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Existing type systems for object calculi [1] are based on invariant subtyping. Subtyping invariance is
required for soundness of static typing in the presence of method overrides, but it is often in the way of
the expressive power of the type system. Flexibility of static typing can be recovered in different ways:
in first-order systems, by the adoption of object types witiance annotations, in second-order systems
by resorting toSelf types. Type inference is known to becomplete for first-order systems of finite and
recursive object types, andr-complete for a restricted version of Self types. The complexity of type
inference for systems with variance annotations is yet unknown.

This paper presents a new object type system based on the notBptitdi/pes, a form of object types
where every method is assigned two types, namely, an update type and a select type. The subtyping relation
that arises for Split types i@riant and, as a result, subtyping can be performed bothkidith and indepth.

The new type system generalizes all the existing first-order type systems for objects, including systems
based on variance annotations. Interestingly, the additional expressive power does not affect the complexity
of the type inference problem, as we show by presentin@(an) inference algorithm.

1 Introduction

Type inference, the process of automatically inferring type information from untyped or partially typed
programs, plays an important role in the static analysis of computer programs. Originally devised by Hind-
ley [10] and independently by Milner [12], it has found its way into the design of several recent programming
languages. Type inference may or may not be possible, depending on the language and the typing rules. If
it can be carried out, type inference turns untyped programs into strongly typed ones. Modern languages
such as Haskell [16], Java [8], and ML [13] were all designed with strong typing in mind. While functional
languages such as ML and Haskell have successfully incorporated type inference in their design, type infer-
ence for object-oriented languages is considerably less developed and has yet to achieve the same degree of
practical importance.

In this paper, we consider amtyped object-calculus based on the formulation presented by Abadi and
Cardelli, also known as the-calculus [1]. For this calculus, Abadi and Cardelli provide a suite of type
systems addressing many of the typing problems encountered in the practice of OO programming. For
some of these type systems, efficient (i.e. polynomial) inference algorithms have been studied in the recent
literature. In [14], Palsberg presents a method for inferring recursive object types based on a reduction to the
problem of solving recursive constraints. A&Kr?) algorithm is presented and a proof that the underlying



problem isPTIME-complete outlined. In [15], Palsberg and Jim extend the type system proposed in [14]
with the inclusion of asimple form of Self types [1]. The new system is more powerful than the system of
recursive types because it relies on a more flexible subtyping relation on object types, but at the same time
imposes severe restrictions on the way methods can be updated: specifically, methods resifircémgot
be updated. In spite of these restrictions, type inference in the new system is showsrPtodraplete.

Subtyping is a key feature in any type system for object calculi, but it does not coexist naturally with
recursive types in the presence of method (and field) updates. Simple and perfectly sound examples fail to
type check as a result of a poor interaction between the subtyping rules for recursive types and object types.
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The problem arises from thievariant restriction on the component types imposed by (Sub Object). As a
consequence, although it is clear that a 2D point can “subsume” a 1D point in a context where the latter
is expected, the two rules above prevent the expected relationship among those types. THatss, if
w(X)[z : int,move : X] is the type of a 1D point ané = u(X)[x : int,y : int, move : X]| is the type of

a 2D point, using (Sulx) and (Sub Object) it is not derivable thBt < P;. Unfortunately, the invariance
requirement imposed by (Sub Object)ncessary for soundness: lifting that restriction turns the system
unsound, i.e. a reduction of a typable term may generate a run-time type error.

ExampPLE 1.1. GivenP; and P, as defined above, suppose we change the typing rules s@thatP;.
Letpy = [z = ¢(s)s.move.y,y = 0,move = ¢(s)s.y := s.y + 1]. This object has one integer field with
value0, and two methods. The methasbve returns a new object where the figlds incremented by, and
the methodr returns the value of the field as modified bymove. It is easy to see that can be assigned
the typePs. Thus, ifp; is an arbitrary term of proper typg (i.e. with no fieldy) then the following term,

(p2.move := py).z (oops 1)

is typable and generates a run-time error since the geran be assigned the typgg by subsumption. The
rest follows directly from the definition af}, and the rule for typing updates. A run-time error is produced
as a result of attempting to selecfrom p;, which by assumption is a proper term of tyge O

Despite their more restricted subtyping rule, recursive object types still allow useful types to be derived
for terms that seem to require variant subtyping.
EXAMPLE 1.2. Letp; = [z = 0,move = ¢(s)s.z := s.x + 1] andp,, = [z = 0,y = 0, move = ¢(s)s.y :=
sy+ 1. If P = p(X)[z :int;move: X| andP, = p(X)[z :int,y : int,move : X| thenp; can be assigned
the typeP, andyp), can be assigned the typ&. Now, consider the term,.move := p;. This term is typable
with recursive types, gs, can be assigned the type,

P = [z :int,y : int, move: P].
This follows from the fact thaP < [« : int, move : P] = Py, where the last equality holds by unfoldit.

Consequently, the terpd,.move := p; is typable in this system even though we cannot plBve P;. O

How large is the set of terms for which “useful” recursive types can be inferred ? In some cases, it is
possible to find a type like that for Example 1.2. In other cases, however, a more powerful system is needed.

EXAMPLE 1.3. Letpy = [move = ¢(s)s] andps = [z = ¢(s)s.move.y,y = 0, move = ¢(s)s.y := s.y + 1]
and letp be the tern{¢ = ps].¢ := py. Notice that inpy, methodz refers (indirectly) to methog via move.
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Using recursive types, the only common type that can be assigng@ual p, for the update to type check
is [] (the empty object type). Contrary to Example 1.2, the dependency bemaaey throughmove, does
not allow us to assign the type:

[z :int,y : int, move : u(X)[move : X]]

to po so that it can be subsumed t@.X )[move : X|. As a result, the most informative type fpithat can
be inferred using recursive types[és: []]. An immediate consequence of this observation is that the term
p.£.move is not typable with recursive types. O

To overcome these difficulties, Abadi and Cardelli propose several solutions. Among them, two solutions
based on static typing have emerged as most interesting. The first is the veeanote annotations to
surmount the restrictions imposed by invariant subtyping. Using variance annotations, the type of 2D points
can be written a$%” = u(X)[z : int,y : int, move™ : X| where the superscrigt on move signals that this
method is read-only. With this restriction, 2D points can subsume 1D point8; as P;" = u(X)[y :
int, move™ : X] is validated by the subtyping rule. The price to pay, of course, is thamtdve method
cannot be updated. The second and more refined solution is the system of Self types, which is based on
a combination of recursive and bounded existential types. In this system, it is possible to prove subtyping
relations likeP, < P; as a result of the inclusion of a clever (and sound) update rule. This solution also has
a price: the type inference problem for this system appears to be at least as complex as in the system of [15].

The system of Split types presented in this paper offers an alternative solution for combining subtyping,
recursive types and method updates in a sound and flexible way. Split types are first-order types of the
form [¢; : (B}, Bf)ig |. These types are a variation of the recursive object types presented in [1], obtained
by splitting the type of each methaflinto two components. Intuitively, the componelit — or update
component — is used to type an updateffpwhereas the componeB} — or select component —is used to
type a selection fof;. The operational behavior of the underlying calculus is not affected by this presentation
of object types. That is, objects are still formed as a collection of methods of the[form(s) b;'<’].

Instead, the presence of two component types for each label allows subtyping over Split types to be defined
variantly: more precisely, contravariantly in the update component and covariantly in the select component
of each method type.

The idea of “splitting” types of updatable values has already been studied in existing type systems. It
has first been applied to reference types in the design of the language Forsythe [19], and subsequently been
adopted by other authors [7, 17, 20] for similar purposes. However, in the context of object calculi, Split
types represent a technical novelty and their use has interesting consequences in terms of both typing power
and practical significance.

e Variant subtyping interacts well with the subtyping rule for recursive types. The following rule, which
is sound for Split types, allows subtyping to be performed botkidth (as for the object types in [1])
and indepth.

EFCy<B! EFB;<C: (JCI)
Er (6 (BY B < [t : (C, C3)™)

e Depth subtyping, in turn, induces a rich subtype hierarchy where (more informative) least upper
bounds and greatest lower bounds exist for every pair of typ@s a consequence of the addi-
tional subtyping power, the type system based on Split types generalizes all existing first-order type

1In fact, when extended with top and bottom elements, the universe of Split types ordered by the subtype relation forms a lattice.
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systems for objects, including those based on variance annotations. We demonstrate this by present-
ing (sub)type preserving encodings of all these systems into the system of Split types, and providing
examples showing that inclusion is strict (see Example 2.14, and Example 4.5). We also show that the
system of simple Self types presented in [15] can be encoded using Split types.

e The additional expressive power of Split types does not affect the time complexity of the type infer-
ence problem, as we show by presenting a sound and congp{ete inference algorithm.

In the next section we introduce the system of Split tyﬁshy, prove type soundness and discuss other
useful properties. In section 3, we present the inference algorithmlﬁloTrand prove it sound and complete.
In section 4, we analyze the relationships between our system and three other existing systems: recursive
types with variance annotations and Self types from [1], and simple Self types from [15]. Section 5 finalizes
our presentation by listing the conclusions.

2 The Split Types System Ob''

Lets, s’, z,2’... range over a countably infinite sedr of term variables and, ¢, ... over a finite set of term
constants. The set of terms is defined by the following productions:

a,b,e,d == qls| [l = <(s)bi" ]| al | al < ¢(s)b

Terms of the forn¢; = <(s) b;*’] denote objects;.¢ selects the label from a, anda.¢ < ¢(s)b modifies
the current body of in a replacing it withc(s)b2 As in [1], we write [--- ,¢/ = b,---] to stand for
[--,0 = ¢(s)b,---] anda.l := b to stand fora.l < ¢(s)b whenevers ¢ Fv(b). We write b{s} to
emphasize that the variablemay occur free irb andb{{c}} for the term that results from substitutirdgor
every free occurrence afin b. The set of free variables of a temris denoted byv(a).

2.1 Typesand Subtypes

Let X be a signature that includes the type constructars, [] and@, where@ denotes primitive types
such asnt, bool, etc. LetL be a (possibly infinite) set of labels or method names. A patha finite string
drawn from the se{/*, ¢*}* for ¢ € L£. The parity of a pathr, symbolically parity(), is the number of
labels superscripted by it contains modulo 2. A typed is a partial function from paths int® whose
domain is non-empty, prefix-closed, and with the property that®*) and A(w¢*) are defined if and only
if A(m) =[]. The domain of a typel, denoted bypom(A), is the set of paths on which the type is defined.
Given a typeA and a pathr in Dom(A), we defineA | = to be the subtree of rooted atA(r).

A type isregular if and only if it contains finitely many different subtrees. A Split type is a regular type
over Y. We denote withT the type{e — T} and_L the type{e — L}. A Split type A can be written in
“displayed” form[¢; : (B, Bf)'“'] wheneverA(e) = [] and A(¢“n) = B¥(r) and A(£s7) = B () for
every pathr and everyi € I. Two Split types are equal if they are equal as regular trees. The |etidss
andC range over the set of Split types.

2Since the calculus we work with is functional, method replacement takes place on a copy of the object that is updated instead
of on the object itself.



Definition 2.1 (Subtyping). Let <y, be a partial order defined o such thatl. <y, [| <y T and L <y,
Q <x. T for every constant typ€. The subtype relation over Split types is denoteddhyand its symmetric
relation by>. In addition, we definec® to be< and<"to be>. If A andB are Split types and € {s, u}
then we writeA < B iff

1. A(e) <y B(e) and,
2. if A(e) = B(e) =[] thenV " € Dom(B) = (¢ € Dom(A) N A7 <" B|(").

Clearly, < is a partial order. In particular, two Split typelsand B are equal (as regular trees), if and only if
A< BandB < A. O

The following lemmas follow directly from the definition of the subtyping relation over Split types shown
above.

Lemma2.2. Assume A < B. Then, for every path m € Dom(A) N Dom(B) we have: (i) if parity(7) = 0
then A(m) <y, B(m), (ii) if parity(7) = 1 then B(w) <y, A(n). O

Lemma2.3. Assume A < B. Then, for every path = € bom(A) N Dom(B) for which A(7) = B(w) =[]
andevery ¢ € £ wehave: (i) if parity(w) = 0and ¢7 € bom(B | ) then ¢ € Dom(A | «), (ii) if parity(7) = 1
and ¢ € bom(A | ) then ¢" € Dom(B | 7). O

In defining the typing rules, we will find it convenient to introduce a different, albeit equivalent, formula-
tion of subtyping in terms of inference rules: this will ease the comparisons between the systems of Split
Types and related type system for thealculus (see Section 4). We first define the structure of typing and
subtyping judgements.

2.2 Environmentsand Judgements

A type environment is a finite mapping from the set of term variables to the set of Split types. We
let E, E', ... range over the set of type environments, and defioe(E) = {s|3JA.(s : A) € E} and
Ran(E) = {A|3s.(s : A) € E}. A subtype environment, also ranged over by, F/, ..., is a set of
subtyping constraints of the forsd < A whereA and A’ are Split types.

A type judgement is a relation between type environments, terms and Split types, writtertas : A. A
subtype judgement is a relation between subtype environments and Split types, writter-ad < B. We let
3, &, ... range over typing and subtyping judgements and writeas a shorthand fap - . Additionally,
we write 3{s} to emphasize thatmay occur free in¥, and3{{c}} to denote the result of substituting every
free occurrence of in & for the terme. For conciseness, we often write - & whenever the judgement
is derivable andt F A] < Ay < A3 < ... < A,_1 < A, wheneverE + A; < A, is derivable for every
ie€l.n — 1.

2.3 Typing and Subtyping Rules

The system of Split types @b’ is presented in Figure 1. The rules (Sub Object) and (Sub Comps)
are part of the axiomatization of the subtyping relatiorfrom Definition 2.1. Specifically, if we have
A=[l;: (B* Bf)*'|andA’ = [¢; : (C*,C#)"®’] then by (Sub Object) and (Sub Comps) we can derive

EU{A<AYFC'<BY EU{A<A}FBS<Cs (YieJCI)
EFA<A
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which is the co-inductive version of the subtyping rule for recursive types we discussed in the introduction.
As anticipated, subtyping over Split types is contravariant in the update components and covariant in the
select components. The rule (Sub Hist) allows us to derive any subtyping judgement present in the environ-
ment: this is the standard way to allow co-inductive reasoning in derivations of subtyping judgements for
recursive types.

In what follows, we shall writed < B or+ A < B interchangeably. To justify that practice, we need to
show that the axiomatization given in Figure 1 is sound and complete with respect to Definition 2.1.

Proposition 24. A < Bifandonlyif FA < B. O

Proof. (Only if) For this part we prove a stronger statement. Namelf; # A < B and for everyC' <

D € Ewe haveC < D, thenA < B. The proof is by induction on derivations. The cases for (Sub Bot)
and (Sub Top) follow immediately from the definition gf (Sub Hist) follows from the hypothesis, and
(Sub Refl) from the fact that is a partial order, hence reflexive. Finally, (Sub Object) and (Sub Comps)
follow by the induction hypothesis. Specifically,éjfe Dom(B) then cIearIyﬁ}7 € bom(A) for j € J, since

by the rule (Sub Obiject) it must be C I. To show thatAM;? <" B M;? for j € J, it suffices to see that
All] = Bl andB | (] = C}, and then apply the induction hypothesis.

(If) We describe a procedure to construct a derivation-fdr < B using the rules in Figure 1, and then
show that the procedure succeedsliK B. We use inequalities of the for < B). wherer is a path.
Given A < B construct the paifH, J) where, initially, H = @ andJ = { (A < B). }. Then, apply one of
the following rules until (and if) a pair of the forit¥, @) is obtained. If([C <" D), € J then:

1. If C < D € H then apply the procedure to the pai{, J \ { (C < D), }) according to (Sub Hist).

2. IfC = LorD =T orC = D then apply the procedure to the pai, J \ { (C < D). }) according
to (Sub Bot), (Sub Top) or (Sub Refl), respectively.

3. Otherwise, if for every”” € bom(D) we have!” € Dom(C') then apply the procedure to the pair
(HU{C <D}, JU{(C|lF<D]l:)ys, (D] " <C|0*)pu }), according to (Sub Object) and
(Sub Comps).

If none of the rules can be applied add=# & then the procedure fails. Clearly, this procedure always
stops since it always checkid before applying the last rule, and Split types (as regular types) contain
finitely many different subtrees. In addition, it is easy to verify that the procedure constructs a derivation
according the rules in Figure 1: each péH,.J) can be interpreted as the set of subtyping judgements
{HFA<B|(A<B),eJ}

Thus, it suffices to show that it < B then the procedure always succeeds. First observe that, given
the initial pair(@, {(A < B).}), any pair(H, J) constructed by the procedure satisfies the condition that if
(C < D), € Jthent € bom(A) NDom(B). Now suppose thatt < B but the procedure gets stuck while
constructing a derivation. This happens if(@) < L), € JandC # Lor (i) (T < D), € JandD # T
or (i) (C < D), € J and there exists afil € Dom(D) such that?” ¢ Dom(C). If (i) or (ii) hold then
this contradicts Lemma 2.2, and if (iii) holds then this contradicts Lemma 2.3. Hence, fjive® we can
always construct a derivation ferA < B. O

3We could have defined subtyping over object types in terms of a derivable rule instead of the two rules of Figure 1: the choice
of two rules simplifies the comparison between ours and related object type systems in the literature (see Section 4).



Subtyping

(A = [ : (BY, B:)'S), A =[t;: (C*,C5)'€)
EU{A< A} (B B)) < (CF.Cp) (Vie JCT)

(Sub Object)

EFA<A
(Sub Comps) ElE_lc—"(Ll;i’) 5 '(_Cis, ;)CS (Sub Hist) %
(Sub Refl) EraA<A (Sub Top) EFA<T (Sub Bot) EFi<Aa
Typing
(Val Const) % (Val Var) %jj
(Val Select) Era:A FAs]: (L D)]

Etral;:D

Etra:A E,s:A-b:D FAL[;:(D,T)

Val Updat
(Val Update) Etralj<c(s)b: A

(A =[t; : (B, B$)"¥'), ¢, distinct)
E,s:AbF b, :B* FB*<B: (Viel)
EF [l =q(s)b'<]: A

(Val Object)

ErFra:A FA<A

(Val Subsume) T o A

Figure 1. Typing Rules for ob'"

The remaining rules in Figure 1 define the typing rules for terms. (Val Object) is the object type introduction
rule: each method in the objegts typed under the assumption that the self variatitas the same type as

a. In the typeA, each of theB}''s is the actual type of the method body associated with’thdabel, and

is also the update component. The corresponding select compdfiecan be any supertype of the actual
type of the method.

(Val Select) is the object type elimination rule.Afis an object type, the premises of the rule ensure that
the recipienta contains a method faf. Furthermore, the return type of the message is (any supertype of)
the type that is currently associated with the select componehtrothe typeA.

(Val Update) types method overrides. Afis an object type, the premises ensure th&ias a method



corresponding td; and that the new method body is then required to have (a subtype of) the type found in
the update component éfin the typeA.

An interesting aspect of (Val Select) and (Val Update) is that they do not impose any condition on the
format of A. In particular,A is not required to be an object type. The two rules would at first appear to be
structural (in the sense of [1]). However, this is not the case since our subtyping relation-ructural
due to the presence of (Sub Bot) and (Sub Top). As a consequence, in both rules thectypen fact, be
the typeL.

These observations raise the question of whether there really exist terms that can be assigned.the type
by the typing rules. Such terms do indeed exist: one example is the “undefinedterrit = ¢(s)s.¢].¢,
for which the typel can be derived as follows:

s:[0: (L, L)]Fst:L _
(Val Object)
Fll=c(s)s.l]:[0:(L,1)] Fle: (L, )] <[0:(L,1)]
F=q(s)s.].l: L

(Val Selecy

GivenQ2 : L, itis now possible to construct well-typed, and seemingly unsound terms stch aghere
¢’ is some label different from. At first, it may appear that evaluating this term will cause a run-time error
since the term eventually tries to select the lab&lom an object that does not have it. At a closer look,
however, we can see that the term is not unsound, as the dabi#ll never be selected frorf2. This is
becausd:) (2 itself never reduces to an object, afid) the operational semantics requires the receiver of a
selection to reduce to an object. We shall return to this point later, after proving a few properties of the type
system.

2.4 Soundness of the Type System

The first lemma proves some useful properties about the subtyping relation. Proposition 2.6 states that
any derivable typing judgement for (closed) objects satisfies an important invariant for the update and select
components of method types: specifically, it states that every method does not “advertise” (select compo-
nent) more structure than what it “may have” (update component). Lemmas 2.7 and 2.8 are standard, and
functional to the proof of subject reduction.

Lemma 2.5 (Subtyping).

1L If E+[6: (BY, B < A theneither A = Tor A = [f;: (C*,CF)€/] with J C I, and for
everyi € Jwehave E-C;' < Bi'and E - B} < C.

2. 1f EFA<[l;: (CF,C5) ) theneither A = Lor A = [¢; : (BY, Bf)'!] with J C I, and for
everyi € Jwehave F-C;' < Bi'and E - B} < C. O

Proof. Easy induction on derivations. O

Proposition 2.6 (Typings). Assume - [¢; = ¢(s) b;"*'] : A. Theneither A = T,or A = [¢; : (B, Bf)'€”]
vvitthI,andforalljeJwehaveFBjugBj. O

Proof. By induction on the derivation. An inspection of the typing rules shows that the judgement must be
derived by (Val Object) followed by a number of subsumption steps. Then the proof follows by Lemma 2.5
and the format of the (Val Object) rule. O



Lemma 2.7 (Substitution). If B,z : C, E' - S{z} and E + ¢ : C thenit followsthat £, E' - S{{c}}. O

Lemma 2.8 (Bound Weakening). If E,z:C, E' - ${z} and+ C’" < C then it follows that £, z:C', E' |
S{x}. O

The reduction relatior~ over closed terms is defined below by a straightforward extension of the corre-
sponding relation in [1], to deal with the case of constant termseséit (or value)v is defined to be either
a constant or an object.

Definition 2.9 (Reduction).
- ke~ cif e = [ = ¢(s) b "] or cis a constant.
CFady s vif Fa~ o =[G =o(s) b and b {{v'}} ~ v for j e I.
cady <= o(s)b~ [0 =c(s) b, b = s(s) b ST if Fa ~ [6; = ¢(s)b; *€T] andj € I. O

Theorem 2.10 (Subject Reduction). Let ¢ beaclosedtermand v aresult. Suppose e~ v. If g ¢: C
theno v :C. O

Proof. By induction on the derivatiot ¢ ~ v. The cases whemnis a constant or an object are immediate,
as in both cases= v. The remaining two cases are discussed below.

(Select) Suppose- a.f; ~ v. This must follow fromk-a ~ v/ = [£; = ¢(s) b;"*"], with j € I, and from
Fbj{{v'}} ~ v. Assume tha - a.¢; : C. This judgement must have been derived as follows:

(Val Select)
GFa:A FAL[: (L, D)
@t al;:D
(D<)
o F a..fj :C

Sincet-a ~» v and@ F a : A, by induction hypothesis we haw - « : A. Sincev’ is in object form,
this last judgement must have been derived as shown below for attypé/; : (BY, Bf)'<'].

(Val Object)
s: AFb{s}:B': +B{<B} (Viel)

gk A
(- A< A)
grv A

Sincej € I, we haves : A" - b;{s} : B}'. From this judgement, and from  «/ : A’, by Lemma 2.7
it follows thato + b;{{v'}} : B}'. By induction hypothesis, we now haget v : By. Sincel- B} < Bj,
FA" < Aand-A < [¢; : (L, D)], by Lemma 2.5 it follows that BY < Bi <D. Since-D < C, we have
@ F v : C by (Val Subsume).



(Update) Suppose- a.f; < c(s)b ~ [l; = s(s)b, £; = <(s)b; €=U}, This must be derived fror
a~ [l =c(s)b; "1 with j € I. Assume thal I a.l; < ¢(s)b : C. This judgement must have been
derived as follows:

(Val Update)
GkFa:A FALZ[;:(D,T) s:AFb:D

GFalj<=s(s)b: A
(FA<0)
GFal;<=s(s)b:C

By induction hypothesisg - [4; = <(s) b; “€!] : A. Then, for some Split typel’ = [¢; : (B¥, B$)"<'], we
must have:
(Val Object)
s:AFb:BY FBY<BS (Viel)
g+ [éz = §(8) b; ie[] A
(- A< A)
oF[li=g(s)b ] A
Becauses: A - b : D and- A’ < A, by Lemma 2.8 it follows that : A’ = b : D. Furthermore, since
FA <AL (D,T)], by Lemma 2.5 we have D < BY, and by (Val Subsumey: A" + b : By,
Hence, using (Val Object) we hawe F [(; = ¢(s) b, £; = ¢(s) b; “€/=17}] ;. A’, and the desired judgement
follows from (Val Subsume) and the fact thatd < A < C. O

A theorem showing the absence sfick states can easily be derived from subject reduction. We first
prove the following lemma.

Lemma 2.11 (Divergent Terms). Assumel a : L. Then there exist no value v such that - a ~ v. O

Proof. By contradiction. Assume « : 1L andF a ~» v for some valuev. By subject reduction, we have
F v : L. Given that no constant has type the valuev must be an object. Impossible, as this would
contradict Proposition 2.6. O

The reduction rules of Definition 2.9 can (almost) directly be used as the definition of an interpreter for the
calculus. Run-time errors for this interpreter correspond to pattern-matching failures (i.e., stuck states) when
using the rules to evaluate a closed expression. An inspection of the rules shows that there are two situations
which may cause an evaluation to get stuck: giweh(similarly, a.f < <(s) b) either (i) a evaluates to a
value that is not an object, ¢ii) a evaluates to an object that does not héave

The following theorem proves the absence of such errors in the evaluation of a well-typed closed expres-
sion: type soundness follows from this result.

Theorem 2.12 (Absence of Stuck States). Let a be a closed term for which we have @ + a : A for some
type A. Then:

1l ifa=dlandd ~ r,thenr =1[...,0 =¢(s)b,...] for sometermb,
2. ifa=dl<=g(s)bandd ~ r,ithenr=[..., £ =¢(s)b,...] for sometermb. O
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Proof. We provel, the proof of2 is essentially the same. Given the shape,ahe judgement - a : A

must have been derived by (a number of subsumption steps followed by) an instance of (Val Select) from
ghkad:A,with A" <[¢:(L,D)]. By Lemma 2.5A’ is either_L or an object type containing the label

¢. By Subject Reduction, we know that+ r : A'. Sincer is a result, (the contrapositive of) Lemma 2.11
implies thatA may not bel. Now, an inspection of the typing rules shows tlahust be an object of the
form[...,0 =¢(s)b,...] as desired. O

2.5 TheLatticeof Split Types

We have already noted that variant subtyping induces a rich subtype hierarchy for Split types. This
hierarchy, in fact, turns out to be a lattice withand T as bottom and top elements, and corresponding least
upper bound and greatest lower bound operators. These two operators can be defined as suggested in [17]
by representing Split types as term automata. Based on that representation we can prove the following
proposition.

Proposition 2.13 (Lubs and Glbs). There exist two operators LI and M such that:

1. For every type A:

- LlUA=ATUA=T,
- TNA=A1NA=1,

2. Forevery A=[(; : (BY', BY)'“'] and A’ = [t; : (C}', C7)']:

- AUA = [0, (BENCE, By U Cy)FEI"],
S ANA = [0 (BEUCE, By CyME",
U+ (BY, B3 0, (1, C3)" ). m

The presence of a lattice structure is a distinctive property of Split types, that does not have a counterpart in
the the first-order types systems of [1]. Specifically, greatest lower bounds do not exist for those systems.
For example, due to invariant subtyping, the two tyffes||] and[¢ : [¢ : []]] don’t have any common lower
bound.

Least upper bounds, instead, do exist for finite and recursive object types, but they are “less informative”
than least upper bounds of Split types. As a consequence, Split types provide typings for terms that fail to
type check with recursive object types.

EXAMPLE 2.14. Consider the terms from Example 1.3.

p2 = [z =c¢(s)s.movey,y =0,move = q¢(s)s.y = s.y+ 1]
po = [move=c(s)s]
p = [=po]l:=pg

Given these terms, we have shown thdtmove is not typable with recursive types, as the most informative
type that can be assignedzppis [/ : []]. With Split types, instead, we have:

]
P2 P where P, = [z : (int,int), y : (int,int), move = (Py, Py)]
po : Py where Py = [ITIOVG: (P(),P())]

p @ [(:(P,P)] whereP = [move: (P, Py, P)]

11



The typingsps : P>, andp, : P, are derived by a routine application of the typing rules. As for the fgrm
observe that in order for the update to type check, we need to find a common super-tiganidr,. The
typingp : [¢ : (P, P)] arises as a consequence of this constrain® as i U P». Fromp : [¢ : (P, P)], one
derivesp.( : [move : (P, 1 Py, P)], and therp.£.move : P. O

3 Typelnference

In this section, we present an algorithm that infers type information for untﬂﬁaterms. Following a
common practice, the algorithm works by reducing the problem of finding a type derivation for a term to
the problem of solving a set of subtyping constraints. The types involved in the reduction anfetérece

types defined by the following productions:

oTeELl=alQ|[l: (a,5) ie[]

We use Greek letters towards the beginning of the alphabet suah/®&s.. to range over a set of type
variablesTvar, and Greek letters towards the end of the alphabet sueh@as.. to range over the set of
inference typeq. For every inference type we definerv(r) as the set of type variables occurringrin

A subsgtitution p is a mapping from the set of type variabtegr to the set of type§. We only need
to consider substitutions with finite domains. The domain of a substitytisndenoted bybom(p). Any
substitutionp can be lifted to a mapping frofito 7 in the standard way: to simplify the notation, we refer
to both a substitution and its lifting by the same letter, typically

A constraint is a pair of inference types andr written asoc < 7. We use the same symbsglto denote
both a constraint and the subtyping relation defined in Figure 1. The symim#d as a prefix distinguishes
a provable judgement from a constraint. For every constraiitT definerv(c < 7) = FV(o) UFV(7). If
C is a constraint set, themom(C) = {a|a <7 e cort < a € c} andrV(C) = U,cc FV(r).

Definition 3.1 (Constraint Solvability). LetcC be a constraint set andbe a substitution. We say thats
a solution toc and writep = C, if bom(p) 2 Fv(C) and for every constraint < 7 in C the judgement
-p(o) < p(7) is derivable inOb''. We say that a constraint sefs solvable if there exists a substitutipn
such thap |= c. O

3.1 Generating Constraints

The type inference algorithm collects a set of subtyping constraints generated by the inference rules
in figure 2: these rules implement the algorithmic version of the typing rules of Section 2, obtained by
removing the subsumption rule and “plugging” it into the remaining rules when needed. The inference rules
are formulated as rewriting rules for pairs of the fofimc), whereJ is a set of judgemenfS > a : « andc
is a set of constraints.

Definition 3.2 (Rewriting). The transformation from rules to constraints is accomplished by an initializa-
tion step, followed by zero or more iteration steps.

Init. Form the initial paif{T'>a : o}, @), wherea is a fresh type variable aridan environment mapping
the free variables af to fresh type variables.

Iterate. Let(J,C) be the current pair. If is empty, then stop. Otherwise, select a judgement framwrite
it using the appropriate rule from figure 2 and repeat this step. O

12



(I-val Const): type(q) = Q
QuU{l>gq:a},C) = (J,cu{Q<a})

(I-val Var): I'(z) = A
Qu{l'>z:a},C) = (J,CU{A<a})

(I-Val Select): 5 and  fresh
Qu{T>ad;:a},C) = (QU{Tra:B}L,CU{B<[: (7,0)],v<a})

(I-Val Update): 3, v and § fresh

(QU{T > a.l; < s(s)b: a},C) :(JU{FD“:”’F’S:W:@’ >

Cu{y<a, y<[6:(8,9)], B<d}

(1-Val Object): 3; and~; fresh

s 10 (B ~:) € b, B VIET
putrl=somianer = (GG < i )

Figure 2. Inference Rules.

1

1

I'>a:gl+1
T>a:y+|T,s:ypb: B+ 1
SierlDys [ (Bi, ) S o b Bi] +1

I'>gq:

I'>a:«a

I'>al;:

I'>a.l; <=s(s)b:
IT > [6; = c(s) b; *€1] : a

Figure 3. Measure on (J,C) pairs.

Proposition 3.3 (Termination). The rewriting process from Definition 3.2 always terminates. O

Proof. The proof follows easily by using the measure(orc) pairs defined in Figure 3. Definirj@, c)| =
Y5¢3|S], the claim follows by observing thdtJs, c)| strictly decreases after each step of the rewriting
process and it is bound from below by

Note, further, that the rewriting always terminates with a gairc). To see that, observe that the only
possibility for the rewriting to get stuck is when the selected judgemdnt-is : « andx ¢ Dom(I"). This
cannot happen, however,@g(a) C Dom(I") by construction, and an inspection of the rewriting rules shows
that wheneve(I" >a’ : 7) € J we haverv(a’) C Dom(I"). O

Next, we show that the rewriting described in Definition 3.2 is sound and complete. That is, that solving
constraints is equivalent to finding type derivations. The proof uses the following generation lemmas about
the type system.

Lemma 3.4 (Generation Lemmas).
1. fEF z: B,then E(z) = Awhere Aisatypesuchthat - A < B.

2. IfEtal:B,then E+ a: Afor sometype Asuchthat-A < [¢: (L, B)].
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B IfEFal<q(s)b: A thenthereexist types A and B suchthat - A" < [¢: (B, T)Jand A" < A,
andalso E+-a: AandE,s: A +b: B.

4. If B+ [0; = ¢(s)b;""] - A, then there exist a type A' = [¢; : (BY, Bf)"!] such that - A’ < A, and
asoE,s: A'F b;: B andF B} < Bf for every i € I. O

Proof. By induction on the derivation of the judgement in question. O

Definition 3.5 (Pair Satisfaction). We say thap satisfies a paifJ, ), written asp = (J3,C), if p = c and
for everyI'>a : acin J the judgemenp(T’) F a : p(«) is derivable inOb' . O

Lemma 3.6 (Rewriting is Sound). Assume (J,C) = (J,C’). Every substitution p that satisfies (J,c’)
also satisfies (J,C). O

Proof. By case analysis on the rewriting step.

(I-vVal Const) Let p be a substitution such that = (J,c U {Q < «}). Clearly,p = (J,C) and+
p(Q) < p(a). Sincetype(q) = Q andp(Q) = @ for any typeq), it follows by (Val Const) thap(T") + ¢ :
p(Q) and by (Val Subsume) tha(I") - ¢ : p(«r). Consequently, we hayel= (JU{I'>q: a},C).

(I-val Var) Let p be a substitution such that = (3,c U{A < «}). Clearly,p = (3,C) and+
p(A) < p(a). Sincel'(z) = A, it follows by (Val Var) thatp(I') + x : p(A) and by (Val Subsume)
thatp(I') - z : p(a). Consequently, we havel= JU{l'>x : a},C).

(I-Val Select) Let p be a substitution such that= JU{I'>a: B}, cU{B <[4 : (7,a)],7 < a}). We
havep = C, p(I') - a : p(8), and alsok-p(5) < [¢; : (p(7v), p(«))]. From the last subtyping judgement, we
obtain-p(3) < [¢; : (L, p(e))], asL < p(7). Therefore, it follows by (Val Select) tha{I') - a.4; : p().
Consequently, we hayel= (JU {I'>a.{; : a},C).

(I-Val Update) Let p be a substitution such thatl= QU {T'>a : v, Is:y>b: B},cU{y <
a,v <[4 1 (B,60)]},6 < T). Clearly,p = c andk p(y) < [¢; : (p(B), T)], and also the judgements
p(T) F a: p(y)andp(T),s: p(y) F b : p(B) are derivable. Therefore, it follows by (Val Update) that
p(I') F al < ¢(s)b: p(B). Consequently, we haye= (JU{I'>a.l < <(s)b: a},C).

(1-Val Object) Let p be a substitution such that= (JU {T, s : [ : (B;, ) 1] > b; : B}, cu {[4; :
(Bisvi) "€ < a, Bi < %}'€"). Clearly,- [ = (p(8), p(7i)) '] < p(a) andF p(B;) < p(v:), and
also the judgements(I'),s : [6 : (p(B:), p(7:)) 1] F b; : p(3;) are derivable. Therefore, it follows
by (Val Object) and by (Val Subsume) thatl') - [4 = <(s)b; '] : p(a). Consequently, we have
pEQU{T [l =¢(s)b; €1 : a},0). O

Lemma 3.7 (Rewriting is Complete). Assume (J,C) = (J,C’). For every substitution p that satisfies
(3,C), there exist substitutions ¢ and p” such that o' = p” o p and Dom(p”) N Dom(p) = & and p’ satisfies
(7, c). O

Proof. By a case analysis on the rewriting step.

(I-Val Const) Let p be a substitution such that = (JU{I'>¢q : a},C). Clearly,p = (3,C) and
p(') F q : p(a). Therefore, iftype(q) = Q then it must bé-Q < p(«). Consequently, since(Q) = @ for
any typeQ@, we havey’ = pandy’ = (3,cU{Q < a}).

(I-Val Var) Let p be a substitution such that= (JU{I'>z : a},C). Clearly,p(T') - z : p(a). By
Lemma 3.4.1(p(T"))(z) = A for some typeA such that- A < p(a). Consequently, we have = p and

P @,cU{A<a})
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(I-Val Select) Let p be a substitution such that= (JU {I'>a.l : a},C). Clearly,p(T") - a.f : p(a)
and by Lemma 3.4.2(T") - a : A is also derivable for some typé such that- A < [¢: (L, p(«))]. Let
p" ={p— A,v+— L} wheres and~y are the fresh variables chosen by the rewriting step. As a result, it
follows by construction that = (J/, /).

(I-Val Update) Let p be a substitution such that|= (3 U {I'> a.l <= <(s)b : a},C). Clearly,p(I') -
al < ¢(s)b: p(a) and by Lemma 3.4.3(T") - a : A andp(T"),s : A’ b: B for some types typel’ and
Bsuchthat- A" < [¢: (B, T)] and+ 4’ < p(«). Letp” = {a — A", — B,§ — T} wherea, § andd
are the fresh variables chosen by the rewriting step. As a result, it follows by constructigrth@t, c’).

(I-Val Object) Let p be a substitution such that = (JU {T'> [ = <(s)b; *€!] : a},c). Clearly,
p(T) F [€; = ¢(s) b; *¥1] : p(a) and by Lemma 3.4.4(T), s : [¢; : (BY, B$) *€!] - b; : B* and- BY < B}
fori € I. Letp” = {B; — BY,~; — B} wherep; and~; are the fresh variables chosen by the rewriting
step. As a result, it follows by construction that= (Y, C’). O

Theorem 3.8 (Rewriting is Sound and Complete). For every term ¢ and every type ervironment I" such
that bom(I') = Fv(a). If {I'>a : a},@) =" (,C), then for every substitution p such that p = C,
the judgement p(I') + a : p(«) is derivable in Ob'". Conversely, if E + a : A is derivable in Ob'', and
Dom(E) = FV(a), then there exist a set of constraints C such that ({T'>a : a},o) =" (&,C) and a
substitution p suchthat p = c and E = p(I") and A = p(«). O

Proof. Take a substitutionp = c. By definition, p = (@, C), and by Lemma 3.6 (and transitivity) =
{I'>a: a},): hencep(l') F a : p(a) is derivable, as desired. Conversely, tdke- a : A as in the
hypothesisI" and« as specified by the algorithm, and define a substituti@s follows: p(a) = A, and
p(I'(z)) = E(x) for everyz € Dom(E). ThenE = p(I') and A = p(«) by construction, and clearly
pE ({T'>a:a},@),asE F a: Ais derivable by hypothesis. By Proposition 3.3, the rewriting terminates
in a final state of the formi@, C). Finally, p = (@, C), by Lemma 3.7, and hengel= C. O

3.2 Solving Constraints

The method we adopt for deciding solvability of constraints sets is similar to, but technically different
from, the corresponding method presented by Palsberg in [14].

Definition 3.9 (Constraint System). A constraint set is aconstraint system if and only if for every con-

straintae < A € C, if A # athena € FV(A). O
Proposition 3.10 (Rewriting vs Constraint Systems). If ({I" > a:a}, @) =* (@, C) then the constraint
set Cc isaconstraint system. O
Proof. By an inspection of the rewriting rules in Figure 2. O

Definition 3.11 (Constraint Graph). A constraint graph is a directed grapli = (N, S U Q, L, <) con-
sisting of two disjoint sets of directed edge€sand L, and three disjoint sets of nodes, S, and(. Each
edge in< is labeled by<. Each edge irl. is labeled by eithe# or ¢° for £ € L£; in addition, noL edge is
part of a cycle in the graph. The nodes of a constraint graph satisfy the following properties:

1. S and@ nodes haveo outgoingL edges,

2. N nodes have finitely many outgoirgedges, all t&5 nodes, and those edges have distinct labels and
are incident to different nodes. Furthermore, for every noden, the following two conditions are
satisfied:
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@ n ﬁp € G if and only ifn 5 q € Gforeveryl e L
(b) ifn LN p andn L g are inG, then alsg 5 qisingG. O

Definition 3.12 (Solution of constraint graph). Let G be a constraint graph. For each map S — 7,
defineh : (NUSUQ) — T as follows:

105 = (h(qi), h(r:))'€"] if p %, 4 andp 5 r; are the edges frome N,

h(p) = 4 h(p) if pes,

D if pe Q.
We say that : S — 7 is asolution to G if for everypé qgin Gwe haveﬁ(p) < ﬁ(q). O
Theorem 3.13. Solving constraint graphs is equivalent to solving constraint systems. O

Proof. Given a constraint system, we construct a constraint graph as follows. Associate a unijuede

with every inference typé; : (ai,ﬂi)ig], a unique$S node with every type variable in, and a unique)

node with all the occurrences of a primitive typednFrom eachV node associated withf : (as, 3)'],

define anL edge labeled! to «;, and anL edge labeled; to 3;. Finally, define the< edges corresponding

to the inequalities, in the obvious way. Clearly, the resulting graph is a constraint graph, which is solvable
if and only if so is the constraint system. O

Definition 3.14 (Closure of constraint graphs). A constraint graph iglosed if the edge relatior< is re-
flexive, transitive, and closed under the following rule that says that the dash edges exist whenever the solid
ones do

<

IN

0 0 o o

O

Clearly, the closure of a constraint graph is again a constraint graph. Also, it is easy to verify that a constraint
graph and its closure have the same set of solutions. Any solution to the closure of &gsagibo a solution
of G sinceG has fewer constraints. The converse follows by the definitiod.of

Next we introduce a notion of well-formedness for constraint graphs, by extending the corresponding
definition for AC-graphs in [14].

Definition 3.15 (Well-formed constraint graph). A constraint graph isvell-formed if and only it satisfies
all of the following conditions:

W;: for every node®,q € N with p 5 q, if ¢ has an outgoing edge labeléq then so doesp;
W,: there is no edge = q,withp € N andg € Q,orp € Q andq € N,
W3 there is no edge 5 ¢, Withp, ¢ € Q andp # ¢.* O

4Condition W3 is more general than needed for the language we considered in this section. Specifically, in the absence of
primitive operators, conditiohs is satisfied by every constraint graph.
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As defined, the notion of well formedness presupposes that no subtyping is available over primitive types.
Clearly, the definition can easily be extended to handle the desired subtyping relationships. For instance,
hadint < real been allowed, conditioiWg would have been rewritten as:gjfé g € G thenp = int and

q = real.

Definition 3.16 (Canonical substitution). Let G be a closed constraint graph. For everg S, define the

setGl(s) = {pe NUQ | s 5 p € G }. We define thecanonical substitutionig : S — 7 associated
with G as follows. For every € S:

T if G1(s) = @,
M{hg(p) | p€ Gl(s)} otherwise,

ha(s) = {

whereﬁG is the lifting of h¢ as introduced in Definition 3.12. O

Proposition 3.17. If G is a constraint graph then the canonical substitution /s is well-defined. Further-
more h isfinite, i.e. hg(s) isfinite for every s € S. O

Proof. We describe a procedure for defining the substitufion The procedure relies on the fact that
nodes andV nodes of(z can be “ordered” in a way that mak&s defined for every € S. Givenn € N,

let GL(n) be the seGF(n) = {s € S | n 5 s € G }. Then define the sets:

No = @Q
Sy = {s€S|G(s) C No}

and for: > 1, the sets:
Ni = {neN|G"n)C Up;iSi}
Si = {s€S[G(s) € Upgjci Ni}

Since S, N and (@ are finite sets, there existskasuch that for everyy > k£ we haveN;, = N;_; and
Sj = S;_1. Moreover, for such & we haveS = (<, Si» andN U Q = [Jy< <, IVi- Furthermore the
two families {S; }o<i<r and{N; }o<i<k form a partitﬁ)ﬁ for, respectively, the sefsand N U Q. To show
that, we argue by contradiction: suppose there exists a nedleS such thats € § N S; with j > i. By
the above construction, it follows thatis on a cycle inG that goes at least through dnedge. However,
this contradicts the fact that is a constraint graph. Hendgn S; = @ for everyi # j, and consequently,
N; N N; = @ for everyi # j as desired.
Then, the functiorhs can be defined as follows: for every= 0 ands € S;,

ha(s) =N{hgn) [ne () N;}
0yt

Fors € S;, ha(s) is defined provided thah‘/g is defined fom € NgU---UN;, andf/L(\; is defined fom ¢ N;
provided thathg is defined fors € So U --- U S;_1. CIearIy,hAG is defined for everyy € Ny. Hence g is
defined for every € S;, with i > 0, and consequently for evegye S. Thath is finite follows directly
from the above construction. O

We now prove that the canonical substitution associated with a closed constraint(graplin fact, a
solution toG provided thatG is well-formed. We first need the following lemma.
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Lemma 3.18. Let G be a closed constraint graph. pré g € Gandp € S then f/L(\;(p) < Eg(q). O

Proof. If ¢ € S andp = ¢ € G then implies thaGG' (q) C G'(p) and, consequently, thatG! (p) <
NGl(g). If g € NUQ andp = ¢ € G then this implies thabe(¢) € G'(p) and, consequently, that
NG (p) < ha(q). O
Theorem 3.19. A closed constraint graph is solvable if and only if it is well-formed. O

Proof. LetG be a closed constraint graph. Clearlyifis solvable then it is well-formed. Assume now that

G is well-formed. We show thdis is a solution toG. Letp 5 q € G: we argue by cases, depending on
whetherp andgq are in the setsV, S or ).

p € S : The proof follows by Lemma 3.18.
p,q € N : Then, we have L) andq £ v € G for some nodes,v € S. Sinced is well-formed, there

must exists nodes, z € S such thatp 2w andp % . € @. SinceG is closed,u Swe G, and
alsoz = v € G. Then we have:

ha(@) 10" = ha(u) < ha(w) = ha(p) 1"
and . . . .
ha(p)1€° = ha(z) < hg(v) = ha(q) 12
where the inequalities follow by Lemma 3.18 and the equalities follow by definition of the gfaph

pEN,geS: If Gl(g) = 2, thenhAg(q) = T and the proof follows immediately. Otherwise, suppose

that G'(q) = {p1,...,px}. SinceG is closed, then we havpé p; € Gfori € 1..k. Since
G is well-fg\rmed, trﬁn they;’'s are all v no/cies. Reasoping as in tbg previous casej far1..k,
we obtainhg(p) < hg(pi). Now, becauséc(q) = M {ha(p1),...,ha(px)} then it follows that
he(p) < he(q) by the definition of 1.

p € Q,q € S: The proof is similar to the previous case. Consider again thé'sei: if this set is empty,
ha(q) = T and the proof follows immediately. Otherwig®(¢) = {p1,...,px}, and fromG being

closed we knowp By p; € Gfori € 1..k. SincedG is well-formed,p; = p for everyi € 1..k. The
proof follows directly from this observation.

No other case applies, given thaGltis well-formed by hypothesis. O
3.3 Typelnference Algorithm

We are finally ready to define the inference algorithm and prove its correctness.
Definition 3.20 (Inference Algorithm).

Input: A closed tern.
1. Construct the constraint system, and and the constraint graph
2. ClosegG;
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3. Check that7 is well-formed: if so, reporsuccess, otherwisefail. O

Theorem 3.21 (Soundness and Completeness of Inference). Let a be a closed term. Then a is typable if
and only if the inference algorithm reports success. O

Proof. By Theorem 3.8¢ is typable if and only if the constraint system generated by rewriting is solvable.
By Theorem 3.13, the constraint system is solvable if and only if the corresponding constraint graph is
solvable. By Theorem 3.19, the constraint graph is solvable if and only if it is well-formed. O

Proposition 3.22 (Complexity of Inference). The total running time of the algorithmis O (1) where n is
the size of the input term. O

Proof. Let n be the size of the input term. The rewriting iterate§imes, generating a constraint system
with O(n) number of constraints. The corresponding S-graph(as) nodes. Thus stefh takesO(n).
As explained in [14], closing the graph (st8ptakesO(r*) and checking well-formedness (st8ptakes
O(n?). Therefore, the entire type inference algorithm requivés’) steps. O

3.4 Examples

We conclude the description of the inference algorithm by presenting a few simple examples.
EXAMPLE 3.23. Consider the terniz = 0, getx = ¢(s)s.x].x := 1. The subterms are: (i) the term itself,
(i) [x = 0,0etx = ¢(s)s.x], (i) 1, (iv) 0, (v) s.z and (vi)s. Thus, using the inference rules from Figure 2
we get the following constraint system:

C = {m<a,m <[z (61,01)], 0 <o, (i)
[@: (B2,72), 96X : (B3,73)] < 71,02 < 72,03 < 3, (i)
int < (1, (iii)
int < (39, (iv)
Ba < [ (74, 03)], 72 < B3, (V)
[z : (B2,72), 06X : (B3,73)] < Ba} (Vi)

Let G be the corresponding constraint graph (cf. Figure on page 20). The ngdesandngs are N nodes
that correspond to the typés : (4;,91)], [z : (B2,72),0etx : (O3,73)] and|x : (y4, O3)], respectively. The
@ nodeint has been duplicated for displaying purposes. All the remaining nodesramdes.

It is easy to check that (the closure @f)is well-formed. The solutiorl; is defined as follows. The
S states can be partitioned into the s&ts= {1, 01, 52, B3, 72,73, 74,01} and Sy = {54,711 }. For every
Y € Sy we haveG' (v) = @, and alsaGT (v1) = {n1} andG'(Bs) = {n3}. Hencehg(B1) = ha(m1) =
[z : (T, T)] and for every) € Sy we havehg(y) = T. O

Given any solvable constraint gragh the construction of the canonical substitutignoutlined in the
proof of Proposition 3.17 provides us with a systematic way of extracting a solutiondrddmfortunately,
h¢a is not well-suited for displaying purposes, as it computes the least informative type for the input term.
In the previous example, the type of the input term is the type fhaissociates with the variable,
i.e.hg(a1) = T. Thisis not a special case: an inspection of the rewrite rules of Figure 2 shows that the type
variable associated with the input term does never receive an upper bound. It then follows by the definition
of hg that the type associated with this variable is always
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Itis possible, however, to derive more informative solutions to a well-formed graph. One such solution is
outlined next. For every nodec S, letGl(s) = {pe NUQ | p = s € G }. Then define

N if Gl(s) = 2,
ra(s) = { U{ka(p) |pe Gi(s)} otherwise.

The substitutiong; andx¢ are the “dual” of each other. The former associates ¢€anbde inG with its
upper bounds while the latter associates egctode inG with its lower bounds; the reader can check that
the proof of Theorem 3.19 goes through in essentially the same way if we réplagi¢h . Using the
latter, for the term of Example 3.23, we obtain:

- kG (B1) = kG(61) = ka(B2) = Ka(r2) = ka(B3) = ke (ys) = int,
- kg(ma) = L,
- kg(on) = kg(m) = ka(Ba) = [x = (int,int), getx : (int, int)].
Thus, the type of the input term would Bg(«;) = [z : (int,int), getx : (int,int)]], which is the type one

would expect for the input term.
A minor difficulty with k¢ is that, unlikehg, it is not always finite.

EXAMPLE 3.24. Consider the terny = <(s)s]. For this term, the algorithm generates the following con-
straint system:

{[0:(B,M)]) <a,B<,[0:(8,7)] <6}

If we construct the corresponding constraint graph, and then close it, we easily see that it is well-formed.
The type for the input term would then bg (o) = [0 : (ka(8), ka(7y))] Wherekg(5) andkg(vy) satisfy
the recursive equations:

ka(B) = ERa([t: (B, = [€: (ka(B) ka()];

ka(v) = Ea([l: (B,7)]) = [0: (ka(B), ka(7))]-



Therefore, adopting requires the ability to provide a finite representation for regular trees. Nevertheless,
this additional complication appears to be worthwhile, given the more informative structure of the displayed
solution. In this example, the displayed type would be the recursive [fypéu(a)[l : (o, a)], u(a)[l :

(@, @)])]. 0
ExAMPLE 3.25. As dfinal example, consider the unsound tgind. Running the inference algorithm, we
obtain the following (closed) constraint graph:

< 02
B — n o
) / x -
) Y

The graph is not well-formed, ag has an outgoing edg& while n, does not. Therefore, the algorithm
fails as expected. O

4 Relationshipswith other Object Type Systems

In [1], Abadi and Cardelli define a suite of type systems forctmalculus. What follows is a comparison be-
tween our system and a few of the systems defined in that book. To conclude, we also provide a comparison
to the system of restricted Self types from [15].

4.1 Finiteand Recursive Types

We have already shown, at least informally, that our system is more powerful than the system of recursive
types (hence, more powerful than the system of finite types too). In fact, it is immediate to give a formal
proof of this claim, notingi) that recursive typea la Abadi and Cardelli can be coded as Split types in
which the update and the select components of each method are identic@l;)ahdt invariant subtyping
is a special case of our variant subtyping for Split types.

4.2 Typeswith Variance Annotations

As an enhancement to the system of first-order and recursive types, Abadi and Cardelli propose a system
wherevariance annotations are used to identify read-only and write-only methods. In this system, it is
possible to (soundly) allow subtyping in depth over these components. Specifically, read-only methods can
be subtyped covariantly while write-only methods can be subtyped contravariantly.

To ease the comparison with the system of Split types, we assume, as we did in the formal presentation
of our system, that types denote regular trees instead of some finite representation. In doing so, we refer to
a slightly different formulation of the system with variance annotations —that we refer @bas- that
(7) uses equality (rather than isomorphism) between a recursive type and its unfoldings;,) aeties on
the same untyped syntax of terms of our calculus. There is no loss of generality in these choices, it simply
facilitates the definition of the encoding and the formal comparison between the two systems. The typing
rules ofObY are given in Figure 4.
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ExAMPLE 4.1. Going back to Example 1.3, the two termsandp, can now be given the followin@b"
types:

o = [move=q(s)s
: Py = [move™ : ]
p2 = [r=c¢(s)s.movey,y =0,move=q(s)s.y = s.y+ 1]

: Py = [2° tint,y° : int, move™ : P,

Furthermore, the subtyping rules©b" validate the relationshig;,” < P;, and therefore allow the typing

[0 = po].l := po : [¢ : Pyf], thus recovering the structural information that was lost with simple recursive
types. There is a price to pay, however, as the variance annotations in thétyaed P, disallow updates

on themove method. O

Variance annotations can be modeled naturally with our Split types. The objecmtyperEI] can be
represented as the Split type : (BY, B)'“'], where for everyi € I we have(BY, Bf) = (B;, T) when
v, =, (BZI‘, Bf) = (J_, Bz) wheny; = + and(BZ?‘, Bf) = (Bu Bl) wheny; = °.

With this representation, the typing rules for method selection and method update validate the expected
effects of the annotations. Selecting a write-only method returns a term ofTtypdnich cannot be used
in any interesting context. Similarly, updating a read-only method is only allowed if the new method body
has typel. As we noted, terms of typ& diverge, which again makes them of little use in any interesting
context. The encoding we just outlined is formalized next.

4.2.1 Encoding Ob" Typingswith Ob'' Typings

We first define an encoding for types and judgements, and then show that the encoding of a derivation with
variance annotations is a valid derivation in the sys@tﬁT.

Definition 4.2 (Encodings). The encoding of types is given by induction on the structur@®bf types®
- [QI=Qand[T] =T,

Ll = BIEN] = [ : [ B;]"'),
where [ B;|° = ([ B: ], [ B:]), [B:l" = (L[ B:]), [Bi]~ =B:], 7).

Environments and judgements are encoded by lifting the type encoding in the obvious way. The only non-
standard case is that of judgements of the fafntY vB < v/B’, whose encoding i$§E] F [B]" <
[B']”. O

Lemma 4.3 (Preservation of Subtyping). Let A and B be arbitrary typesin the system Ob.

1. HEF A< Athen[E]F[A] <[4].
2. IEFYvB<VB'then[E]+[B]” <[B']" O

Proof. By simultaneous induction on (1) and (2).

SFormally, this definition is not correct, since we have regarded typ&bh as infinite trees. However, its presentation is
simpler and more concise than its counterpart in terms of mappings of (possibly) infinite domains.
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Typing: (Val Const), (Val Var') and (Val Subsumg as the corresponding rules in Figurel.

Er a:A vie{° T} jeI

(Val SelecY) E FV al;: B,

(A = [EZI/Z : qul])

(3

ErF a:A Es:AF b:B; vie{’ "} jelI

(Val Update) EF al;<q(s)b: A

(A= [t : B<))

E,s:AF b :B; Vi€l
E RV [ =c(s;)b/€"] - A

(Val Object) (A= [tv; : BT

K3

Subtyping: (Sub Reff), (Sub Tran$), (Sub Top) and (Sub Hist) as the corresponding rules in Figure 1.

. EU{ASA/} v ijjgy’,B’, VieJCI A :[g_l/_:B_ieI]
Sub Object i Vit By
(Su ject) EFVA<A A = [ij;~ , B;JEJ]
i _ EFB<B ° -
(Sub Invariant) —————— (Sub Contravariant) =B ve{}

ErveB<°B ErvvB <D

Y B<B ve{°*}

. E
(Sub Covariant) EE B < B

Figure 4. Typing Rules of ObV.

(1) AssumeE Y A < A'. There are five cases to consider. Thosg$oib ReflV), (Sub Hist) and(Sub
Top") are immediate(Sub Trans") follows directly by induction hypothesis. F¢Bub Object’) we reason
as follows. We havel = [(;v; : Bi€!] and A’ = [,/ : B/"*’] with J C I, and fori € J we also have
FV v;B; < /B! By induction hypothesis (2), it follows that= | [ B, ] < [ B/]*, and then the desired
judgement derives by (Sub Object).

(2) AssumerY vB < /B’, and consider the three possible cases for the last rule in the derivation:

(Sub Invariant) ThenB = B’ andv = v/ = °. By definiton[B]° = ([B],[B]). Now[E] F
[B] < [B] derives by (Sub Refl), anfE | [ B]° < [ B]° by (Sub Component).

(Sub Covariant) Thenv € {°,*},/ = T andE ¥ B < B’. From the last judgement, by induction
hypothesis (1), we havg) [E] - [B] < [ B']. By definition, [ B']*" = (L,[B]), so we distinguish
two subcases fov. If v = °then[B]* = ([B],[B]) and[E] F [B]” < [B']” derives by (Sub
Components) fronti) and from[ E] = L < [ B] (which in turn derives by (Sub Bot)). If instead= *
then[B]” = ([B],[B]), and the desired judgement derives fr¢inand from[ E£] - L < L (which
derives by (Sub Refl)).
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(Sub Contravariant) Thenv € {°,~},»/ = ~andE Y B’ < B. Fromthe last judgement, by induction
hypothesis (1), we hav@i) [ E] F[B'] < [ B]. By definition,[ B']"" = ([ B], T), and we distinguish
two subcases for. If v = °, then[B]” = ([B],[B]) and[E] + [B]* < [B']” derives by (Sub
Components) fronfii) and from[ E] -[B] < T (which in turn derives by (Sub Top)). If instead= —,
then[B]” = ([B],[B]) and the desired judgement derives fr¢f) and from[E] T < T (which
derives by (Sub Refl)). O

Theorem 4.4 (Preservation of Typing). If E VY a: Aisderivable thensois[E F a: A]. O

Proof. By induction on theOb" derivation of £ -V a : A. The cases (Val Selégtand (Val Updatg)
follow directly by induction hypothesis and the definition of the type encoding. The cases (Val Slbsume
and (Val Object) follow by induction hypothesis, the definition of the type encoding and Lemma 4.B.

ExXAMPLE 4.5. Given theencoding just described, it is easy to verify that the following types can be derived
for the termgpy andps:

po = [move=(s)s]

(7] = [move s (L, [ 7" ])]
p2 = [z =c¢(s)s.movey,y = 0,move =q(s)s.y = s.y+ 1]
[P ] =[x : (int,int), y : (int,int), move : (L, [Py ])]

As their corresponding variant object types, the Split typgs | and[ P, | validate the desired subtyping
relationships. O

4.2.2 Encoding of typed A-terms

By Theorem 4.4 it follows that our systemblT is at least as powerful as the syst€édb’. As we shall
prove shortly, the inclusion is in factrict. A further consequence of Theorem 4.4 is that the simply
typed A-calculus, with subtyping, can be encodeddb ' via a (sub)type preserving transformation. This
transformation is obtained directly by applyirig) Abadi and Cardelli’s encoding of typek-terms into
¢-terms, andii) the encoding oDb" types we just illustrated. As a result of the composite translation, a
function A(z : A)b{z} with argument typed and result type3 is encoded by the following term:

[A(z: A)b{z}: A— B] =
larg =<(s : [arg : ([A],[A]),val : ([B],[B])]) s.arg,
val = (s : [arg : ([A],[A]),val : ([B],[B])]) [b{z} [{z := s.arg}}]

Now, defining[ A — B] = [arg:([A], T), val:(L,[ B])], we obtain a type constructor for functions that
is contravariant in its input type and covariant in its output type. Finally, by the typing rulesbof we
obtain:

[Az: Ab{a}: A= B] : [arg: ([A][A]),val : ([B], [ B])]
< larg: ([A],T),val : (L, [B])]
= [A— B]
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423 Ob' ismore powerful that Ob"

There is a simple and intuitive reason why Split types are more expressivOtiagpes: there are “more”
Split types than there a®@b" types for the same (untyped) term. This is easily understood when we look at
the encoding we just defined, and observes that only very specific Split types are used to@hctyges.

As a consequence of this additional expressive power, there exist terms that are ty[ﬁBITetﬁlat are not
typable inOb".

EXAMPLE 4.6. To make thexample more readable, we work with an enriched calculus that inclydes
abstractions, monomorphic lets, primitive operators and subtyping over primitive types. As we discussed
above,\-abstractions can be encoded in the core calculus. The remaining extensions do not cause any loss
of generality as a similar, but more contrived, example can be given relying only on object terms and types.

Letdiv : intxint — intand/ : real X real — real denote the operators of integer division and real division,
respectively, and assume that< real. Consider the following terms:

pr=la=1,0=¢(s)s.adiv?]
p2 é [a _=
It is easy to verify that the following judgements are derivabl©is .
F p1:ac: (intint), £ : (int, int)]
F po:fa: (real,real)]
Now, since the subtyping judgemerttsa : (int,int), ¢ : (real,real)] < [a : (int,int)] < [a : (int, real)] and
 [a : (real,real)] < [a : (int, real)] are all derivable, by subsumption we have,
o p1:fa: (int, real)]
F po:a: (int,real)]

Next, consider the following expression:

let f = A(z)(xz.a :=2).a in f(p1)/f(p2)

The judgement: : [a : (int, real)] F (z.a := 2).a : real is derivable inOb'". The constang has typeint, thus
it may be legally used to updaies field a, whose update type is alsa. Selectingsz from x returns the type
real as advertised by the select typeadh x. From the last judgement, we derive

F o f:[a: (int real)] — real

Therefore, both the applications 6fp;) and f (p2) in the the body of thaet expression type check, hence,
so does the expression.

Next, we show that theet expression does not type check in the sys@hi. As mentioned, the essence of
the problem is tha®Ob" has “fewer” types tha®b'". In particular, there exists M@b' type corresponding
to the Split typ€ea : (int, real)], the typing failure is a direct consequence of this fact.

Consider again the two termg andps. In ObY we derive:

FY' pr:[a® sint, £° : real]

o

FY' po i [a® :real
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It should be noted, in particular, that typipgrequiresa to have typent (as opposed teeal) asdiv requires
its arguments to have type. Also, it is not difficult to see that these twWdb’ types are minimum fop,
andps.

Now, to type check the application&p;) and f(p2), we can try and maximize the input type 6f so
that the types of; andp, can be subsumed to that type. Unfortunately, the two maximal types for the input
parameter off are[a° : real] and[a® : int]. To see that, we may reason as follows. The type iofthe body
of the lambda abstraction must clearly be an object type, which must contain the. fighé fielda, in turn,
must be invariant as it is both updated and selected. Consequentigy be assigned the twOb' types
[a® : real] and[a® : int], or any subtype thereof, but no proper supertype. Since the two types in question are
incomparable irObY, they are maximal.

To conclude, note that neith@r® : real] nor [a° : int] is a supertype oboth the type ofp; and the type
of po. As a consequence, only one of the two applicatifys) and f(p2) type checks (but not both) and
therefore tha et expression itself fails to type check. O

4.3 Sdf Types

The system of Self typédrom [1] is built around two main ideas. First, object types are defined as a
combination of recursive types and existential types in such a way that the desirable subtyping relationships
hold. Second, a special typing rule is included for method updates in order to preserve soundness. We
illustrate these ideas with an example. In the system of Self types, a 2D object can be assigned the following
type (using the syntax of Self types this type would be written(a8)[z : int, y : int, move : X]):

w(X)A(Y < X)[x :int,y : int;move: Y]

There are two important aspects to this type. First, it validates the subtypikigH(Y < X)[x : int,y :
int,move : Y] < u(X)3(Y < X)[x : int,move : Y| because subtyping over bounded existentials is covariant

on the bounds. Second, it hides the “actual” type of self: the existential quantifier is introduced at the time
of object formation — when the real type of self is known — and then abstracted away from the type. This
abstraction over the type of self restricts the way by which methods returning self can be updated. The
typing rule for method update is given below:

(A=<¢(X)[..., ¢ : B{X},...])
Eta:A E)Y<As:YFb:B{Y}
Eral<=cg(s)b: A

The intuitive reading of this rule is as follows. The current typeof the terma may be the result of
several subsumption steps; so it only conveys partial knowledge about the structure&Cofisequently,
when updating the methatlof a, we can only assume that the actual type: ¢hence of the self variable
s) issometypeY < A. Furthermore, if the original type dfdepended on the type of self, we must now
prove that the type of the new body depends on the type varldblén other words, methods returning
self can only be updated with methods that either return self or an updated self. Thus, for example, if we
let o = [move = ¢(s)s], then the termv.move := o is not typable with Self types sineeis not self or an
updated self (i.e., it is equal to self but not self itself !), while the termove < ¢(s)s is perfectly typable.

This last example shows that our system is not less powerful than the system of Self types, as both updates
are typable with Split types. Unfortunately, however, there also exist terms that are typable with Self types

®We are referring the the systemfimitive Covariant Self typesin Chap. 16 of [1].
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but not typable in our system. The reason for that is that Split types fail to validate all the subtyping
relationships that are available for Self types. The problem can be explained informally as follows. At first,
we may think that the two component types available with Split types can be used to trace the internal and
external types of an object. More precisely, that the update component can be used as a placeholder for
the internal type (the self type) while the select component can be used as the external type. In this view,
subtypinga la Self types would be possible by always keeping the update component unchanged in order to
remember the original type of self.

Unfortunately, it is not difficult to see that this idea does not work properly, as it fails to capture the
abstraction provided by the existential quantifier in the definition of Self types. Consequently, it results into
“too concrete” a representation that causes a loss of expressive power and of provable subtyping relation-
ships. Consequently, there exist terms typable with Self types that are not typable with Split types. One such
term is shown next.

EXAMPLE 4.7. Consider the terms from Example 2.14.

p2 = [r=c¢(s)s.movey,y =0,move=q(s)s.y = s.y+ 1]
: Py =[x : (int,int), y : (int,int), move = ( Py, P»)]
o = [move=(s)s]
: Py = [move: (Py, By)]
p = [l=po]L:=po

:[0: (P,P)] where P = [move: (P, M Py, P)]

Now consider the updatg./).move < ¢(s)s. With Self types, this term can be given the tyg&)[move :
X]. With Split types, instead the term is not typable. Rather than giving a formal proof, we can argue
informally as follows. Fronp : [¢: (P, P)], in Ob'' we derive

pl : [move: (P, M Py, P)]
To type the updatép./).move < ¢(s)s, by the rule (Val Update), we must derive
s:[move: (P, Py, P)|Fs:D

for a typeD such thaimove : (M Py, P)] < [move: (D, T)], i.e. such thaD < P, P,. Itis not difficult

to see that no such type exists. We argue by contradiction, assuming the existence abatype P
such thats : [move : (P, M Py, P)] - s : D is derivable. Clearly, this judgement is derivable only if
[move : (P, M Py, P)] < D. By transitivity we havgmove : (P M Py, P)] < Py M P,. This relation is
clearly false, as the type on the right has more methods than the one on the left. Hence,D@gists. [

4.4 Simple Self Types

In [15], Palsberg and Jim extend the system of recursive types from [1] with (in their words) a “tiny drop
of Self Types”. In that system, subtyping is covariant over those methods that can be assigned the special
typeselftype. The difference between this system and the system of Self Types defined in [1] is that the
former does not allow methods of tygelftype to be updated, a restriction that is required to preserve
type soundness.

Types in [15] range over the set defined by the grammaB ::= selftype|X |u(X)[4 : B, ).
Types of the formu(X) B are identified with their infinite unfoldings under the ruléX)B — B{{X :=
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w(X)B}}. Subtyping is defined by stipulating that <. X for every type variableX, selftype <
selftype and if A are B are of the form; : B,"“] then A <. B iff:

V¢ € Dom(B) = (¢ € Dom(A)NA | {=DB | ()

The reader is referred to [15] for a complete description of all the typing rules available in the system. For
conciseness, we refer to this system(dss.

It follows immediately from the above definition of subtyping, that simple Self types can be encoded
within the system of recursive types with variance annotations, hence with our Split types. Specifically,
methods that are assigned the type singaeftype, can be encoded as the method type A) where A
is the type of self. This, in fact, is equivalent to labeling the method type with the variance annotstion
that it can be subtyped covariantly but not updated.

Definition 4.8 (Simple Self Typesin Ob'"). The encoding is defined by induction on the structure of Self
types’ Letv ¢ {+, “lin:

L[XIy

2. [selftype]{ =Y,

3. [selftype]y, = L,

4. [p(X)6 - By = w(X) [ - ([ Bilx, [ Bi1%) ']

For every Self typed define the Split typd A ] to be[ AT}, for some fresh type variablg 28 This definition
is trivially lifted to type environments. O

Lemma4.9. Assume A <. B with A and B simple Self types. Then [ A] < [ B]. O

Proof. If A andB are type variables ad and B are bothselftype then the result is immediate. Suppose
A= p(X); - B andB = p(Y)[¢; : ije"]. Let K C J be such that for every € K we have
C\ = selftype. Then,

[A] = w(X[: ([Bily,
p(X) - ([B: 1.1
[0 ([Bi],[Bi])

[B:iT5) " b (1, X) K] (B; # selftype)
Bz]]) iel-K gk (J_ X) kEK]
iel— K,f ( ’[[A]])keK]

[B] = uM)t = (1C T3, [C 1) ™ b+ (1Y) K&K (C; # selftype)
pG = ([CTLIC D 7S5 b+ (L, Y) K]
[0+ (IG5 1 IC D7 b (1, [ B]) *<K]

That[ A] < [ B] follows directly from the hypothesis that <. B and the definitions of the relations
and<. O

A consequence of the last lemma is that the encoding of simple Self tyg@s’ipreserves typability, i.e.
E+ a: Ais derivable inObs then[ E] + a : [A] is derivable inOb'". Therefore, our type inference
algorithm is complete for the syste@b°.

"To ease the comparison, we use a finite representation for Split types using type variablesiaaiers.
8We assume, with no loss of generality, thayalbound variables are unique.
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5 Conclusions

We have presented a new type system for objects together with an efficient inference algorithm. Given an
input term, the algorithm derives a set of subtyping constraints, and then checks that the set is solvable. We
have proved that the new type system is more powerful that all the existing first-order systems for objects,
including systems with variance annotations and simple Self types. We have also described effective ways
for extracting solutions from constraint sets whenever these are solvable. Of course, for modular type
inference one needs the constraint set, or equivalently, the corresponding constraint graph. In any case, the
size of these data structures is linear with respect to the input term, so modular type inference is still feasible
and efficient.

The type inference problem we have addressed is related to that considered by other authors in the liter-
ature whose work has not yet been mentioned. In [9], Henglein studies type inference for the object calculi
of Abadi and Cardelli and presents and algorithm that improve®ih2) bound established by Palsberg
in [14]. In particular, he shows that the inference problem for the system of recursive object types with
subtyping can be solved i@ (n?). Unfortunately, Henglein’s method cannot be applied to our type sys-
tem, as the key ingredient for “breaking through titebarrier” in his algorithm is the invariant rule for
object subtyping. In a series of papers [6, 5, 22], Eifrig, Smith and Trifonov study the inference problem
for a polymorphic type system that includes both functions and objects, and develop powerful simplification
methods for the constraint sets generated during the inference. Some of these methods have independently
been studied (and improved) by Pottier [17], and are part of our current implementation of the inference
algorithm.

An interesting question is whether the technique we have described can be used to infer types with
variance information given unannotated terms. Our conjecture is that this is not the case, for the reasons that
follow. Palsberg and Jim show that type inference in their systexpisomplete. Intuitively, the problem
for their system is irNP because for every method that returns self we have to choose between the type
selftype or the type of the object (i.e., a recursive type). If we choose the former, then subtyping in depth
is permitted but the method can no longer be updated. Conversely, if we choose the latter, then subtyping in
depth is not permitted but the method can be updated. However, if we can guess which methods require the
typeselftype then we can check the typability of the term in polynomial time.

Type inference with variance annotations raises similar problems, albeit in a different context. One might
initially assume that all method labels can be annotated as invariant. When needed, invariant annotations
can be promoted to variant ones as dictated by the typing rules. The problem arises from the absence of least
upper bounds: for instance, the two types types []] and[¢° : [¢° : []]] have two incomparable upper
bounds:[¢* : []], and[¢~ : [¢° : []]]. As for the system of simple Self types, it should be possible to show
that the inference problem is NP since, if we can guess which variance annotation are needed, then we can
check the typability of the term in polynomial time using our techniques.

In [15], the NP-hardness part is proved via a reduction from SAT. The fact that simple Self types can
be encoded with variance annotations seems to suggest that a similar reduction should be possible. Future
plans may include work in that direction.
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