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INDEXING DISTANCES IN LARGE GRAPHS
AND APPLICATIONS IN SEARCH TASKS

MICHALIS POTAMIAS

ABSTRACT

This thesis elaborates on the problem of preprocessing@ taaph so that single-pair shortest-
path queries can be answered quickly at runtime. Computingest paths is a well studied prob-
lem, but exact algorithms do not scale well to real-worlddnggaphs in applications that require
very short response time.

The focus is on approximate methods for distance estimatiquarticular inlandmarks-based
distance indexingThis approach involves choosing some nodes as landmadkscamputing (of-
fline), for each node in the graph its embedding, i.e., theoveaf its distances from all the land-
marks. At runtime, when the distance between a pair of nagsdried, it can be quickly estimated
by combining the embeddings of the two nodes. Choosptgnal landmarks is shown to be hard
and thus heuristic solutions are employed. Given a budgeeatfiory for the index, which translates
directly into a budget of landmarks, different landmarkesébn strategies can yield dramatically
different results in terms of accuracy. A number of simplehods that scale well to large graphs
are therefore developed and experimentally compared. ifiipest methods choose central nodes
of the graph, while the more elaborate ones select centddathat are also far away from one
another. The efficiency of the techniques presented inltlesis is tested experimentally using five
different real world graphs with millions of edges; for agjivaccuracy, they require as much as 250
times less space than the current approach which consigleding landmarks at random. Finally,
they are applied in two important problems arising natyralllarge-scale graphs, namely social

search and community detection.
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Chapter 1

Introduction

Understanding the mechanisms underlying complex netwoharacteristics and evolution is an
important task which has received interest by various plises including sociology, biology, and
physics. With the continuously increasing availabilityvefy large networks, the algorithmic prob-
lems that are seemingly simple become challenging tasksatipe.

One basic operation in networks is to measure how close &y irtb another, and the most in-
tuitive distance for this is thgeodesic distancer shortest-path distanc&Computing shortest-path
distances among nodes in a graph is an important primitigevariety of applications including
among others social behavior analysis, VLSI design in edeats, protein interaction networks
in biology, and route computation in transportation. Régemew motivating applications have
arisen in the context of web search and social networks. Imsearch, the distance of a query’s
initiation point (i.e. the quergontexj to the relevant webpages could be an important aspect in
the ranking of the results. In social networks, a user maynberésted in finding other users,
or in finding content from users that are close to her in théasgeaph (Singla and Richardson,
2008). Thissocially sensitivesearch model has been suggested as part of the social netgadh
experience (Amer-Yahia et al., 2008).

Although computing shortest paths is a well studied problexisting algorithms do not scale
well to real-world large graphs containing millions of nedand tens of millions of edges, es-
pecially when the application requires an answer time inotitier of milliseconds. For example,
Breadth-First Search (BFS) traversal of a graph of 5M nodd<c8M edges takes roughly a minute
in a standard modern desktop computer. Precomputing afiftbgest paths and storing them ex-
plicitly is infeasible: one would need to store a matrix ofAfillion elements.

The methods described in this thesis use precomputed iafmmto provide with fast esti-

mates or bounds of the actual distance in very short time (néliseconds). The offline step



consists of choosing some nodedasdmarks(also referred to aseference objecisand comput-
ing distances from every node to them. This kind of precorgbiiformation is often referred to

as anembedding

Contribution. In this thesis an extensive analysis of various heuristicssélecting landmarks
is presented. More than 30 simple heuristics that scaletovelry large networks were devised
and experimentally compared. For presentation sake, balynost significative ones are reported.
The experimentation shows that for a given target accuthege techniques require far less space
than random landmark selection, allowing an efficient apipnate computation of shortest path
distances among nodes in very large graphs. To our know|ékliges the first systematic analysis
of landmarks selection strategies for shortest path coatipatin large graphs until now. The main

contributions can be summarized as follows:

e The problem of optimal landmark selection in a graph is deffimed proven to b&P-hard
(Chapter 3).

e Simple and intuitive heuristics to choose landmarks thateswell to huge graphs are pro-

posed (Chapter 4).

e The effectiveness and robustness of these techniques steel Eexperimentally using five

large different real-world datasets (Chapter 5).

e Application to search in four social networks and a webgragtows high precision and
low error in the problem of finding the closest nodes in theordnat match a given query

(Chapter 6).

e The precomputed embeddings can be used for fast and meargngph partitioning (Chap-
ter 7).

Experimental evaluation is conducted using real world néta: social graphs with explicit or
implicit links from Flickr (a popular photo sharing portaB graph based on the communication
network of the Yahoo! Instant Messenger service, and thethoes graph from the DBLP records.

A web-graph defined by the Wikipedia pages and their hydeslis also used.



Chapter 2

Related work

This section outlines the related work in exact and apprati@ntomputation of shortest-path dis-

tances on a graph with vertices andn edges.

Exact shortest-path distancesDijkstra described the algorithm to compute single souhtetsst
paths (SSSP) in weighted graphs from a node to all other&<fdj, 1959). The cost ©(n?) in
general and can be reduced@dm + n logn) for sparse graphs. For unweighted graphs shortest
paths can be computed using Breadth First Search (BFS) ex@itm + n). The Floyd-Warshalll
algorithm employs dynamic programming to solve the alkgpahortest paths (APSP) problem in
an elegant and intuitive way (Floyd, 1962) in tir®én3). Still the complexity of computing APSP
by invokingn Dijkstra/BFS computations is asymptotically faster, siitacostsO (nm +n?logn)
andO(nm) respectively.

Goldberg et al. (Goldberg, 2007) address the problem ofesipgir shortest-path (SPSP) and
employ landmarks in order to prune the search space of theeshpath computation. Their land-
marks are similar to the ones used for the experiments oftibss for the lower-bound estimation
( Section 4.4); instead in this thesis heuristics for selgdandmarks that work well with upper-
bound estimates are presented. This thesis addresse®remtifproblem since it elaborates not
on the shortest path itself, but only on the length of the telsbpath. The proposed algorithms
work only on the precomputed node-to-landmark-distancesda not perform any Dijkstra-type

computation at query-time.

Indexing for approximate shortest-paths. The main interest is on preprocessing a graph so that
SPSP queries can be answered approximately and quickly@nes Thorup and Zwick(Thorup
and Zwick, 2001) observe that this problem is probably thetmatural formulation of the APSP.

In their paper they obtain the result that for any integer 1 a graph can be preprocessed in



O(kmn%) expected time, constructing a data structure of é)tkn”i), and a SPSP query can
be processed in tim@(k). The quotient of the division of the estimated distance &edeixact is
guaranteed to lie withifil, 2k — 1]. Fork = 1 we get the straightforward exact solution: compute
all shortest paths and store them. The latter cOstsm) time andO(n?) space. For large sparse
graphs such as the ones considered in this thesis, evendboe afford the computational cost of
APSP, the space cost would be quadratic to the number of natiésh is always much larger than
the one needed to store the graph itself.

For k = 2 the estimate may be three times more than the actual disthmé¢arge real-world
graphs this bound is already not informative due toghmall-world phenomengrin a scale-free
network such as the explicit Flickr-contancts graph désctin Section 5, for an estimated distance
of 6, the exact distance is only guaranteed to lie within theriiald2, 6], along with almost every
pairwise distance. A survey on exact and approximate distaim graphs can be found in (Zwick,

2001).

Embedding methods.The work reported in this thesis is also strongly relatedetoegal embed-
ding methods. In domains with a computationally expensigeadce function, significant speed-
ups can be obtained by embedding objects into another spacenaploying a more efficient dis-
tance measure. Several methods have been proposed to emspadeainto a Euclidean space
(Bourgain, 1985; Hjaltason and Samet, 2003). There have aiempts to optimize the selection
of reference objects for such a setting (Athitsos et al. 320@nkateswaran et al., 2006).
Landmarks have already been used for internet measurertigatek et al.,, 2004; Ng and
Zhang, 2002; Tang and Crovella, 2003). Rattigan et al. coentiieirzoneapproach with the land-
mark technique in order to measure shortest paths in gagraygths and finally to estimate centrality
measures. The work presented in this thesis is complenyaiotéinese techniques. Kleinberg et al.
discuss the problem of approximating network distancegsahmetworks (not necessarily shortest
paths) via embeddings using a small sebe&congi.e., landmarks) (Kleinberg et al., 2004). Of
most interest is the fact that they introduce in their analifge notion oflack as a quantity of pairs
in the network for which the algorithm provides no guarasteEheir analysis considers choosing

beacons randomly. In this thesis we show that in practieepls intuitive heuristics work much



better than the random. Abraham et al. generalize the negtriedding with slack (Abraham et al.,
2005).

Applications. Several measures have been introduced to measuretility of a vertex. This
work is tightly connected to these notions. Betweennessaéy measures the amount of shortest
paths passing from a vertex while closeness centrality uneaghe average distance of a ver-
tex to any other vertex in the network (Freeman, 1977). Bearghve the best known algorithm
to compute the exadietweenness centralityf all vertices by adapting the APSP Dijkstra algo-
rithm (Brandes, 2001). The algorithm runs@{nm + n?logn) time, which is prohibitive for
large graphs. Bader et al. gave a sampling-based approaimeltorithm (Bader et al., 2007) and
showed that centrality is easier to approximate for cemindes.

Closeness centralitig used in this thesis as a heuristic for choosing centraitpais landmarks
in the graph.

Fast SPSP computation is becoming very relevant to Infoom&etrieval. Socially sensitive
search in social networks and initiating-location-sémsisearch are attracting remarkable interest
in the information retrieval community (Baeza and Ribet899). It has been reported that peo-
ple who chat with each other are more likely to share variotsrésts (Singla and Richardson,
2008). An experiment discussed thoroughly in Section 5idens ranking search results in social
networks based on shortest path distances. This probleral$mbeen studied recently by Vieira
et al. (Vieira et al., 2007). Their work is also based on laadds, but their landmarks are cho-
sen randomly. Recently Amer-Yahia et al. consider netvawiare search in collaborative tagging
sites (Amer-Yahia et al., 2008). Even though their tech@idaes not use shortest-path distance,
it does take into account the neighborhood of a node. In thesearch filed, Kraft et al. suggest
that a query in web-search can be enriched with context ftesource, i.e., the page the user was
browsing at the time of the query initiation (Kraft et al.,@). Recently Ukkonen et al. used this
idea as a component of the ranking function in searchingimitfikipedia (Ukkonen et al., 2008).
The growing interest in involving context and/or social seations in searching tasks suggests that
distance computation will soon be a primitive of rankingdtions.

One of the most studied problems in social networks is thatifileation of “communities”,

a concept referring to the fact that nodes in many real nédsvappear to group in subgraphs in



which the density of internal connections is larger thancthrenections with the rest of nodes in the
network. Community detection has received interest in jolsy@nd sociology (Freeman, 1993; Gir-
van and Newman, 2002; Newman and Girvan, 2004; WassermaRaarsl, 1994). More recently,
with the increasing availability of very large graphs, cartgp scientists have started studying com-
munity detection in the web (Gibson et al., 1998; Kumar et H99), and in social networks
(Backstrom et al., 2006; Hopcroft et al., 2003; Kumar et20)Q6). In Section 7 it is suggested that,
when landmarks are chosen appropriately, node-embeddiagscontain rich information about
the nodes’ position within the graph. By using the embedsliag)the objects features, and adopt-
ing a standard Euclidean distance between embeddings, wedace the community detection

task to a standard clustering on relational data.



Chapter 3

Algorithmic framework

In this section the notation that is used in the rest of theighis introduced. A description of how
to index distances very efficiently using landmarks is aisery The landmark-selection problem,

considered in this thesis, is formally defined and prod&R-hard .
3.1 Notation

Consider a grapl*(V, E') with n vertices andn edges. Given two verticest € V, definer, ; =
(s,u1,ug,...,u;—1,t) to be a path of distancer ;| = ¢ betweens andt, if {uy,...,u;} C V and
{(s,u1), (u1,u2),...,(uw—1,t)} C E, and letll, ; be the set of all paths fromto ¢. Accordingly,
letdg (s, t) be the distance corresponding to the shortest path betwgdwa verticess,t € V. In
other wordsd(s,t) = |7rj§’t| < |ms | for all pathsr, + € I, ;. LetSP, ; be the set of paths whose
length is equal tag (s, t).

For simplicity consider unweighted, undirected graphg,diuthe ideas in this thesis can be
easily applied to weighted and/or directed graphs.

Consider an ordered set afverticesD = (uj,uq,...,uq) Of the graphG, which we call
landmarks The main idea is to represent each other vertex in the graphvactor of shortest path
distances to the set of landmarks. This is also callednabeddingf the graph. In particular, each

vertexv € V' is represented asdimensional vectos(v):

o(v) = (dg(v,ur),dg(v,ug), ..., dg (v, ug)) (3.1)

For ease of presentation, from now on thth coordinate ofp(v) is denoted byy;, i.e., v; =

dG(Uv ul)
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Figure 3:1: lllustration of the cases for obtaining tight upper bounkst) and
tight lower bounds (right) as provided by Observations 12nd

3.2 Distance bounds

The shortest-path distance in graphs is a metric, and threrdf satisfies the triangle inequality.

That is, given any three nodesu, andt, the following inequalities hold.

dG(3> t) < dG(Sv ’LL) + dG(uv t)a (32)

dG(3>t) = |dG(3>u) - dG(u7t)| (3.3)

An important observation that will be used to formulate tnedmark-selection problem is thatif

belongs to one of the shortest paths fremo ¢, then the inequality (3.2) holds with equality.

Observation 1. Lets, t, u be vertices ofy. If there exists a path, ; € SP,; so thatu € m,; then
dG(Sv t) = dG(3> U) + dG(u7 t)'

A similar condition exists for the inequality (3.3) to behigbut in this case, it is required that

eithers or ¢t are the “middle” nodes.

Observation 2. Lets, ¢, u be vertices ofs. If there exists a path, , € SP,,, so thatt € 7, or
there exists a path; ,, € SP;, so thats € 7, thendg(s,t) = |dg (s, u) — dg(u,t)|.

The situation described in Observations 1 and 2 is shownguarEi31.
3.3 Using landmarks

Given a graphz with n vertices andn edges, and a set af landmarksD, we precompute the
distances between each vertexdnand each landmark. The cost of this offline computatiod is

BFS traversals of the grapfi(md).



Recall that the task considered for this thesis is to comantestimate ofl; (s, t) for any two

verticess, t € V. Due to Inequalities (3.2) and (3.3), we have
max |s; — t;| < dg(s,t) < min{s; +¢;}.
) J

In other words, the true distaneg;(s,t) lies in the rangdL, U], whereL = max; |t; — s;| and
U = min;{s; +t;}. Notice that one landmark may provide the best lower boumtiaaother the
best upper bound. Any value in the rarjeU] can be used as an estimate, t) for the real value

of dz(s,t). Some choices include using the upper bound

dy(s,t) =U,
using the lower bound
CZ[(S, t) = L,
or the middle point
~ L
(5, ) = %U

Notice that in all cases the estimation is very fast, as 6nl§) operations need to be performed,
andd can be thought of as being a constant, or a logarithmic fonaf the size of the graph.

We found out experimentally, that the “upper bound” estisa, (s, t) = U work much better
than the other two types of estimates, so for the rest of bi@si$ the focus is on the upper-bound
estimates. There is a brief comment about lower-bound astsriater in Section 4.4.

As follows by Observation 1, the approximatidp(s, t) is exact if there exists a landmark in

D that belongs to a shortest path betweemdt. This motivates the definition afoverage

Definition 1. We say that a set of landmarkscoversa specific pair of verticegs, ¢) if there exists
at least one landmark i that lies in one shortest path frosto .

Our landmark-selection problem is formulated as follows.

Problem 1 (LANDMARKS,). Given a graphG = (V, E) select a set ofl landmarksD C V' so
that the number of pairs of verticégs, t) € V' x V covered byD is maximized.

A related problem is the following
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Problem 2 (LANDMARKS-COVER). Given a graphG = (V, E) select the minimum number of
landmarksD C V so that all pairs of verticess, t) € V' x V are covered.

3.4 Selecting good landmarks

To obtain some intuition about landmark selection, condideLANDMARKS ; problem ford = 1.
The best landmark to select is a vertex that it is vagtralin the graph, and many shortest paths
pass through it. In fact, selecting the best landmark idedl#o finding the vertex with the highest
betweenness centraliffFreeman, 1977).

Recall the definition of Betweenness centrality. Given twdigess andt, let o, denote the
number of shortest paths frosto ¢. Also leto,(u) denote the number of shortest paths froto

t that somey € V lies on. The betweenness centrality of the vertés then defined as follows.

Cplw)y = Y L0 (3.4)

g
stuttey St

The fastest known algorithms to compute betweenness &tigntgactly are described by Bran-
des (Brandes, 2001). They extend well-known all-pairgteilst-paths algorithms (Cormen et al.,
2001). The time cost i®(nm) for unweighted graphs and(nm +n?log n) for weighted graphs.
Additionally, Bader et al. (Bader et al., 2007) discuss hovapproximate betweenness centrality
by random sampling.

For our problem, we consider a modified definition of betwessncentrality according to
which we definel,;(u) to be 1 ifu lies on at least one shortest path frerto ¢, and O otherwise.

We then define
Clu)= > Ta(u). (3.5)
s#EuAteEV
It follows immediately that the optimal landmark for tbeNDMARKS 4 problem withd = 1 is the

vertex that maximize€’(u). We note that our modified versiary(«) can be computed as efficiently

asCp(u) with a straightforward modification of Brandes’ algorithrBréndes, 2001).
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3.5 Problem complexity and approximation algorithms

Both of the problem$ ANDMARKS ; andLANDMARKS-COVER are NP-hard. An easy reduction

for the LANDMARKS -COVER problem can be obtained from tR€RTEX-COVER problem.
Theorem 1. LANDMARKS-COVER is NP-hard.

Proof. We consider the decision version of the problemsDMARKS -COVER andvVERTEX-COVER.
The latter problem is defined as follows: given a gréhtand an integek, decide if there is a sub-
set of verticed/’ C V of size at mosk so that for all edge6u, v) € Eitis eitheru € V' orv € V.
Transform an instance ofERTEX-COVER to an instance of ANDMARKS-COVER. Consider a so-
lution D for LANDMARKS-COVER. Consider now the set of all 1-hop neighbors and observe that
each pair is connected by a unique shortest path of lein@tb. an edge). Since all pairs of vertices
are covered, so are 1-hop neighbors, therefore the eddesi@f also covered b, therefore,D is

a solution tovERTEX-COVER. Conversely, consider a solutidfl for VERTEX-COVER. Consider a
pair of verticegs, t) € V xV, and any shortest patt ; between them. Some verticesiofshould

be on the edges of the path;, and thereford’’ is also a solution ttANDMARKS -COVER. O

As a consequenceANDMARKS 4 is alsoNP-hard.

Next we describe a polynomial-time approximation solutmthe landmark-selection problem.
The main idea is to map the problemseT™CcoVER problem. Given the grapfi = (V, E), consider
a set of element& = V x V and a collection of set§, so that each sef, € S corresponds to
avertexv € V. A setS, contains an elemertk, ¢t) € U if v lies on a shortest path fromto v.
Then by solving theseT-COVER problem on(U, S) by the greedy algorithm (Chvatal, 1979) we
obtain aO(log n)-approximation ta ANDMARKS -COVER problem and &1 — 1/e)-approximation
to LANDMARKS 4 problem. However, the running time of the above approxiomatlgorithm is

O(n?), which is unacceptable for the size of graphs that we considais thesis.

In the next chapter heuristic algorithms for the landmalection problem are presented.
These algorithms are very efficient and scale well for exéilgrtarge graphs. Our heuristics are

motivated by the observations we made in this section ragamtoperties of good landmarks.



Chapter 4

Landmarks selection heuristics

This section describes the proposed landmark-selectrategtes and Section 5 evaluates them
experimentally.

The baseline heuristic, which has been used by many resgarichthe literature, is to select
landmarks at random (Vieira et al., 207 ?). The heuristics proposed in this chapter are motivated
by the discussion in the previous section. On a high levelidba is to select as landmarks “central”
nodes of the graph, so that many shortest paths are traydtgige landmarks. Two proxies are
used for selecting central nodes} lligh-degree nodes and)nodes with higltloseness centrality
where the closeness centrality of a nadis defined as the average distadc®”, d¢(u, v) of u to
other nodes in the graph.

Intuitively, for selecting a set of landmarks that cover mdiiferent pairs of nodes, we seek to
spreadthe landmarks at different positions of the graph. To cagptiis intuition two modifications
of the previous heuristics are proposed):aconstrainedvariant, landmarks that are nearby are not
selected, andi{) apartitioning variant, where we first partition the graph and then seleeirzarks

from different partitions.
4.1 Basic heuristics

RANDOM: The baseline landmark-selection heuristic consists ofpfiama set ofd nodes uni-

formly at random from the graph.

DEGREE We sort the nodes of the graph by decreasing degree and weeclio® topd nodes.
Intuitively, the more connected a node is, the higher thechdhat it participates in many shortest

paths.

12
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CENTRALITY: We select as landmarks thkenodes with the highest closeness centrality. The
intuition is that the closer a node appears to the rest oftdesithe bigger the chance that it is part
of many shortest paths.

Computing the closeness centrality for all nodes in a gra@niexpensive task, so in order to
make this heuristic scalable to very large graphs, we résaamputing centralities approximately.
The approximation works by selecting a sample of random sedds, performing a BFS compu-
tation from each of those seed nodes, and recording thendestaf each node to the seed nodes.
Since the seeds are selected uniformly at random and asgtihgingraph distances are bounded
by a small number (which is true since real graphs typicaftyehsmall diameter), the Hoeffding
inequality (Hoeffding, 1963) can be employed to show thab@dgapproximation to centrality may

be obtained by sampling a constant number of seeds.

4.2 Constrained heuristics

The goal is to cover as many pairs as possible. Using a basitstie as the ones described above,
it may happen that the second landmark we choose covers & pait®that is similar to the one
covered by the first, and thus its contribution to the covemsll.

The constrained variants of the heuristics depend on a ggrtmeterh. First the nodes are
ranked according to some heuristic (e.g., highest degretoseness centrality). Then landmarks
are selected iteratively according to their rank. For eadldmarkl selected, we discard from con-
sideration all nodes that are at distarkcer less froml. The process is repeated untilandmarks
have been selected.

The modified heuristics are denoted bg @REEh and GENTRALITY /h.

For all the experiments of the next chapte 1,2, 3 has been used and the best results have

been obtained fok = 1; for the rest of this thesis only this latter case is congider

4.3 Partitioning-based heuristics

To spread the landmarks across different positions of thprgpartitioning is employed using a
graph-partitioning algorithm (such as MeTis (Karypis anghkar, 1995)) and then landmarks are

selected from the different partitions. The following ftéshing-based heuristics are studied.
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DEGREHP: Pick the node with the highest degree in each partition.
CENTRALITY/P: Pick the node with the highest centrality in each partition.

BORDER/P: Pick nodes close to theorder of each partition. We do so by picking the nodevith

the largesb(u) in each partition, according to the following formula:

)= > di(w)-di(w), (4.1)

JECUEC (i) i#]
whereC'(7) is partitioni andd,;(u) is the number of neighbors of that lie in partitioni. The
intuition of the above formula is that if a terdy(u) - d;(u) is large, then node lies potentially
among many paths from nodesn partition to nodest in partition j: such(s,t) pairs of nodes
have distance at most 2, and since they belong to differatitipas, it is likely that there are no
direct edges for most of them.

Extensive experimentation was conducted with partitigriveuristics that use the constrained
process of the previous section (partition, select a nagtepve it from the graph, then pick the

next node), but they did not show improvement over simplerisécs and thus are omitted.
4.4 Estimates using the lower bounds

As mentioned in Section 3.3, one can also use the valy@st) andd,,, (s, t) for obtaining esti-
mates for the shortest path length(s, t).

Following Observation 2, landmarks that give good loweuimb estimatedl(s,t) are nodes
on the “periphery” of the graph, so that many graph nodes ara shortest path between those
landmarks and other nodes. Most of the heuristics discuabede are optimized to give good
upper-bound landmarks, by selecting central nodes in thghgrand they perform very poorly for
lower-bound landmarks.

In fact, random landmarks perform better than any of the almgthods with respect to lower
bounds. With the intuition to select landmarks on the pexiplof the graph, the following algo-
rithm was applied: i) select the first landmark at randow)(teratively perform a BFS from the last
selected landmark and select the next landmark that is ttrefd away from all selected landmarks

so far (e.g., maximizing the minimum distance to a selecaadrhark). This algorithm yields better
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lower bound performance than selecting landmarks at ran8atroverall the performance is still

much worse than any of the methods for upper-bound landmarks



Chapter 5

Experimental evaluation

5.1 Datasets

The accuracy and efficiency of the proposed methods is daratet$ using five real-world datasets.
The first four are anonymized datasets obtained from vasousces, namely Flickr, Yahoo! Instant
Messenger (Y!IM), and DBLP. Experiments are also conduatdg a document graph from the
Wikipedia (nodes are articles, edges are hyperlinks ambeg) The distance distributions of
the datasets are presented in Figute Bext we provide more details and characteristics of these

datasets.
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Figure 5-1: Distributions of distances in all datasets.

Flickr-E: Explicit contacts in Flickr. Flickr is a popular online-community for sharing photos,
with millions of users. The first graph used in this chapteemesentative of its social network, in
which the node set’ represents users, and the edgefsés such thatw,v) € E if and only if a
useru has added useras his/her contact.

The sample of Flickr used has 25M users and 71M relationshipsrder to create a sub-graph
suitable for our experimentation we perform the followirtgps. First, a graph is created from
Flickr by taking all the contact relationships that are peatal. Then all users are discarded except

for the ones from the US, UK, and Canada. Finally, only thgdat connected component of this

graph is kept.

16
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Table 5.1: Summary of properties of the graphs
Dataset ‘ |V| |E| log fos C 0 tBFS

Flickr--E | 588K 11M 7 6 015 20 14s
Flickr-I | 800K 18M 7 6 011 19 23s
Wikipedia | 4M  49M 7 6 010 29 7is
DBLP 226K 1.4M 10 8 047 27 18s
Y!IM 94K 265K 22 16 0.12 3.2 <1s

ly.g: effective diameterty 5: median diameteR: power-law coefficient ¢: clustering coefficient,
tprs CPu-time in seconds of a breadth-first search.

Flickr-1: Implicit contacts in Flickr.  This graph models more active user behavior and user re-
lationships. In particular, implicit relationships ardarred between Flickr users usimgciprocal
commentss a proxy for shared interest. In this graph an ddge) € E exists if and only if a user

u has commented on a photo@fandv has commented on a photo by Again, only the largest

connected component of the resulting graph is considered.

DBLP coauthor graph. The DBLP coauthors are extracted from a graph of a recenshoapf the
DBLP database that considers only the journal publicatidieere is an undirected edge between
two authors if they have coauthored a journal paper. Onlyatgest connected component of this

graph is considered.

Yahoo! IM graph. This is a subgraph of the Yahoo! Instant Messenger contagihgicontaining
users who are active also in Yahoo! Movies. Goyal et al. deschis dataset in more detail (Goyal

et al., 2008). The largest connected component of the gsalépit.

Wikipedia hyperlinks. In contrast with the previous four datasets, which are $geaphs, this
graph is an example of a web-graph, the Wikipedia link graphis graph represents Wikipedia
pages that link to one another. All hyperlinks are undird@dges. Pages having more than 500

hyperlinks are removed, since they are mostly lists.

Summary statistics about these datasets are presentetlen5la. The statistics include the
effective diametef, o and the median diametéy 5, which are the minimum shortest-path distances
at which 90% and 50% of the nodes are found respectively,fandustering coefficient. In these
graphs the degree follows a Zipfian distribution in which prebability of having degree: is

proportional tax—?; the parametef fitted using Hill’s estimator (Hill, 1975) is shown in the tab
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We measure the accuracy of our methods in calculating ftigréghs between pairs of nodes. For

this experiment we randomly choose 500 random pairs of notleshe case of the RN\DOM

selection heuristic we average the results over 10 runsafdr Eandmark set size. For each method

and dataset the average of the approximation error is kmhorf — /|/¢ where/ is the actual

distance and the approximation.

Figure 52 shows representative results for two datasets. Obseateuing two landmarks

chosen with the ENTRALITY heuristic in the Flickr-E dataset yields an approximatigna to the

one provided by using00 landmarks selected byARiDom. In terms of space and query-time this

results to savings of a factor of 250. For the DBLP datasetdbpective savings are of a factor

greater than 25.
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Table 5.2 summarizes the approximation error of the hecsistcross all 5 datasets studied
here. We are using two landmark sizes: 20 and 100 landmaitts,1@0 landmarks it is possible to
observe error rates of 10% or less across most datasets.

Table 5.2: Approximation error across datasets, using 20 (top) anddrifimarks
(bottom)

20 landmarks Fl.-E Fl.- Wiki DBLP Y!IM

RANDOM 041 034 069 041 0.29
DEGREE 0.13 0.15 0.35 0.17 0.37
CENTRALITY 0.10 0.14 0.21 0.16 0.16
DEGREH1 0.15 0.17 035 0.15 0.35
CENTRALITY/1 0.16 0.17 0.21 0.14 0.14
DEGREHP 0.14 0.22 040 0.13 0.16
CENTRALITY/P 0.14 0.20 0.22 0.15 0.14
BORDER/P 0.14 0.20 0.29 0.15 0.15
100 landmarks Fl.-E Fl.- Wiki DBLP Y!IM

RANDOM 0.27 0.23 0.61 0.26 0.14
DEGREE 0.10 0.10 0.22 0.09 0.32
CENTRALITY 0.07 0.09 0.16 0.09 0.11
DEGREH1 0.12 0.14 0.23 0.08 0.10
CENTRALITY/1 0.13 0.15 0.16 0.09 0.10
DEGREHP 0.13 0.18 0.26 0.11 0.09
CENTRALITY/P 0.11 0.17 0.16 0.08 0.08
BORDER/P 0.11 0.17 0.20 0.08 0.07

By examining Table 5.2 one can conclude that even simpléegiess are much better than
random landmark selection. Selecting landmarks BgREEIs a good strategy, but did not perform
well in Y!IM graph. The strategies based oEICTRALITY and BoRDERYield good results across

all datasets.
5.3 Computational efficiency

The methods were implemented in C++ using Boost and STL tidgsaAll the experiment are run
on a Linux server with 8 1.86GHz Intel Xeon processors andB.6GBmemory.

The method is extremely efficient at query-time. The onlitepss constantQ(d) per pair
whered is the number of landmarks, a small constant. This trarslatexn few milliseconds per
guery. The reader may compare that to the BFS time in Tablevbidh is prohibitive for online
applications. These facts support the initial claim that¢hare remarkable trade-offs of efficiency

vs. accuracy using heuristically selected landmarks.
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The running times for the offline computation are shown onl@&h3, in some cases they
depend on the time it takes to perform a BFS in each datasetynsin Table 5.1. The offline
computation includes four phases:

1. A centrality computation is required for the methods Hame CENTRALITY, and it takesS

BFSs in whichS is the sample size of the initial seed nodes.

2. A partition of the graph is required for the methods basegartitioning */P, and in the
case of the Flickr-E dataset (588K nodes, 11M edges) it takasnd 30 seconds using the
standard clustering method of the Metis-4.0 package.

3. The selection of the landmarks depends on the heuristid, takes between 1 and 4 seconds
in the Flickr-E dataset.

4. The embedding implies labelling each node in the graph itgtdistance to the landmarks.

Table 5.3: Indexing time. Partitioning and selecting times are exggdsn wall-
clock seconds fo#f = 100 landmarks in the Flickr-E dataset

Method Centrality Partition Select Embed
[tBFs] [sec] [sec] {Brs]

RANDOM - - <1 d
DEGREE - - <1 d
CENTRALITY S - <1 d
DEGREH1 - - <1 d
CENTRALITY/1 S - <1 d
DEGREHP - <30 4 d
CENTRALITY/P S <30 4 d
BORDER/P - <30 4 d

The computational time during the indexing is dominatedheyBFS traversals of the grap$i.
such traversals are necessary for performing centralttgnatons in the algorithms, basically by
picking S seed nodes uniformly at random and then doing a BFS from thodes; the centrality
of a node is then estimated as its average distance t6 #ez=ds. The embedding always takes
BFS’s to be computed. These traversals can be sped-up by thaitraversals in parallel in several
machines. Observe that an exact-online solution whichiresja BFS/Dijkstra traversal of the

graph, cannot be straightforwardly parallelized.

http:// gl aros. dtc. um. edu/ gkhore/ neti s/ nmeti s/ overvi ew
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With respect to the memory requirements to store the indead] of the datasets more than 99%
of the pairs are at a distance of less than 63, meaning thataonsafely use six bits per landmark
and node to store the embeddings. With 20 landmarks in a taegsh of 100 M nodes, one would
use 120 bits (15 bytes) per node. Thus, around 1.5 GB of memowd be required to store all

the embeddings, which is a very small memory footprint fis #pplication.



Chapter 6

Application to Social Search

In this section an application of the suggested method tevorktaware search is studied. In
network-aware search, the results to a search are nodesraph, gand the originating query is
represented by eontext noden the graph. The context node may represent the user istuing
query, or a document the user was browsing when she issuegi¢ng

Nodes that match the query are ranked using a ranking fumthtiat considers, among other
factors, their relationship with the context node. Foranse, the ranking function may favor the

results that are topologically close to the context node.
6.1 Problem definition

There are a number of use cases where social search may bd.hElg instance, a user may be
searching on a social networking site for another user weasmembers only by the first name.
There might be potentially thousands of matching peoplefrirnds-of-friends should be shown
first. Another application is a user searching for books,imosmovies of a certain genre: items
favorited by her friends or friends-of-friends are morelikto be interesting for her. Yet another
application is context-aware search, where a user is rgaipage with a search form on it and
enters a query. Pages linked to by the original page (or digsm terms of clicks) should be
presented first.

This problem has been considered by Vieira et al. (Vieird.eP@07). It can be further formal-
ized as follows: Given a grapfi(V, E), a source vertey € V and a sefX = {z1,2,...,zx|} C
V that satisfies some query introduced by ngdeompute a permutation = (ry, 72, ..., T x|)

of the items in the sefl,2,...,|X

}, so that for the rankindzr, , Zr,, ..., ¥r ) it i true that

iy mjli < j A da(q,2x,) > da(q, rr,), wheredg (z,y) is the graph-distance of verticesy.

22
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In practice, a query is a tuplg, t) wheregq is the asking vertex andis a set of keywords or
tags that must be matched against all the elements of thectioh to select the candidate sét

Note that both the source vertgexand the set of relevant itend are only known at runtime.
6.2 Evaluation method

To evaluate the effectiveness of our methods for searcheed a method for generating searches,
as well as a performance metric. For the latter weprseision@kdenoted by P@K; this is the size
of the intersection between the tbglements returned by the proposed methods using appreximat
distances, and the true tépelements in the result séf, normalized byk. Given that there might
be elements oKX tied by distance, we extentd to include the elements at the same distance as the
k-th element onX, as any of those elements can be considered a good resudt goi¢hy.

It should be pointed out that while this evaluation methodukates a hypothetical ranking
function that uses only the distances, in most practicdinggst the distance between two items
should be a component of the ranking function, not a replaceror it.

To generate queries and select the matching results wedesribat each element in the graph
has a set ofagsor keywords associated to it. In the case of the Flickr d&a@mth explicit and
implicit graphs) tags are naturally provided by users anccamsider that a user has a tag if she
has tagged at least one photo with that tag, filtering out tlagishave been used in less than 100
photos. In the case of the Yahoo! Instant Messaging grapleregs the information with the items
users have rated in Yahoo! Movies (we have been provided avitanonymized dataset in which
this information is already joined), so the tags of a usettaanovies she has rated.

In the case of the Wikipedia dataset, the tags are the womlpdhes contain. Words are
selected that are neither uncommon nor trivially comm@s0 words that have frequency in the
ranges[1000, 1050] U [2000, 2050] U [5000, 5050] U [10000, 10050]. In the case of DBLP, there
were no tags available. Thus for experimentation purp@sgswere uniformly at random assigned

to users; 201 tags were created and each one was assignéiram@ldom users in the graph.
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Table 6.1: Summary of precision at 5 across datasets, using 20 (top)l@ad
landmarks (bottom)
20 landmarks Fl.-E FlL-I Wiki DBLP Y!IM

RANDOM 0.84 0.82 042 0.60 0.29
DEGREE 0.98 0.96 0.46 0.77 0.23
CENTRAL 0.98 0.97 0.58 0.77 0.43
DEGREH1 0.97 095 0.46 0.78 0.23
CENTRAL/1 0.97 0.94 0.58 0.80 0.46
DEGREHP 0.97 090 050 0.78 0.45
CENTRAL/P 0.97 092 0,57 0.78 0.46
BORDERP 0.98 0.92 053 0.79 0.46
100 landmarks Fl.-E Fl.-Il Wiki DBLP YI!IM

RANDOM 0.86 0.80 0.59 0.65 0.39
DEGREE 0.99 0.98 0.67 0.88 0.25
CENTRAL 0.99 0.98 0.69 0.87 0.51
DEGREH1 0.98 0.97 0.67 092 0.56
CENTRAL/1 0.98 0.96 0.68 0.89 0.58
DEGREHP 0.98 090 0.65 0.88 0.65
CENTRAL/P 0.97 0.95 0.71 0.89 0.64
BORDER 0.99 095 0.68 091 0.69

6.3 Experimental results

Table 6.1 summarizes the precision at 5 of the heuristicairAgve are selecting a landmark set of
size 20 and 100. TheA&DoMm technique is clearly outperformed in all datasets.

Figure 61 shows how p@5 scales using more landmarks, while Fig@ret®ws the same for
p@10. Ther-axis is logarithmic so it is clear that returns are dimimsgf) in any case a few tens
of landmarks are enough for Flickr and a few hundred landm#okthe other datasets. Table 6.1
is quite consistent with Table 5.2 and similar conclusioolsl hAmong the simple strategies£@-
TRALITY is better and BGREEperforms poorly in the Y!IM dataset. The constraineeNTRAL/1
and the partitioning-baseddRDER/P yield very good results across all datasets.

As a general observation, the number of landmarks necefgargood approximation depends
much more on the graph structure than on the graph size. Btanice, despite Y!IM being the
smallest graph in our experiments, the search applicaiems to require more landmarks to obtain

a high precision than for the other datasets. It should bednhtiat Y!IM graph is a result of
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Chapter 7

Application to Community Detection

A preliminary investigation on the applicability of landrkebased embeddings to the task of clus-
tering nodes of a graph is presented. The underlying intiis that, if landmarks are chosen
appropriately, node embeddings may contain rich inforomagibout the node position within the
graph. By using the embeddings as the objects features,dopdirg a standard Euclidean dis-
tance between embeddings, the community detection taskbmasduced to a standard clustering
on relational data. The above intuition is put in practicdtmDBLP dataset as follows.

Using the DEGREH1 method, a set af00 landmarks and the corresponding node embeddings
have been generated. Standafeémeans (withK' = 50) is then applied using node embeddings as
features.

In order to assess the meaningfulness of the obtained @usta qualitative manner the area
of publication of the clusters is inspected. In particudalient journalsinside each cluster are
computed as follows. For each journal papgk points are given to each of itsco-authors. For
each cluster and for each journal the sum of the points is atedpfor the given journal over all
authors in the cluster.

A journal is represented in a cluster if it has more than 20%sabtal points associated with
the cluster of authors, i.e. the cluster of authors conteduo more than 20% of a given journal
history of publications. In Table 7.1 the journals that geirenpoints inside each of those clusters
are listed. Note that some clusters may disappear as theyatagach the 20% threshold for any
journal.

It is worth noting how two different communities of the larBatabase community arise: one
mixed with artificial intelligence (Cluster 35), and one mikwith data mining and algorithms

(Cluster 10).
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Table 7.1: Clusters obtained in DBLP.

Cluster 1 - 8693 authors - Graphs, Combinatorics, DiscrhMat
Contrib. % Journal

0.32 Algorithmic Operations Research

0.25 Graphs and Combinatorics

0.23 Journal of Graph Theory

0.22 Discrete Applied Mathematics

0.22 Combinatorics, Probability & Computing

0.21 Discrete Mathematics

0.21 Journal of Discrete Algorithms

0.21 Electronic Colloquium on Computational Complexity

Cluster 10 - 5375 authors - DB, KDD, Algorithms
Contrib. % [ Journal

0.67 SIGMOD Digital Review

0.38 |IEEE Data(base) Engineering Bulletin
0.35 ACM Transactions on KDD (TKDD)
0.33 Internet Mathematics

0.33 Theory of Computing

0.33 SIGMOD Record

0.32 The VLDB Journal

0.31 Advances in Computing Research
0.31 Algorithmica

0.30 ACM Transactions on Database Systems (TODS)
0.30 Data Mining and Knowledge Discovery
0.30 ACM Transactions on Algorithms

Cluster 16 - 6012 authors - Imaging, Vision, Virtual Reality
Contrib. % | Journal
0.25 Journal of Mathematical Imaging and Vision
0.22 International Journal of Virtual Reality

Cluster 21 - 5970 authors - Algorithms, Complexity
Contrib. % | Journal

0.36 Computational Geometry: Theory and Applications
0.34 Theory of Computing

0.33 ACM Transactions on Algorithms

0.31 Journal of Graph Algorithms and Applications

0.31 Random Structures and Algorithms

0.30 Electronic Colloquium on Computational Complexity
0.30 Journal of Automata, Languages and Combinatorics
0.30 Computational Complexity

0.29 Combinatorics, Probability & Computing

0.28 Combinatorica

0.27 Discrete & Computational Geometry

0.27 ACM Journal of Experimental Algorithms (JEA)

0.27 SIAM Journal on Computing

0.27 Journal of Algorithms

0.26 Algorithmica

0.26 Internet Mathematics

Cluster 35 - 6938 authors - DB, Artificial Intelligence
Contrib. % | Journal

0.34 Journal of Web Semantics

0.27 SIGMOD Record

0.26 The VLDB Journal

0.24 Autonomous Agents and Multi-Agent Systems
0.23 |EEE Data(base) Engineering Bulletin

0.23 ACM Transactions on the Web

0.23 Al Magazine

0.23 Journal of Artificial Intelligence Research (JAIR)
0.22 SIGMOD Digital Review

0.21 Intelligence

0.21 ACM Transactions on Database Systems (TODS)
0.21 Artificial Intelligence

Cluster 44 - 8230 authors - Architecture, Parallelism, Gorency
Contrib. % [ Journal

0.35 Journal of Instruction-Level Parallelism

0.34 ACM Trans. on Arch. and Code Opt. (TACO)

0.32 Computer Architecture Letters

0.24 ACM Letters on Progr. Lang. and Syst. (LOPLAS)
0.22 International Journal of Parallel Programming

0.22 ACM Transactions in Embedded Computing System:
0.22 Computer Communication Review (ACM SIGCOMM
0.21 ACM Transactions on Computer Systems (TOCS)
0.21 IEEE Concurrency

0.20 SIGARCH Computer Architecture News

The results are promising: recall that the nodes have besteckd according to the graph nodes
(i.e., the authors), not the journals. Moreover, the chgséee obtained using only the embeddings

and no additional information.



Chapter 8

Conclusions and future work

Motivated by applications such as context-aware web searthsocially sensitive search in social
networks, this thesis studies how to do fast and accuratandis estimation on real-world very
large graphs. In particular, the focus is on approximatehou based on landmarks. The problem
of optimal landmark selection has been defined and provea®-hard. Thus, several heuristics
for landmark selection that outperform the commonly used ®om by a large margin are defined.
In the simplest class of heuristicSeQTRALITY appears to be much more robust thandREE
Among the more elaborate heuristics, the ones based otigrartg, in particular BRDER/P are
the most promising. When applied to the task of context-avgaarch in four social networks and
a webgraph, these methods result to savings of a factor @p0tdn terms of space and compu-
tation time. Finally, the precomputed embeddings may piea meaningful graph partitioning
using standard clustering methods for relational data.efimpinary experimentation on the DBLP
coauthors graph detected communities of authors in tertfeafresearch interests.

In future work we consider we intend to investigate methaatsah effective synergy of upper
and lower bounds. We also plan to investigate which mackiaming methods can be efficiently
applied to large graphs for the problem of selecting a goadséandmarks and if they yield
improvement over the heuristics. Of most interest is tostigate the means to provide estimates
for more distance-functions in graphs, which could be usedramitives in context and/or social

aware search tasks.
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