de�ned by the set of edges that 
ross it. We 
an then say�U = �(V n U).� Lastly, a d-regular graph is most simply des
ribed as a graph where ea
h vertex hasdegree d.
10.1.2 Combinatori
s of ExpandersWe �rst look at some of the properties of expanders that 
an be learned by 
ounting methods.
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De�nition 10.1. A d-regular graph is a (d; 
)-expander graph (or has a 
-expansion) forsome 
 > 0, if and only if for every subset U � V of size at most jV j=2, it is true thatj�U j � 
jU j.This de�nition says that the number of edges to grow linearly with the number of verti
es.While it may not be an optimal 
onstru
tion in 
ommuni
ation networks, it does guaranteegood 
onne
tivity from a minimal number of edges.There are a number of interesting (and desirable) properties with respe
t to 
onne
tivityin expanders that follow De�nition 10.1. Suppose a node A wishes to send a message tonode B. We 
an make the following set of remarks.� There are at least (1 + d)(1 + 
) nodes sitting at distan
e � 2 from A.� Generally speaking, (1 + d)(1 + 
)k nodes sit at distan
e � k from B.� If we 
ontinue to expand the rea
hable set of nodes, VA, then eventually the number ofrea
hable nodes will be � jV j=2. The node B may not be in VA, but if we start fromB then VB will eventually grow to be � jV j=2.� Sin
e ea
h set as at least jV j=2 nodes, the sets must overlap.� Then we 
an say the overlap 
ontains verti
es from both sets, and that there exists apath from A to B of length at most 2(k + 1), where k = log
+1(jV j=2).A natural 
onsequen
e of this set of remarks is that as 
 grows, the expe
ted path lengthbetween a pair of verti
es shrinks. This also leads to the following proposition.Proposition 10.2. For all 
 > and for all suÆ
iently large n, there exists no (2; 
)-expandergraph with n verti
es.Proof: For some arbitrary 
 > 0, 
onsider an n-vertex graph whi
h is 2-regular. Assumethis graph is 
onne
ted. Su
h a graph must be a 
losed 
y
le. Pi
k any subset of n=2 verti
es.The size of the boundary of any su
h subset is 2. Now 
hoose the number of verti
es in thegraph su
h that 
 � n=2 > 2. �However, we have yet to really de�ne any \expanding" property of a graph. To dothis, one must 
onsider the isoperimetri
 
onstant, whi
h is sometimes 
alled the expanding
onstant of G.De�nition 10.3. The isoperimetri
 
onstant or the expanding 
onstant of a graph G =(V;E) is

h(G) = inf � j�U jminfjU j; jV n U jg : U � V; 0 < jU j < +1�
whi
h 
an be rephrased as,

h(G) = min� j�U jjU j : U � V; 0 < jU j < n=2�
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To better understand the impa
t of h(G), an analogy is given. If G is a network transmit-ting information, then h(G) is a measure of the quality of the network (ie. if h(G) is large,information travels eÆ
iently through G). The extreme 
ases are des
ribed two examples.Complete graph Kn of n verti
es: if jU j = l, then the boundary of U has l(n�1) edges,and h(Kn) = n� (n=2) � n=2.Cy
le Cn of n verti
es: if jU j = n=2 then the boundary of jU j has 2 edges, and h(Cn) �4=n.This tells us that as these two graphs grow, the 
omplete graph keeps a large expansion
onstant, while the expansion 
onstant in the 
y
le goes to 0.

10.1.3 Spe
tral Properties of ExpandersAny graph 
an be represented by an adja
en
y matrix, A. It is an nxn symmetri
 matrix(re
all that edges are not dire
ted) with real eigenvalues 
ounting multipli
ities, �0 � �1 �::: � �n�1. Assuming G is a k-regular graph of n verti
es, the following statements are true:i. the largest eigenvalue �) = k,ii. every eigenvalue �i, for 1 � i � n� 1 satis�es j�ij � k, andiii. �0 has multipli
ity 1 if and only if G is 
onne
ted.Re
all in a bipartite graph, ea
h node 
an be 
oloured so that no two adja
ent nodeshave the same 
olour. If G is a 
onne
ted, k-regular graph of n verti
es, then the followingstatements are equivalent.i. G is bipartite.ii. The spe
trum of G is symmetri
 about 0.iii. The smallest eigenvalue is �n�1 = �k.The spe
tral gap of any �nite, 
onne
ted graph G is de�ned as 4(G) = �0 � �1k � �1. Thespe
tral gap is a measure of the quality of the expander. The larger the spe
tral gap, thebetter the quality of the expander. This, however, is only true up to some bound. This is aresult of the Theorem 10.4:Theorem 10.4. Let (Gn) be a family of �nite 
onne
ted k-regular graphs with jVnj ! 1when n!1. Then, lim infN!+1 �1(GN) � 2pk � 1.

10-3



CS Le
ture 10 | November 18, 2002 Fall 2002
10.1.4 Constru
tibilityAll of these de�nitions and properties are ni
e, but how mu
h time does it take to 
onstru
tgraphs with su
h elegant properties?Consider a family of expander graphs GN and assume that N = 2n, for some n. Thenthe verti
es of GN are the 2n strings of length n.De�nition 10.5. GN is weakly 
onstru
tible if an expli
it representation 
an be pro-vided in polytime(N).De�nition 10.6. GN is strongly 
onstru
tible if, when given an n-bit long vertex ofGN , we 
an 
onstru
t a list of its neighbours in polytime(N).An expli
it representation is simply an adja
en
y matrix (or some other equivalent repre-sentation).Two methods1 mentioned to 
onstru
t expander graphs are given by Gabber and Galil,and Reihgold, Vadham, andWigderson, who use bipartite graphs and zig-zag graph produ
ts,respe
tively.

Spe
ial thanks are due to Mohamed Alimi,who was gra
ious enough to review presentedmaterial, and 
larify where ne
essary.
1For expli
it 
onstru
tion, see referen
es given in survey report.10-4


