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Abstract

The problem of estimating the intrinsic dimension of a data set from pairvissendes is a critical issue for a
wide range of disciplines, including genomics, finance, and networkiugrent estimation techniques are agnostic
to the structure of the data, resulting in techniques that may be computationedistable for large data sets. In this
paper, we present a methodology that exploits the inherent clustenguse of data to efficiently estimate intrinsic
dimension. Our experiments show that the clustering-based apprbaes for more accurate intrinsic dimension
estimation and decreased computational complexity compared with priotigees, even when the data does not
conform to an obvious clustering structure. Finally, we present restlishvéhows the clustering-based estimation
allows for a natural partitioning of the data points that lie on separate masibbldifferent intrinsic dimension.

1 Introduction

Modern data analysis problems often rely on the study ofatbjebserved in some high-dimensional space. Due
to the “curse of dimensionality”, the analysis of the dathisall D dimensions may be computational intractable.
Fortunately, we are often helped by the data lying on a mihiffdntrinsic Dimensiond, representing the true number
of variables needed to describe the data set. Commonlyinthissic dimension is much smaller than the observed
dimensionsd < D), allowing for tractable solutions to problems that woudditmpossible in larger dimensions. This
reduction in dimensionality is commonly found in problenssdiverse as, genomics [1], Internet topology analysis
[2], computational finance [3], and computer vision [4], tome only a few.

The estimation of the intrinsic dimension for a given dataisa well-studied problem examined previously in
[5, 6, 7, 8, 9, 10]. While there has been a large amount of pravkwn estimating the intrinsic dimension of a data
set, none of the prior methodologies exploit the structdith® data to increase accuracy and decrease computational
complexity. In this paper, we consider the general caseavbely distances, not metric embedding coordinates, can
be observed. Dimension estimation using pairwise distixeritical for real-world data sets which do not satisfy
metric distances, as commonly found in gene microarrayyaiga11] and Internet measurements [12].

To exploit the structure of the data, we develop th& €TERDIMENSION algorithm, which uses pairwise distances
to efficiently calculate the intrinsic dimension of a data $eough the use of a modified hierarchical clustering
methodology. We present sufficient conditions on data sésrevthe CUSTERDIMENSION algorithm estimated
intrinsic dimension converges to the true intrinsic diniens We show the decreased computation complexity and
demonstrate the increased accuracy of our estimation mhelthgy on data sets with known intrinsic dimension.

Additionally, we show how our clustering-based technigo@s be extended to cluster data points based on our
dimension estimation. This allows for decomposition of tadset generated from a mixture of processes of different
intrinsic dimension. Finally, we demonstrate how dimendiased clustering can be applied to outlier detection on
real-world data.

The paper is organized as follows. The intrinsic dimensigtineation problem and prior methods are introduced
in Section 2. By exploiting the structure of data, in SectBowe introduce our clustering-based intrinsic dimension



estimation approach. We then show how our clustering-btsgthique allows for a natural partitioning of data sets
with respect to dimension in Section 4. Concluding remarkaeade in Section 5.

2 The Intrinsic Dimension Problem and Prior Work

LetX = {x1,Xa,...,Xxx} be acollection ofV items inR” space. We observe pairwise distances between items, the
matrix D, whered; ; is the distance between iterhand;j. Using these pairwise distances, our goal will be to resolve
the intrinsic dimensiorof the set of items. Informally, we will consider the intrioglimension,d, to be the largest
dimension such that the data set sufficiently fills a regiod+@dimensional space.

Standard approaches, such as Principal Component AnéRG5), allow for accurate intrinsic dimension estima-
tion when the data is linearly embedded into a lower dimaradispace. When the data is embedded onto a nonlinear
manifold, these linear methods can dramatically overegBnthe intrinsic dimension. To avoid this problem, non-
linear methods have been popularized in recent years,dimguSOMAP [13] and Locally Linear Embeddings [14],
although both resolve an integer intrinsic dimension.

In this paper, we consider the more general case in whichnimsic dimension is a non-integer, fractal,
dimension. The most accurate measure of fractal dimensietjausdorff Dimensiof5], examines the relationship
between the size of the smallest ball covering of the datarsét), and the ball radius;. Unfortunately, finding the
best placement of the ball covering is combinatorial in thenber of items in the data set, making finding the true
Hausdorff dimension of a data set intractable for sets ofraaijstic size.

To approximate bounds on the minimal ball covering of a datgand therefore the Hausdorff Dimension), the
Box Counting Dimensiois often used. In this approach, a grid is laid on the datavgt,separation between each
grid point being of size’, and we consider the number of grid boxes necessary to ctehptmver the data. Using
box counting, the intrinsic dimension is estimated as thegvdaw relationship between the number of observed
grid boxes containing data points and the grid lengdh The main limitation with the box counting approach is the
discrepancy between the box counting number and the truen@lirtovering size as the ambient dimensionality of
the data setlp) grows [15].

Given issues with both the Hausdorff covering and the boxting approach, commonly th@orrelation Dimen-
sion[6] is used to approximate the fractal dimension of a dataswsts approach is dependent on finding the number of
nearest-neighbors for each item within a radius of gizAlthough this estimator has less computational compfexit
than the box counting approach, under some circumstanhas theen shown to have drastically higher error [16].

One of the more recent intrinsic dimension approaches, arManr Likelihood approach [7], estimates intrinsic
dimensionality by approximating the number of nearestm@igs for each data point by a Poisson point process and
resolving the most likely dimension given this parametradel. Empirical results have shown lower bias and variance
for intrinsic dimension estimation using this MLE approasier the Correlation dimension methodology.

Finally, the most similar prior work with respect to the madblogy discussed in this paper is the Minimum Span-
ning Tree based approach in [8]. In this work, the intringroehsion of the data set is estimated by first constructing
a minimum spanning tree given the pairwise distances, agid tesolving a ball covering on the graph structure.
In contrast with this approach, our cluster-based apprealtthave lower computational complexit)O((N2) VS.

0] (N2 log N) for the spanning tree methodology), and we extend our apprwanaturally partition data in terms of
intrinsic dimension.

Our dimension estimation approach is dependent on the rootish of a hierarchical clustering based on the
observed distances. While recent results on hierarchiaatetiing [17] have shown onl§ (N log N) operations are
needed to resolve the tree structure (as opposé@j(tN 2) for standard agglomerative methods, [18]), this requires
an additional restrictive condition on how the pairwisdaliges conform to the natural set of clusters. To make our
approach general, we will be agnostic to the method usedistiect the hierarchical clustering of the data. This opens
our procedure to potentially exploit recent work on effitiémng.,[17]), or robust €.9.,[19]) hierarchical clustering
methods.

3 Clustering-Based Intrinsic Dimension Estimation

Several limitations occur with standard intrinsic dimemsestimation techniques. Specifically, consider an exampl
of the performance of a box counting-based approach in Eigt(A). As seen in the figure, a fixed grid requites
boxes to cover this set of data points. This is in contrashédbest possible covering of this small example, as seen



in Figure 1-(B), which only require8 boxes of the same size. This inflation of the covering is tiseltef the box
counting technigque being agnostic to the structure of tha.da
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Figure 1: (A) Six grid boxes covering a set of points; (B) Tlaeng set of points covered by only three boxes of
the same size; (C) Observed pairwise distances; (D) Arenbtaierarchical clustering. (For clarity, only distances
da,dpg,dc are shown.)

Using observed pairwise distances, we look to exploit theliant clustering structure in the data. We construct a
hierarchical clusteringusing pairwise distances. Formally defining hierarchitadtering as:

Definition 1. A cluster C is defined as any subsetXf. A collection of cluster§ is called ahierarchical clustering
if Uc,e7C; = X and for anyC;,C; € 7, only one of the following is tru@) C; C Cj, (ii) C; C C;, (iii) C; N C; = 0.

The hierarchical clusterin@ has the form of a tree, where each interior node correspanagarticular cluster.
While the hierarchical clustering can be constructed usiveyigty of methodologies, such as divisive [17] or agglom-
erative methods [18], we will be agnostic to the particulatiodology used to cluster. Regardless of the clustering
technique used, we will require annotating the tree strecttith the maximum distance found in each cluster, as seen
in Figure 1-(D). This will allow us to examine the resolveddrstructure and intrinsic dimension, as these annotated
distances will be an estimate for the minimum covering di@m®r clusters found in the hierarchy.

3.1 TheCLUSTERDIMENSION Algorithm

Using this hierarchical clustering-based methodologyintreduce the CUSTERDIMENSION methodology in Algo-
rithm 1. This methodology consists of obtaining a hierazahtlustering that conforms to the data set with annotated
interior distances, an example of which is seen in FigurB)L-{Ve exploit these annotated distances to resolve the
intrinsic dimension of data by merging all the interior nedie the tree with annotated distance less than a threshold,
r, thus forming a collapsed subtree structure. We then eteatha number of leaves found in the collapsed subtree,
i (r). We estimate the intrinsic dimensiaf),as the power law relationship between the observed vafu@s o) and

r, such that (r) = r—.

Due to the use of real world, discrete data sets, we cannaltveethe cluster covering as— 0. Instead, we must
only examine the covering characteristics for a feasibigeaof covering sizes. We limitto be greater than the value
max;—(12.. N} dgK), wheredEK) is the K-th nearest neighbor distance to iténiThis will allow us to characterize
the data set intrinsic dimension while mitigating the infloe of discrete data.

3.1.1 CLUSTERDIMENSION Algorithm Analysis

Critical to the dimension estimation performance of thes€TERDIMENSION algorithm is the relationship between
the estimated number of clusters for a given diameter; ), compared with the minimum number of clusters possible
for a given diameteny (7).

We consider the following condition on the observed paiendistancesD, conforming to an underlying tree
structure 7.

Definition 2. The triple(X, 7, D) satisfies th€omplete Linkage Condition if for every set of three item{se;, x;, x1 }
such thate;, z; € C andxy, ¢ C, for someC € 7, the distances satisfy, ; < max (d; &, d; r).

Given this Complete Linkage condition [18], we can stateftilewing proposition with respect to theLOSTER-
DIMENSION algorithm.



Algorithm 1 - CLUSTERDIMENSION(X, D)
Input:

1. AsetofitemsX = {x1,x2,...,Xn}.
2. An N x N matrix of pairwise distance$) = {d; ;}.

3. Set the maximum distance length,.x = max; ; d; ;.
(K)

4. Set the minimum distance length,;, = max;—(12 ..~} dEK), whered
distance to item.

is the K-th nearest neighbor

5. Choose an incremegtr that divides(ryin, max) iNto a sufficient number of intervals.
Main Body:

Using the pairwise distanceB, estimate the clustering hierarcl@,(e.g.,using agglomerative clustering [18]) with
annotated interior distances.

For r = {Tminv Tmin + AT’, Tmin + QAT» ceey 7)max}

1. PruneT by merging pairs of leaf nodes whose parent node has ammtéati-. Repeat until no further
merger is possible.

2. Setrn(r) = number of leaf nodes in prunéd
Output:

Return the estimated intrinsic dimension as the slope oieh&t-squares fit tog 7i.(r) versuslog r.

Proposition 1. If (X,7,D) satisfies the Complete Linkage Condition, then usingdhesTERDIMENSION algo-
rithm, m () = m (r) for all values ofr considered.

Proof. Under the Complete Linkage condition, the estimated treesire using the QUSTERDIMENSION algorithm,
7, will be equivalent to the true tree structugeusing off-the-shelf agglomerative clustering methoddierarchical
clustering [17].

Consider a violation of this proposition, where a clustendagter valuey, exists such that our estimated number
of clusters using CUSTERDIMENSION is greater than the minimum possible number of clustéréy) > m (r).
Therefore, some alternative choicerf(r) clusters can be found such that fewer thiarir) clusters are needed to
cover the data set. But, by the Complete Linkage conditioeret exists distance of at leastr between all pairs of
m (r) clusters. Therefore, to use fewer th@anr) clusters would require a diameter larger tharThus, we require
m (r) = m (r) for any value ofr. O

We can now state the following Theorem with respect to thienagéed intrinsic dimension using theeGSTERDI-
MENSION algorithm under data sets that satisfy @emplete Linkageondition.

Theorem 3.1. For a triple (X, 7, D) that satisfies the Complete Linkage condition, using@heSTERDIMENSION
algorithm the estimated intrinsic dimension of the data(ggtonverges to the true intrinsic dimensieh,— d, as the
size of the data sefy grows.

Proof. The proof of this theorem is obvious given Proposition 1. O

Although we only prove performance of the @sTERDIMENSION algorithm under the Complete Linkage condi-
tion, our experiments later in this section will not requhies condition on the data sets observed and will demormstrat
the generality of our technique.

3.1.2 Computational Complexity Analysis

Critical to any intrinsic dimension estimation methodolag/the necessity to estimate the dimension in feasible.time
In Table 1, we review the computational complexity of eachthudology. As seen in the table, we find that no



other methodology has lower computation complexity coragavith the CusTERDIMENSION methodology. Prior
methods that rely on a linear embedding of the datg.(PCA and Box Counting approaches) are dependent on the
linear embedding dimension of the daii)(which for non-linear real-world data can approach the efzbe data set,

N.

Table 1:Computational Complexity of Intrinsic Dimension Estimatiorgétithms (forN items with linear embedding dimensidp)

Dimension Estimation Computational
Method Complexity
CLUSTERDIMENSION O (N?)
Maximum Likelihood [7] O (N?)
Box Counting [9] O (dN?)
Correlation Dimension [6] O (N?
Minimum Spanning Trees [8] O (N2 log N
PCA [18] O (d,N?)

3.2 Synthetic Datasets - Dimension Estimation

Performance of the dimension estimation techniques witldsesidered on a collection of fractals with known intrinsic
dimension. Here we will consider a Koch Curve, the Siergifisiangle, and the Sierpinski Carpet as seen in Figure 2.
This choice of synthetic fractals allows us to validate daorehsion estimation techniques on data with known ground-
truth intrinsic dimension. We compare the performance ef@GhusTERDIMENSION methodology with prior work on
intrinsic dimension estimation using a Maximum Likelihdedhnique [7], box counting [9], the correlation dimension
[6], @ minimum spanning tree-based approach [8], and liR€ak [18].
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Figure 2:Fractal data sets : (A) - Koch Curvé & 1.262); (B) - Sierpinski Triangle¢ = 1.584); and (C) - Sierpinski Carpetl(= 1.893).

In Table 2 we find the estimated intrinsic dimension over Iilcam realizations of each of the fractal data sets,
where each realization sampl&s) points sampled at-random from the self-similar fractaisegated with a depth of
50 self-similar iterations. The pairwise distances are foutitti respect to the Euclidean norm between each pair of
points. We present the results in terms of both the averagasit dimension using the various estimation technigues
the standard deviation of the estimated intrinsic dimemgig;), and the root mean squared error (RMSE) for the
estimated intrinsic dimension. As seen in the table, the SIERDIMENSION algorithm has the smallest RMSE for
two of the three data setsd., for the Koch Curve and Sierpinski Triangle). It is only foetBierpinski Carpet data
set that our estimated dimension deviates from the true e slightly more than the Minimum Spanning Tree
methodology, although our approach results in a signifigdmiver standard deviatiors(;) between the multiple esti-
mates of intrinsic dimension. While this collection of fralstis highly structured, in the next section we demonstrate
the performance of the WSTERDIMENSION algorithm on unstructured data.

4 Intrinsic Dimension-Based Clustering

Often real world data is generated from multiple processash of which could have a different intrinsic dimension.
We now look to the problem of classifying which observed gewere generated from a particular manifold. To



Table 2: Intrinsic Dimension Estimation for self-similar fractals (&v Curve, Sierpinski Triangle, and Sierpinski Carpet) 766 uniformly
sampled points i-D space.

Fractal Data Set

Koch Sierpinski Sierpinski
Curve Triangle Carpet
(d =1.262) (d = 1.584) (d = 1.893)
| Method [ RMSE | Mean| o4 [ RMSE | Mean| o4 [ RMSE|Mean| oy |
CLUSTER
DIMENSION 0.045| 1.219| 0.040|| 0.022| 1.604| 0.040| 0.103| 1.791| 0.026
MLE [7] 0.068| 1.194| 0.008|| 0.057| 1.527| 0.006| 0.245| 1.648| 0.008
Box Count. [9]| 0.272| 0.991| 0.028 | 0.334| 1.251| 0.028| 0.548| 1.347| 0.049
Correlation [6] | 0.373| 0.889| 0.007| 0.283| 1.301| 0.005| 0.555| 1.338| 0.007
MST [8] 0.134| 1.382| 0.119|| 0.100| 1.646| 0.194| 0.072| 1.942| 0.150
PCA[18] 0.738 2 0| 0.416 2 0| 0.107 2 0

generalize our approach, we will only consider the probldmesolving a data set drawn from a mixture of two
manifolds of different intrinsic dimensioh.

In contrast to prior approaches, our clustering-based odelbgy gives a natural partitioning of the data using
dimension estimation. While prior approaches (such as bartaowg) would result in a combinatorial time problem,
the key insight here is that our hierarchical clusteringdzamethod automatically returns at mastN) division
points in the data set that would result in valid dimensiasédd clusters.g., each interior node in the tree structure).
In order to determine the interior tree node that best pamstthe data set, we estimate the intrinsic dimension dt eac
interior node (related to subset of iterfiswith estimatednterior dimensiond;,,) and the fractal dimension of the
dataset with the specified subset of items removed (the sabisemsX — C with estimatedexterior dimensiot,,,;).

An example of this partitioning and intrinsic dimensionisttion is found in Figure 3.

udsieseins osuiossins

Figure 3:Examples of partitioning based on hierarchical clusterieg structure and the resulting intrinsic dimension estinati

Our intuition is that the interior node related to the latgiference between the interior and exterior dimension is
the best choice for partitioning the data set into two chsst&he full DMENSIONPARTITION methodology is found
in Algorithm 2, and builds off of the CUSTERDIMENSION algorithm.

4.1 Intrinsic Dimension-Based Clustering Experiments

We test this approach on the synthetic data sets seen ineFgamis collection consists of three data sets with points
sampled at-random from both a one-dimensional line mah#old a two-dimension manifold (Figures 4-(A-C)), and
a dataset consists of points sampled at-random from a thineensional swiss roll manifold intersected with a one-
dimensional line manifold (Figure 4-(D)). We compare owrsteéring methodology with two prior approaches. The
first is a standard unsupervised K-Means clustering appr{ig], where we specify the algorithm to resolve two
clusters in the data set. The second methodology is a modiiesion of the Fractal Clustering algorithm [20]. To
give the Fractal Clustering approach every opportunityjnitealize this algorithm with a small subset of items with
oracle classification knowledge.

1Although the methodology presented here could easily bendgtbto multi-class problems, we reserve this for future work.



Algorithm 2 - DIMENSIONPARTITION (X, D)
Main Body:

1. Using pairwise distancd3, estimate the hierarchical clustering trEe

2. Estimate the intrinsic dimension for each interior nofJeof the clustering tre¢/”. Resolving the interior
dimensiond;,, (i) and the exterior dimensiafy,,; (i) using the CUSTERDIMENSION algorithm.

3. Find the interior node point with largest intrinsic dinsem difference = argmax; |diy, () — dowt (1)].
Output:

1. Return two clusters: the first cluster contains all poahtstered by interior nodg C;, and the second cluster
containing all remaining items — C;.

(A) (B) © (D)

Figure 4:Data sets consisting of two manifolds of differing fractahéinsion. (A) - Data set A; (B) - Data set B; (C) - Data set C; anjd-(Data
set D (with a cross-section of three dimensional data showe) he

Table 3:Classification Error with respect to the four synthetic dats with multiple manifolds (averaged acragsrealizations).

Data Set
Method A [ B | Cc | D
DIMENSIONPARTITION 0.33% | 4.00% | 8.00% | 2.26%
K-Means [18] 1.27% | 47.07% | 48.80% | 48.14%
Oracle-Based Fractal Clustering [20]21.23% | 20.69% | 20.08% | 22.12%

The classification erroi.€., the percentage of items that are incorrectly classifiedhesd four data sets is found in
Table 3. Compared with the two prior methods, thetBnSIONPARTITION methodology resolves the two manifolds
with a significantly lower error rate. Large error rates floe {prior methods are seen in particular when there is no
clear separation between the two manifolds.(data sets B, C, and D), even with the Fractal Clustering ambro
given every opportunity through ground-truth initialimst. Examples of the classification performance using the
DIMENSIONPARTITION method can be seen in Figure 5.

4.1.1 Dimension-Based Outlier Detection Experiments

One application for dimension-based clustering is distisiging between data that lies on a low dimensional manifold
and high dimension outlier noise that corrupts a data sete§iour clustering approach, we use a set of real-world
gene microarray data [21] and corrupt 30% of the genes witls&an white noise, with the remaining 70% of the
genes uncorrupted. This simulates the occurrence of mutiemmonly found in gene microarray experiments [1].
Across10 random realizations, we test both theMENSIONPARTITION methodology and competing methodologies
(i.e.,standard K-Means and Oracle-based Fractal Clusterindjeoaldility to distinguish between observed microarray
genes and the noise corrupted genes (with standard devigtiavith the average classification error rates specified
in Table 4. The table shows that our clustering-based aphrizaable to classify the outliers in the real-world data
set with significantly fewer errors compared with both thdli€ans or Oracle-Based Fractal Clustering approach. As
expected, as the outlier noise power grows, the abilitydssify outliers increases considerably.
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Figure 5: Estimated manifold classification using theMENSIONPARTITION methodology. (A) - Clusters estimated from data set A; (B) -
Clusters estimated from data set B; (C) - Clusters estimated ffata set C; (D) - Clusters estimated from data set D (witlossesection of three
dimensional data shown here).

Table 4:Classification error (averaged acrd$srealizations) with respect to the real-world gene microadata with30% of the genes corrupted
by additive Gaussian white noise with standard deviaton,

Noise Standard Deviation

Method c=1 \ oc=2 \ oc=4 \ c=28
DIMENSIONPARTITION 26.13% | 18.82% | 13.09% | 11.05%
K-Means [18] 31.03% | 30.78% | 29.82% | 30.16%
Oracle-Based Fractal Clustering [20)]35.66% | 30.93% | 33.13% | 30.83%

5 Conclusions

The problem of estimating the intrinsic dimension from pédée distances is a critical issue for a wide range of
real world problems. By exploiting inherent clustering hetdata, we developed an accurate and computationally
efficient intrinsic dimension estimation methodology. kidaion, our clustering-based methodology allows for a
natural partitioning of data points that lie on separate ifolts. Experiments on both synthetic and real-world data
shows the improvements of our techniques over prior metlogis. In future work we look to examine multi-class
classification using our dimension-based clustering, amihsic dimension estimation using incomplete pairwise
distances.
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