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1 Introduction

1.1 The classstructure

Seethe course homepage.

1.2 Description complexity

Showing that it is uncomputable. Seethe lecture linked to the course
homepage.



2 Turing machines
De nition taken from the Lovasznotes.

(a) kdoubly innite tapes,tape symbol alphabet S includes blank .
Let So= ST faog.

(b) Read-write heads.

(c) Control unit with state spaceG with distinguished statesSTART,
STOP.

Con guration . Transition functions
a:GE S*I G
b:GE Sk1 sSK
g:GE S*1 i 1,01g"

Computing afunction f : Sg ! SB: input and output conventions.

Examples of Turing machines computing some simple functions.



3 Variants on the de nition
3.1 Simulation

One-sided tapes, only left-right moves (no staying in place), etc.

The notion of simulation : only the input-output behavior is
reproduced.

In practice: representing one data structure in another, and
“pr ogramming” the update.

3.2 Simulating 2tapes by one tape

simulates 5th cell simulates 7th cell
of rst tape of secondtape
L ?
\6 \6
simulated simulated

head 1 head 2



3.3 Simulating many tapes by two tapes

3.4 2-dimensional tape

(address content) pairs.



4 The random accessmachine

(a) Memory: a(potentially) in nite sequencex[0], x[1],x[2],... of
memory registerseachcontaining an integer.

(b) Program store: a (potentially) in nite sequenceof registers
containing instructions.

X[i] .= O; X[i] .= x[i] + 1; X[1] .= x[i]j 1;
x[] = x(]+ xpL x0] = x[]i x[Ol;

x[] == x[x[Il; - xIx[(]] = x[I;

If x[i] 6 O0then goto p.

Input-output conventions.
How to de ne running time?

Simulations between the RAM and Turing machines. Thereis at most a
t 7 t2slowdown.



5 Universal Turing machine

Simulating k tapeswith k+ 2 tapes.



6 Nondeterministic computations
6.1 Witnesses
Simple examples:
— Factoring a number.
— Connectivity of a graph.
— No short path in agraph between two given points.

De nition of a nondeterministic Turing machine.

A language recognized by a nondeterministic Turing machine.



6.2 Rewrite rules and grammars

(I did not talk about them in class,but grammars also illustrate
nondeterminism.)

Let an alphabet S be xed.
Rewrite rule (production) P:u! vforu,v2 S°.

A rewrite processis a nite setP of productions. The meaning of
u) pvandu) pv. Theword problem of arewrite process:to decide,
given P, u,v, whether u) 7 v.

Grammar: G= (S0 % S5,S2 S1 Sp).
Thelanguage L(G = fw2 S;:S) “wa.

Grammars are also more naturally related to nondeterministic
computations than to deterministic ones.



6.3 Halting language

A language is called recursively enumerable if it is the halting
language of a deterministic Turing machine.

Theorem 1. Thelanguagesecognizabley non-deterministiclTuring
machinesrejust therecursivelyenumerabléanguages.

Proof. Det. halting language ) nondet. recognizable: this direction is
easy

Nondet. recognizableby M ) det. halting language: breadth- rst
search over all possible computations of M. This is also called
dovetailing .
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6.4 Witnesses and nondeterministic Turing machines

De nitions of DTIME (f(n)), NTIME (f(n)). A function f(n) is
well-computable if it is computable in time O(f(n)).

Language Lo 2 DTIME (g(n)) is awitness of length f(n) and time g(n)
for language L if we have x 2 L if and only if thereisaword y 2 S§
with jy] 6 f(jxj) and x&y 2 L. (Here, & is a new, separating symbol.)

Sometimes,we write x&y as(x,y) or hx,yi and call the withess
language the witness relation instead.

11



Theorem 2. Assumethat f(n), g(n) arewell-computableThen

(a) Everylanguage. 2 NTIME (f(n)) hasawitnessoflengthO(f(n)) and
time O(n).

(b) If languagel hasawitnessoflength f(n) andtime g(n) thenL isin
NTIME (g(n+ 1+ f(n))).

We went through the main stepsof the proof of this theorem in class,

12



7/ Polynomial time

The invariance of P with respectto machine model.

Examplel. PATH between points sand t in agraph. Breadth- rst
search.

The sameproblem, when the edgeshave positive integer lengths.
Reducing it to PATH in the obvious way (eachedgeturned into a path
consisting of unit-length edges)may result in an exponential algorithm
(if edgelengths are large). But Dijkstra's algorithm works in
polynomial time alsowith large edge lengths. }

13



7.1 Algorithms on integers

Every algorithm (a,b) 7 a° over positive integers is at least
exponential: look at the length of the output .

Repeatedsqguaring trick: now the number of multiplications is
polynomial, but thesewill be performed, eventually, on very large
numbers. But: this gives a polynomial algorithm for computing
(a,b,m) 7 a mod m.

The customary algorithm for deciding whether a number is prime, is
exponential (in the length of input).

The greatestcommon divisor of two numbers can be computed in
polynomial time, using:
Theorem 3. gcd(a, b) = ged(b,amod b)

This gives rise to Euclid's algorithm. Why polynomial-time?

14



7.2 Extended Euclidean algorithm

Gives us numbers X,y with
gcd(a, b) = xa+ yb.
For this, simply maintain such aform for all numbers computed

during the algorithm. If

= Xia+ yb,

bo = Xoa+ ysb,

0= aj o< b°

then

0= (x1i axp)a+ (y1i ay2)b.

15



7.3 Solving asetof linear equations: Gaussian
elimination

The problem of roundoff errors.

Rational inputs, exactrational solution.

How large canthe numerators and denominators grow?
Determinant, properties:

1. It is apolynomial of its entries.

2. Row operations do not changeit.

3. Interpr eting it asvolume, henceupper bound: product of vector
lengths.

Expressingentries during Gaussianelimination asa quotient of
determinants. Hence, bound on the size of numerator/denominator;
hence,polynomial algorithm .

16



8 NP problems; examples

Hamilton cycle, traveling salesmanproblem.

8.1 Optimization problems
Maximum independent set, minimum node cover.

Turning an optimization problem into ayes/no question (alanguage).
Example2. Given graph G and integer k, does G have an independent
setof size> k? }

17



8.2 The subset sum problem

Given ay,...,an, b, arethere x4,...,xy 2 10,1g with

X1+ CCC+ anxn = b.

A dynamic programming algorithm (Theorem 5.5.7).Let S; be the set
of numbers of form a;x; + ¢¢¢+ g x;. Then

Sﬂ':Sﬂ'il[ (ai+3il)-

The complexity of this algorithm can be bounded by
(A &) ¢en
i

times the cost of the algebraic operations involved.

|s this polynomial?
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O Reductions

9.1 Dif ferent kinds of reduction

Many-one reduction.

Example3. Euler circuit to Hamilton circuit. This doeshot showthat
Euler circuit is asdif cult asHamilton circuit; only that Hamilton
circuit is asdif cult asEuler circuit.

Turing reduction.
Exampled. ONE-FACT OR: given integers X, Yy, does x has a factor
smaller than y (and different from § 1)?

K-FACT OR: given integers x, k, can x be written asx = y; ¢¢ty, with
Jyi) > 17

19



9.2 Hardness and completeness

NP-hard problems. (Somekind of reduction is understood.)

Example5. All NP-complete problems below. Also the halting
problem. Also: given agraph, doesit have at least k matchings?

NP-complete problems.

We will seemany examples.

20
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10 Satis ability

10.1 The problem
Logic formulas. Conjunctive and disjunctive normal form.
Satis ability for conjunctive normal forms: SAT. Clauses,literals.

SAT 6 3-SAT. Reduction via logic circuits.
10.2 The NP-completeness of SAT

Describe the constraints of the space-time history of a (deterministic or
nondeterministic) Turing machine computation by aconjunctive
normal form.

21



11 Other NP-complete problems

11.1 Independent sets

Combinatorial meaning of SAT. Translate the constraints into the
Independent setproblem of a graph.

11.2 Hamiltonian path

Follow the reduction in the Sipserbook. Ar e the separator points
needed?

22



12 Randomized computations

Two usesof randomness: average caseand randomization.
Example6. Quicksort.

Important example, to come later: primality tests.
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12.1 Polynomial identity
Given afunction f(x),is it Ofor all input values x?

The function may be given by aformula, or by a complicated program.

Exampler.
det(Aix1 + ¢CC+ ApXp+ Akt 1)

where the A; are n £ n matrices. }

Schwartz's lemma, and its application to this problem.

24



12.2 Branching programs
(Sipserbook.)
Their equivalence problem.

Read-oncebranching programs. Solving their equivalence problem
using polynomial identity .

25



13 Some number theory

13.1 Division modulo m

Theorem 4. Foreverynatural numberm > 1 andeveryu relativelyprime
to m, thereis av with

uv’" 1 (mod m).

Thisv canbefoundin polynomialtime.

Proof. Use the Extended Euclidean Algorithm to solve
ux+ my = 1. []

The setof remainders modulo mis called Z,. It isaring (+, g, usual
rules apply to theseoperations).. The setof remainders modulo m
relatively prime to mis called Z,. This is agroup with respectto
multiplication (every element hasan inverse).

If mis aprime then, of course,Z;, = f1,...,mj 1g. In this case,we
can‘“divide” in Z., by any nonzero element,soZisa eld .
26



13.2 Fermat'stheorem

Fora? Z‘E,, look at the sequencea, &, . . .,. Eventually, it begins to
repeat. First, it becomesl. The smallest number n suchthat a" ~ 1is
called the order of n. It is easyto show (exercise)that if &~ 1 then the
order of adivides k.

Theorem 5 (Fermat). Let p beaprimeandaanumbernotdivisibleby p.

Then
a’l” 1 (mod p).

Proof. This is true in every group. For a proof:

1¢2¢ceeece(pi 1) (a)(2a) ¢te((pi 1)a) (mod p).

27



So,the order of every number in Zg divides (pj 1).Isit everequalto
(pi 1)?
Theorem 6 (Primitive root). Foreveryprime p thereis a g whoseorderis
(pi 1).

We will not prove this here. Note that g, g%, ..., g * runs through all

elements of Z‘E;i 1, that is it generatesall elements of this group.

28



14 Prime tests

Doesthe Fermat theorem characterize primes? Yes:if a?i * = 1
(mod p) for every anot divisible by pthen pis prime.

Doesthe primitive root characterize primes? Yes:if thereis a g with
gPil” 1 (mod p)and g6 1 (mod p) for every k< pj 1,then pisa
prime.

Becauseof the “every in these statements,theseare not polynomial
tests.

29



14.1 Fermat test

Chooseanumber a2 Z,. If gcd(a,m) 6 1then mis not aprime. Else
testa™ 1~ 1 (mod p). If this fails, reject,elseaccept.

Fermat-accomplices, Fermat-traitors.

Theorem 7. If thereis a Fermat-traitorin Z;, thenat leasthalf of all
element®fZ;, are Fermat-traitors.

Proof. The setof Fermat-accomplicesis a subgroup, and the number of
elements of a subgroup always divides the number of elementsof the
group. (Seealsoa more direct proof.) ]

We call m a pseudoprime if all elementsof Z, are Fermat-accomplices.
We found that the Fermat testis a good probabilistic test for all
numbers m that are not pseudoprimes.

30



14.2 Miller test

Observe: if mis aprime then x>~ 1 (mod m) implies x = §1
(mod m).

Letm; 1= 2KM,with M odd, and
a” av? (mod m).
If mis prime then at least one of the following holds:

o 8l a il a  il..., & |l

The Miller testrejectsif this is false.

Theorem 8. TheMiller testaccepts non-primeonly with probability
6 1/ 2

We will not prove the theorem here: seethe lecture notes.
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15 Pseudorandomness

What is randomness?| prefer to postpone the general discussion: for
the moment, agreethat when somebody truly tossesa coin (and is not
a magician) then he producesarandom bit X:

P[X=0]=P[X=1=12.

Generally, you cannot get something for nothing. Even a
pseudorandom string is somewhat random: it is computed from some
seed x = G(s). But the seedis typically much shorter: |5 ¢ |X]: for
example, jsj = nand jxj = n.

32



15.1 Ensembles

We will compare probabilities asa function of bitstring sizen. A
collectionof random strings

Xt x2 . .. x".

where X" is a string of bits of length n, is called an ensemble. It could
be “tr uly” random or “pseudorandom”.

Let U" be the ensembleof truly random uniformly distributed bit
strings: For eachs;,s, 2 0, 1q,

PU" = (sq,...,8)) = 21 "

33



15.2 Tests

An event function, or testis afunction f(X) with valuesin f 0, 1g.
Using atest, we can compare two distributions X and Y by comparing
the expectedvalues

Ef(X) = P[f(X) = 1],and Ef(Y) = P[f(Y) = 1].

Example8. Let X!, X?, ... bean ensemblesuchthat X" = (xq,...,Xn)
was obtained by tossing a (1/ 3,2/ 3)-biased coin independently n
times.

Test f(0): take the majority of the rst (nj 1) bits. Output 1if it equals
the last bit, and O otherwise.

Ef(U") = 1/ 2, Ef(X") %2/ 3.

34



We did not de ne apseudorandom sequence,but it clearly will be of
the form X" = G(S¥), wherek < n.

Exampled. We de ne the test f (¢ asfollows:
8
<1 if thereis an swith G(s) = Z"

f(z") =
- 0 otherwise.
Then f(U,) 6 1/ 2and f(X") = 1.

So,unless we restrict tests,they will always distinguish random
sequencesfrom pseudorandom ones. From now on, we require a test
to be polynomial-time computable.

35



We say that two ensemblesf X"gand f Y"g are polynomially

Indistinguishable if for every polynomial-time computable event
function f(X) we have

logjEf(X™) i Ef(YM)j/ logn! ¥

asn! ¥ .In otherwords, JEf(X") | Ef(Y")j becomessmaller than
1/ p(n) for any polynomial p(n)

An ensemblef X"gis pseudorandom if it is polynomially
indistinguishable from fU"g.

36



15.3 Unpredictability

Another natural de nition of pseudorandomnessis via

unpr edictability . We say that the ensemble X" is polynomially
unpr edictable if for every polynomial p(n), for every polynomially
computable function F(X), for all large enough n, writing

XM= (Xq,...,X%p), for all k< n we have

P[xk = F((X1,...,Xk 1))] 6 1/ 2+ 1/ p(n).

Theorem 9. An ensemblés polynomiallyunpredictablef andonly if it is
pseudorandom.

Proof in the Lovasznotes.
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15.4 Stretching a seed

Theorem 10. Suppos¢hat we havea generatoiG(s) stretchinga seeds of
lengthn to asequenceflengthn + 1. Thenfor any polynomalp(n), we have
alsoa generatoiGY s) stretchinga seedflengthn to length p(n).

Proofsketch.Let m = p(n), we de ne GYs) = by ...bn. Let
G(x) = G1(x)Go(x), where G1(x) Is one bit, and

X0=S, bp+r1= G1(Xn), Xn+r1= Ga(Xn).

For eachi, the bit Iy, is unpredictable from b, ¢, ..., b,. Indeed, since
G(x) Isagenerator, bj = G(X;; 1) Is unpredictable from G,(x;; 1). But
Di+1,...,bmareall computed from Gy(X;; 1), therefore by is also
unpr edictable from by, ..., bny. (

) ]
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15.5 One-way functions

In the previous proof we only used the fact that G,(x) is unpr edictable
from Gy(x). Of course, if we could compute x from G,(x) then we
could also compute G4(x). So,it is desirable that the function G,(x) Is
polynomially computable function but hard to invert. Precisely:

A polynomial-time function f(x) is a(strong) one-way function if for
any polynomal p(n), for any polynomial-time algorithm A(y), if we
selectx randomly then

PLT(A(T(x))) = T(x)] < 1/ p(n).

Note the dif ferencebetween the average-time dif culty of inverting
f(x) and this. The averageis taken over x, not over f(x). (Distinction
not important if f(x) is 1-1.)
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15.6 Generators provide one-way functions

Theorem 11. Let G(x) beapseudo-randorgeneratomwhere|G(x)| = 2jX].
Thenf(x,y) = G(x) is aone-wayfunctionoverf 0,1g°", wheren = jxj.

Proof. Supposethat thereis an algorithm A(®¢ such that
P[T(A(G(x))) = G(x)] > 1/ p(n).

Let us make atest function T(z) distinguishing the uniform
distribution U“"over f0,1g?" the distribution of G(X):
8

< .
1 if f(A(2)) = z
- (A@)
- 0 otherwise.

Then ET(G(X)) > 1/ p(n), while ET(U?") 6 2i ",

40



15.7 Hard-core bit

We also used not just the fact that we cannot predict x from G,(x): we
used the fact that we cannot predict even the bit G1(x).

Let us be given a one-way function f. A polynomial-time Boolean
function b(x) is aahard-core predicate for f if for any polynomal p(n),
for any polynomial-time algorithm A(y), if we select(x) randomly
then

P[A(f(X)) = b(x)] < 1/ 2+ 1/ p(n).

Use of hard-core bits:

Theorem 12. If f(x) isalength-peserving,1-1 one-wayfunction andb(x)
Is ahard-coebit for f,thenx 7 b(x) f(x) is apseudorandorgeneratar

It is also possible to use general one-way functions for pseudorandom
generation, but those results are more technical.
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15.8 Existence of hard-core bit

It turns out that a hard-core bit can be constructed from every
one-way function.

Theorem 13. Let f(x) beaone-wayfunctionwith | f(x)] = jx]. Thenthe
functiong(x,y) = (f(x),y) is alsoone-wayoverseqguences,y) : |X] = |Jyj,
andthefunctionb(x,y) = x ¢y (inner product)is a hard-coebit for g(x, y).

The proof of this theorem is somewhat sophisticated, so we skip it.
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15.9 Example candidates for one-way function and
hard-core bit

Factoring (p,q) ¥ p ¢qgwhere p, gqare primes.

Discrete logarithm Given: prime p, generator g for pand i < p, output
(p,g.9' mod p).

Discrete square root Given positive integers m and x < m, output
(m, x> mod m). Solvable in probabilistic polynomial time if mis a
prime but is considered dif cult in the general case.
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15.10 Quadratic residuosity

Modulo aprime m, decidable using x(M /2 mod p. In general, it is a
dif cult problem unlessthe factorization of mis known. It is dif cult
evenif we know that one of x, | x is quadratic.

Blum primes. Equivalent conditions:
— phasform 4k 1.
— i 1is not asquare.

— Squaring is 1-1 over the quadratic residues, so exactly one square
root is quadratic. Called principal square root.

Quadratic residuosity is dif cult evenwhen m s the product of two
Blum primes, and it is evendif cult to decide in 51%of the cases.

Modulo aproduct pgof Blum primes, we can nd asquareroot if we
know (pi 1)(qi 1) (sameasknowing p, Q).
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15.11 A presumed hard-core bit

Let m be a product of two Blum primes. For a quadratic residue x
(mod m), let b(x) beits parity. This is a hard-core bit with respectto
the 1-1 one-way function x ¥ x? mod m among quadratic residues.

Indeed, otherwise we could infer the parity of the principal square root
and hence nd which of x, | xis quadratic.
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15.12 Applications in cryptography

Pseudo one-time pad.
Examplel0. X1 = x? mod pg, bj = x; mod 2.
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16 Decision complexity

A simple computation model in which one can prove interesting lower
bounds.

Examplell (Sorting). }
16.1 The model

Set A of possible inputs, set B of possible outputs. Constant d, the
number of alternatives Setof test functions of the form A! f1,...,dg.

Given afunction f : A! B, we arelooking for the shallowest-way
decision treedeciding it. Its height is D( f).
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Examplel2 (Convexhull). Input: points p; = (x;,vi),1 = 1,...,n,In the
plane.

Output: subsetof thesepoints, the vertices of the convex hull.

Testfunctions, two kinds. X; < x;? Does py lay above the line of
(pi, p;)?
First, sort by X;. Induction on n; adding py to the convex hull. Finding

and deleting all the visible points around p,; 1. Point p; is visible if
Di+ 1 IS abovethe line (p;, pn) (addition in the index is (mod nj 1)).

First, nd by binary search an invisible point w: keep a pair of visible
points py, pyv, one below the line (p,; 1, pn) and one aboveit. Keep
halving the interval [v,u] to update u or v.

Onceyou found an invisible point w, nd the uppermost visible point
Ppin [nj 1,c] and the lowermost one, pain [c,n | 1], both by binary
search. Delete p; for i 2 [a+ 1,bj 1]. }
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16.2 Nondeterministic decision trees

Guessing the sequenceof questions. D(f,x) = the minimum number
of variables determining f(x).

Do(f) = maxf D(f,x) : f(x) = 0g, Dj(f) = maxf D(f,x) : f(x) = 1g.

Examplel3 (Isolatedpoints). Inputs: graphs. Testfunctions: existenceof
a certain edge.

Output f(G) =: 1if the graph hasno isolated points.
Do(f) =nj 1,Dy(f) = nj L
i ¢
It turns out that D(f) = Ig . }
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Exampleld. In agiven graph, whether a given setis not independent.
One variable for eachvertex.

Dq.(f) = 2,Do(f) > nj a, whereaisthe maximum size of an
Independent set. (Can you determine the exactvalue of Dgo(f)? It Is
always lessthan n.)

We will seethat sometimesD(f) = n. }
Theorem 14. WehaveD (f) 6 Dg(f)D4(f).

Proof. Every O-witness intersects every 1-witness. ]

Formulas. Disjunctive k-normal form of a monotonicBoolean function f
and D4(f).
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16.3 Information-theoretic and adversarial lower
bounds

log 4t if the range of f hassizet.

Weak if the range is small. Here is a dif ferent argument, using an
“evasive’ input.

Proposition 15. Assume9 input a2 A, forall ktests,j 1,...,] i, thereis
a’2 Awith f(a% 6 f(a) butj(a) = j(a)forall16 i 6 k Then

D(f) > k.

(The proof is easy)
Examplel6. Finding the minimum of n elements. }
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16.4 Symmetry-based lower bounds

Theorem 15. Letf : f0,1g" ! f0,1g. Then2"i (1) divides

jf x:f(x) = 1g].

Examplel7. On an even number of points, the number of graphs not
containing isolated points is odd. Proof: inclusion-exclusion. }

Laconic Booleanfunctions: D(f) = n.
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Symmetry group of afunction f(x4,...,Xu): the setof those
permutations s of x4, ..., X, that leave f unchanged:

f(Xs1,...,%Xsn) = F(Xq,...,Xn).

Symmetric function: if its permutation group is the setof all
permutations. (Thesefunctions are very simple.)

Transitive permutation group G suchthat for all i, | thereisag 2 G
with gi = |.

Weakly symmetric function: if its permutation group is transitive.
Examplel8. Lety = (yj; : 16 1 < ] 6 n) meanthe presenceor absence
of an edgein agraph G(y). Let f(y12,...,Yn; 1n) b&some property of

the graph: say, whether G hasaHamiltonian cycle. Let p be any
permutation of the verticesi = 1,...,n, and let

PY = (Ypipj :16 1< |6 n).

Then f(py) = f(y): we just renamed the vertices. }
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Conjecture: Eachnon-constant, monotonic, weakly symmetric Boolean
function is laconic.

Proved in the lecture notes, for the casethat the number of variables is
prime. Also known for the caseof graph properties, when the number
of points is prime power.
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16.5 Algebraic decision trees

The test functions are bounded-degreepolynomials, and we test
whether the testgives 0, < Oor > 0. Example: convex hull.

Depth lower bound basedon the number of connected components of

the setf x : f(x) = 1g. Usesan algebraic result bounding the number
of components of eachsetfound at the leaf of the tree.
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16.6 What if some answers are wrong
Game of twenty questions with aliar.

Probabilistic and adversarial error model. Error-correcting codeswith
feedback.

Example. | thought of anumber in f1,...,ng. Questions of type x < k
are only allowed. You must tell in advance the number g = q(n) of
guestions you will ask. We x aconstantr, and | canlie in rgof my
answers.

Is there any g(n) (even exponential) that works? (Repeating every
guestion alot of times doesnot help.)
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Theorem 16. If r < 1/ 3thenyouwin with r(n) = O(logn). Ifr> 1/ 3
thenl win, evenif you areallowedarbitrary questions.

Proof for r < 1/ 4: bracketing.

Proof for r > 1/ 3: Let L(x) = the number of lies if x is the actual
number. Representthis function aschips on a board.
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17 Approximations
17.1 The setting

In caseof NP problems, the approximation question makes sensefor
optimization . We will formulate it only for maximization problems,
where we maximize a positive function. For objectfunction f(x,y) for
X,y 2 £0,19", the optimum is

M(x) = m;le(x,y)

wherey runs over the possible.

ForO< | 6 1,analgorithm A(x)isal -approximation if
f(x,A(x)) > 1 M(x).

(We will seethat some interesting casesare not covered by this
formulation.)
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17.2 Greedy algorithms

Try local impr ovements aslong asyou can.
Examplel9. MAXIMUM CUT

Repeat: nd apoint on one side of the cut whose moving to the other

side increasesthe cutsize. }
Theorem 17. If you cannotimproveanymoewith this algorithmthenyou

arewithing afactor2 ofthe optimum.

Proof. The unimpr ovable cut contains at least half of all edges. ]
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17.3 Lessgreed is sometimes better

What doesthe greedy algorithm for vertex cover say? The following,
lessgreedy algorithm has better performance guarantee

Approx Vertex _Cover (G)
CA [
ECA E[G]
while E°6 4 do
let (u,v) be an arbitrary edge in EY
CA CJ[ fu,vg
remove from E° every edge incident on either u or Vv
return C

Theorem 18. Approx _Vertex _Cover hasaratio boundof?2.
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17.4 Approximation classes

(1) Fully approximable: for every # thereisali #approximation.
Example: TWO-MACHINE SCHEDULING (seelater)

(2) Partly approximable: thereis an constant upper bound | ax < 1
on the achievable approximation ratio.

Example: MAXIMUM CUT, VERTEX COVER, MAX-SAT.

(3) Inapproximable:

Example: INDEPENDENT SET (deep result). The approximation
status of this problem is dif ferent from VERTEX COVER, despite
the close equivalence between the two problems.
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17.5 Fully approximable version of knapsack
Given:b> a;> a > ...> a,, leta= a + ¢¢¢+ a,. For
c(X) = X1 + ¢¢C+ Xpan, X = 0,1

nd
m)icle c(X) : c(x) 6 bag.

Idea for approximation: break eacha and binto a smaller number of
big chunks, and use dynamic programming.

Letr > 0, aP= ba/ rc. Find

max aix; + ¢¢¢+ alx

subjectto a;x; + ¢¢C+ a,x,6 b.
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For the optimal solution, x7, ..., x5, estimate c(x®)/ c(x?). We have

o(xB/ r > xPaP+ ¢ee+ xTa?
> xla1 + ¢CC+ Xpay

> Xiaq/ r+ ¢¢+ xpan/ ri n=c(x")/rj n,
c(x® > c(x")i rn.
Letr = #a,/ n, then

c(xD) > o(x") i #ay,
(XD c(x%) > 1 #ag/ c(x°) > 1 #

The amount of time iIs of the order of
na/ r = n°al (a1¥) 6 n’ #

which is polynomial for each xed #
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17.6 MAX3SAT

Formula F(x) = Ci(x) " ¢¢e¢” Cp(x), maximize the number maxy f(x)
of satis ed clauses.

Theorem 19. If everyclausehassize> k thenthereis a polynomial-time
1; 2i K-appoximation.

Proof.

1. Random choice. The expectedvalue is easyto compute by the
addition law:

Ef(X) = ECi(X) + ¢t¢+ ECh(X),
If clause C; hassizek; then Ef(X) = &;(1j 2i K):= A.
2. Note
Ef(X) = (1/ 2E[f(X)j X1 = 0)]+ (1/ 2E[f(X)j X, = 1] = A.
Fix X1 = uq to makethat E[f(X) | X; = uq] > A.

3. Continue xing Xo,..., Xy Similarly .
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17.7 Maximum Iindependent set

Theorem 20. Foranyl ; > | » > 0, if thereisal >-apploximationthen
thereis alsoal ;-appoximation.

Proof. Graph product G, £ G, = (V1 £ Vo, E). Thereisanedgein E
between (uq,u») and (v, Vvy) iff either thereis onein E; between
(uq,Vvq) or either thereis onein E; between (u,, vs).

Note that every maximal independent setSof Gis of theform S £ S,
where S; are maximal independent in G;. So,the maximum for GK (kth
power) is r€ wherer is the maximum for G. Appr oximation in GXto a
ratio | gives approximation in Gto aratio | VK, ]

This theorem will be used in anegative dir ection.
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17.8 Negative results

It is easyto de ne arti cial problemsthat are ashard to approximate
as NP.

Example20. Traveling salesmanproblem, wher atour is a simple cycle
going through all points. Hamiltonian path in G to approximate
traveling salesman:give huge weights to the edgesnot in G. }

But it is much harder to do for natural problems.
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17.9 Gap-producing reductions

Let L 2 NP, and let us have a maximization problem, with maximum
M (x). Polynomial-time function f : S®! S"isagap-producing
reduction with polynomially computable factor 0 < | (x) < 1if thereis
a polynomially computable c(x) > 0 such that

(@) if x 2 Lthen M(f (x)) > c(x),
(b) if x & Lthen M(f (x)) < I (x)c(x).

If thereis such areduction, and we canapproximate M (x) to within a
factor | (x) (in polynomial time) then L 2 P in polynomial time.
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17.10 Spot-checkable proofs

Let R(x,y) be apolynomial witness relation for an NP language.
Witnesslength m = p(n),soR(x,y) = 1,jx] = nimplies jy] = m.

Letr = r(n) > Obe called the degreeof randomization , k = k(n) > 0 be
called the spot-checksize. A function

s:S"£f0,1g"! f1,...,mg"

IS called a spot-selection function . For random bit string
w = (w(l),...,w(r)), the value

(i, ...,i) = s(x,w)

IS a sequenceof spots to checkon the witness y. Let
Ysxw) = Yigs---,Yi)- A function

RV:S"£ S°! f0,1g

is called the spot-check function . We will write it as R%(u).
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Wesay L 2 PCP(r(n), k(n)) if there are a spot-selection function
s(x,w) and spot-check function RY(u) with degree of randomization
O(r(n)) and spot-checksize O(k(n)) such that

(@) If x 2 L then thereis ay with 8WRR(Y¢(, ) = 1
(b) If x @ L then 8YEwRY(Ys(xu)) < 1/ 2

It is easyto seePCP(log n, 1) %2 NP (the number of all possible random
choicesis polynomial).
Theorem 21. NP = PCP(logn, 1).

The elaborate proof usessophisticated arithmetization.
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17.11 MAXS3SAT is hard to approximate

Theorem 22. Theris aconstantl < 1 suchthat MAX3SAT cannotbe
appoximatedo within | unlessP = NP.

Proof. Let L be any NP-complete language. For appropriate
polynomially computable c(x),| , we give a gap-producing reduction
from L to MAX3SAT. By Theorem 21we have L 2 PCP(logn, 1), so
there are constantskq, ky, a spot-selection function s(x,w) and
spot-check function RYx, u) with degreeof randomization k; log n)
and spot-check size k, such that the desired properties hold. For each
X, we canconstruct a 3-CNF

Cx(u,Vv)

that is satis able if and only if RY(u) is satis able by someu. Its
number of clausesis some constant K, depending only on ko.

The bit string w = (w(1),...,w(kylogn)) cantake m = n“t possible
values
W1, ..., Wn.
70



Let us form the Booleanformula

FX(y) - CX(ys(x,Wl)lvl) N ¢een CX(ys(x,Wm)ivm)'

If x 2 L then it canbe satis ed. Otherwise, for eachpossible “pr oof” v,
for at leastm/ 2 of the values i, we have RQ(yS(X,Wi)) = Oand hencefor
all possible choicesof v; at leastone clausein 3-CNF CX(ys(x,Wi)’Vi)
will be false. So,we can satisfy at most a percentagel 1/ (2K5) of all
clauses.
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17.12 From MAX3SAT to independent sets

Take the usual reduction from 3SAT to independent sets:

Eachoccurrenceof eachliteral is a point. Points are connectedif they
are in the sameclauseor are negations of eachother.

k satis ed clausesgive k independent points and vice versa.

17.13 Generalization: gap-preserving reduction
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