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Chapter 1

Simply-Typed Lambda-Calculus

1.1 Syntax
constants ¢ u= true|false|0|1|—-1]---
operators op = +|—|x|/]|---
terms t == c|a|if tothen t; else ty | op(t) | A\x : T.t | t1(t2)
values v ou= c|dx: Tt
types T == Bool|Int|ThH — T,
contexts I' == (Q|Tz:T

1.2 Static Semantics

¢ € {true,false}
I'c¢: Bool
ce{0,1,-1,...}
I'kc: Int
I'Fty:Bool T'Ht1:T T'Fiy:
I'+if tg then t; else ty : T
E(Op):T1—>T2 F}—tITl
't op(t) : Ty
I(z)=T
I'tx:T
F,:B:Tll_t:TQ
Fl—)\l‘ZTl.tZTlﬂTQ
FFt1:T1—>T2 FFtQZ
Fl—t1<t2):T2

(T-Bool)

(T-Int)

I (1)

(T-Op)

(T-Var)

(T-Abs)

T
L (T-App)
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1.3 Dynamic Semantics

to — 1
if to then ¢; else ty — if t{, then t; else t,
(E-IfTrue)

(E-If)

if true then ¢; else ty — t;
(E-IfFalse)

if false then ¢; else t9 — 19
t—t
— " ___ (E-O
onlt) = op(t) FOP)
op(v) =
——— (E-OpVal
op(v) = v (FOPVD
t1 —t)
t1(ta) — t)(t2)
to — t,
v1(t2) — vi(th)

(E-Appl)

(E-App2)

()\.%'.tl)('UQ) [ [CC s UQ]tl (E-AppAbS)

1.4 Properties of Typing

Lemma 1 (Inversion) Given a typing derivation D :: Tt : T, the last applied typing rule in D is
uniquely determined by the syntactic structure of t.

Lemma 2 (Canonical Forms)
1. Ifwv is a closed value of the type Bool, then v is either true or false.
2. If v is a closed value of the type Int, then v € {0,1,—1,...} holds.

3. If v is a closed value of the type T1 — Ts, then v is of the form Az : T1.t.

Theorem 3 (Progress) Suppose that t is a closed and well-typed terms, that is, there exists a deriva-
tion D :: 0t :T. Then eithert is a value or t — t' holds for some term t'.

Proof We proceed by structural induction on D. Clearly, we only need to handle the cases where
t is not a value.

e D is of the following form,

Do::TkFtyg:Bool T'Ht:T T Fity:
' if ty then tq else ty : T

T (1-1p)

where t = if tg then ¢1 else t5.

— to is a value. Then ty is either true or false by Lemma 2. Hence, t — ¢ or t — to
according to t being true or false.
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— tp is not a value. By induction hypothesis on Dy, tg — t; for some t;,. Hence, ¢t —
if ¢, then t¢; else to.

e D is of the following form,

Z(Op) = T1 — T2 'k t1: T1 (T-Op)
Dy =T kop(th): T

where t = op(t1) and T' = T.

— t1 is not a value. Then t; — ¢} by induction hypothesis on D;. Hence, t — op(t}).
— t1 is a value. Then ¢ — v, where v is the value of op(t1).

e D is of the following form,

Dl ZZF"tliTl—>T2 DQ ZZFI_tQZTl
T-A
'k tl(tg) . T2 ( pp)

where t = t1(t2) and T = T.

— t1 is not a value. Then by induction hypothesis on D;, ;1 — t} for some ¢;. Hence,
t — th (t2).

— t1 is a value. Then by induction hypothesis on Dy, to — ¢, for some t,. Hence, t — t1(t).

— t; and ty are values. Then by Lemma 2, ¢; is of the form Az : T.t}. Hence, t — [z — to]t].
"

Lemma 4 (Substitution) If T,z : Sktt:T and'Fs: S, thenTF [x— s|t: T.
Theorem 5 (Subject Reduction) If D::T'Ht:T andt —t', then T =t : T is derivable.

Proof We proceed by structural induction on D. Note that ¢ is not a value since ¢t — ¢’ holds.
e D is of the following form,

Do::T'Htg:Bool Dy:T'Hit1:T Dyu:Tkty:T
I' -if tg then t; else ty : T

(T-If)

where t = if tg then ¢1 else ¢5.

— to — ty and t — ¢/ = if ¢, then ¢; else t2. By induction hypothesis on Dy, we have
derivation Df :: I' F t{, : Bool. Therefore, I' - t' : T can be derived as follows.

Dy::TkHty:Bool Dy:=TkHt1:T DyuThkity:T
I' - if t{, then ¢; else ty : T'

(T-If)

—to=trueand t — t' =t;. Note D1 :: '~ ¢; : T and we are done.

— tg=false and t — t' =ty. Note Dy :: I' -ty : T and we are done.
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e D is of the following form,

Z(Op) = T1 — T2 'k tl : T1 (T—Op)
Dy =T kop(th): T

where t = op(t1) and T = T.

—t; — t} and t — t' = op(t}). By induction hypothesis on Dy, we have D} : T F ¢} : T}.
Hence, I' = ¢ : T' can be derived as follows.
E(Op):T1—>T2 F}—tli
DT kEop(t): Ty

gl (T-Op)

— t1 is a value and t — t' = v for the value v of op(t1). Given the type of op, v must have
the type Ty. Hence, I' = ¢ : T is derivable.

e D is of the following form,

D1:ZF|—t11T1—>T2 Dgiirl_tg

: T1
T-A
F |_ tl(tg) . T2 ( pp)

where t = t1(t2) and T = T.

— t1 — t) and t — ¢ =t} (t2). By induction hypothesis on Dy, we have D] : T'F ¢} : Ty — Th.
Hence, I' = ¢ : T can be derived as follows.
DTkt : Ty —-Ty, DyuThityg:
'k tl (tg) : T2

T
(T-App)
— t; is a value and to — t5 and t — ¢/ = t1(¢5). By induction hypothesis on Dy, we have
Dy :: T th: Ty, Hence, I' ¢’ : T can be derived as follows.

Dy=Tkt1:Ty =Ty, DyuTHt,:T)
Fl—tl(tg):TQ

(T-App)

— t1 = Az : T1.t) for some t| and t3 is a value and ¢ — ' = [z +— t2]t}. Then Dy is of the
following form
F,l’:Tll—tll ZTQ
F'EXe:Th.t):Th — Ty

By the Substitution Lemma, I' I [z — tot] : Tb is derivable. Note that t' = [z — t3]t]
and we are done.

(T-Abs)

1.5 Evaluation Contexts

evaluation contexts E == []|if E thent; elsets |op(E) | E(t) | v(E)

Definition 6 A redex is a special form of term.
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e if true then ¢; else ty is a redex and its reduction is ty.
e if false then t; else ¢y is a redex and its reduction is to.
e op(v1) is a redex if op(vy) = vy and its reduction is va.

o (A\x:T.t)(v) is a redex and its reduction is [z +— v]t.

Assume that t1 = Et] and ty = E[t'], where t is a redex and t' is its reduction. Then we write t1 — to
and say that t1 reduces to to in one step. Let —* be the reflexive and transitive closure of —.

Proposition 7 Assume E[t] = E'[t'], where t and t' are redezes. Then E=E' andt =1t'.
Proof By structural induction on E. |
Theorem 8 (Subject Reduction) Assume D :: 0t :T andt —t'. Then O+t : T is derivable.

Proof Assume that ¢t = E[t1] and ¢’ = E[t}], where t; is a redex and ¢} is the reduction of ¢;. The
proof proceeds by structural induction on E. [

Lemma 9 Assume D :: 0t :T. Thent is a value or t = E[tg] for some evaluation context E and
redex tg.

Proof By structural induction on D. [
Theorem 10 (Progress) Assume D :: 0t :T. Thent is a value ort — t' for some term t'.

Proof Assume that t is not a value. By Lemma 9, ¢ = E[tg] for some evaluation context F and
redex to. Hence, we have t — t’ for ¢’ = E[t;], where t{, is the reduction of the redex t. "

1.6 Type Erasue and Typability
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Chapter 2

Simple Extensions

2.1 Base Types
2.2 The Unit Type

2.3 Derived Forms: Sequencing and Wildcards

terms ¢t = ...|t1;te | A_: Unit.t
t, — t!
1—,1 (E-Seq)
ti3te — 1712

m (E—Sequxt)

2.4 Ascription

terms ¢t = ...|tasT

t—t

tasT —t' asT
(E-AscribeVal)

(E-Ascribe)
vasT — v

2.5 Let Bindings

terms ¢t = ...|letx =t inty

tl —>t/1

E-Let
letx:tlintgﬁletx:t’lintg( )

(E-LetVal)
2

let z = vy inty — [z +— 1]t
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2.6 Pairs

types T == ... |Ti*T
terms ¢t u= ... |{t1,t2} | t.1]|¢.2
values v = ... |{v1, v}

F"tliTl F}_tQ:TQ
Fl—{tl,tQ}ZTl*TQ
F'Et:Ty T
Fl—t.liTl
F'Et: Ty T
F'Et1:75

(T-Pair)
(T-Projl)

(T-Proj2)

t1 — t)
{t1,t2} — {t, 2}
to — t’2
{vi,t2} — {v1, 15}

t t' .
11 (EPreil)

(E-Pairl)

(E-Pair2)

m (E-PI‘Oj 1V&1)

t t' .
2 7o (EPri?)

m (E-Proj2Val)

2.7 Tuples

2.8 Records

types T == .. | {lh:Th,..., 0Ty}
terms ¢t = | {li=t1,... L=t} |t

I't;:T; fori=1,...n
Fk{llztl,...,ln:tn}:{ll:Tl,...,lniTn}

T-Record

2.9 Sums

terms ¢t = ...|inl(t)|inr(t) | case t of inl(z) = t; | inr(xz) = t2



2.10. VARIANTS

Dianl(t) : T + Ty

Tkt 1T, (T-Inl)
I'tinr(te) : Ty + 1o
TFiy:Th (T-Inr)

't:Ti+T5, Tyx:TikHt:T T,x:Thbts:
'k casetof inl(z) =t |inr(z) = ta: T

T
(T-Case)

E-C Inl
case inl(v) of inl(x) = t1 | inr(z) = to — [z — v]t1 ( aselnl)

E-Casel
case inr(v) of inl(z) = t; | inr(xz) = to — [z +— vty ( aselnr)

t—t
case t of inl(z) = t1 | inr(z) = ty — case t’ of inl(x) = t1 | inr(z) =t

(E-Case)
2

2.10 Variants

2.11 General Recursion

terms ¢t = ...| fiz(t) | letrecx : Ty =t; inty

'ct:7"—-7T
't fix(t): T

t—t
fiz(t) — fiz(t')

fix(Ax : Tt) — [z — fiz(\x : T.1)]t

(T-Fix)

(E-Fix)

(E-FixVal)

11
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Chapter 3

Normalization

Definition 11 Given a term t, let [(t) be the least upper bound on the numbers of reduction steps
in reduction sequences starting from t.

By the Konig’s lemma, [(t) = oo if and only if there is an infinite reduction sequence starting from
t. We write ¢ | to mean I(t) < oo.

Definition 12 (Reducibility) For each type T, we define a predicate Ry on closed terms of type T'.
e T is a base type. Then Rp(t) holds if t |.
o T'="T,xT,. Then Rp(t) holds if t | and Ry, (v1) and Ry, (v) hold whenever t —* {v1,va2}.

o T'=T, —Ty. Then Rp(t) holds if t | and Rrp,([x — vi]tz) holds whenever t —* Az : Ty .ta and
fiT1 (Ul).

Proposition 13 Assume that t is a closed expression of type T'.
1. If Rp(t), then t |.
2. If Rr(t) and t — t', then Rp(t').

3. If t is not a value and Rr(t') for every t' satisfying t — t', then Ryp(t).

Proof (1) and (2) are straightforward. We now prove (3) by structural induction on 7.

e T is a base type. Then [(t) < max({0} U{1+[(t') | t — t'}). Therefore, ¢ |, which implies
Rp(t).

o T =Ty x Ty for some types 71 and T>. Assume that ¢ —* {v;,ve} for some values v; and vs.
Since t is not a value, there exists a term ¢’ of type T such that ¢ — ¢ —* {v1, v2} holds. Since
Rr(t"), Ry, (v;) for i = 1,2. Hence, Rp(t) by the definition of Ryp.

o I' =T — T5 for some types 71 and T5. Assume that ¢ —* Ax : Tj.ts. Since t is not a
value, there exists a term t' of type T such that ¢ — ¢’ and ¢ —* Az : Tj.ts. Since Rp(t),
Ry, ([x +— v1]ta) for every vy satisfying Ry, (v1). Hence, Rp(t) by the definition of Ry.

Therefore, (3) is valid. ]

13
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Lemma 14 (Main lemma) Assume that I' =t : T is derivable and = 0 : T' holds. If Ry, (0(x)) for
all z € dom(6) = dom(I"), then Rr(t[0]).

Proof By structural induction on a derivation D of ' F¢: 7.

e D is of the following form,

Do::T'Ftg: Bool Dy:T'kHit1:T Dol'Fty:
'+ if ty then tq else ty : T

T (116

where t = if ¢y then t¢; else t3. By induction hypothesis on Dy, Rpei(to[f]) holds. Also,
Ry (t1]0]) and Rr(t2[6]) hold by induction hypothese on D; and D, respectively.

We now prove by induction on I(to) that if Rpee(to),Rr(t1) and Ry (t2), then Ry (if ¢ then ¢; else t2).
Assume that t = Rp(if to then ¢; else to) — ¢'.
— to — ty and t — t' = if ¢, then ¢; else to. Then I(t;) < I(ty) and by induction hypothesis
on t(, Rp(t') holds.
— to = true and t — t/ = t;. Then obviously Ry (t') holds.
— to = false and ¢ — ¢/ = to. Then obviously Rp(t') holds.

Hence by Proposition 13 (3), Rp(t) holds.
We can now conclude that Rr(¢[6]) holds as t[f] = if ¢([f] then ¢;[0] else t2[6].
e D is of the following form,

Di:THt1:T1—Ty Dyl kHityg:Ty
T-A
Tk ty(tg) : T (T-App)

where t = t1(t2) and T' = T5. Assume 6 : I". By induction hypothesis on D; and Dj, both
RT1—>T2 (tl[a]) and RT2 (tz[@]) hOld.

We now prove by induction on [(¢;) +{(t2) that for all terms ¢; and t2, R, —7,(t1) and Rr,(t2)
implies Ry, (t1(t2)). Assume that ¢t — /. There are three possibilities.
— t1 — ¢} and ¢/ = t{(t2). Since I(t]) + I(t2) < I(t1) + I(t2), R, (t') holds by induction
hypothesis.

— t1 = vy for some value vq, to — th and t' = t1(t5). Since I(t1) +1(th) < I(t1) +1(t2), Ry, (t')
holds by induction hypothesis.

— t1 = Az : Ty.t11 for some term t11, to = vy for some value vo and t' = [x — wvy]t11. Since
RT1—>T2 (tl) and RT2 (tg), RT2 (t/) by the definition of RT1—>T2~
Therefore, Rp(t) by Proposition 13 (3).
We can now conclude that Ry, (¢[0]) holds as t[6] = t1[0](¢2]0)]).

e D is of the following form,

F,.TITll_tQZTQ
Dlz:FF/\x:Tl.tg:Tl—>T2

(T-Abs)
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where t = Az : Ti.to and T =17 — Ts.

Assume 6 : I'. Let t* = t[f] = Az : T}.t2[0] and we need to show Rp(t*). Assume Ry (vq) for
some value v;. Then [z +— vi]t2[f] = t2]f]x — v1]]. Note that Oz — v;] : I,z : T3 holds. By
induction hypothesis on D;, Ry, (t2[@[x +— v1]]) holds. Therefore, Rp(t*) by the definition of
Ry.

The rest of cases are trivial. [
Theorem 15 Ift is a well-typed closed term, thent |.

Proof By Lemma 14, Rp(t). Therefore, ¢t | by Proposition 13 (1). [
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Chapter 4

References

4.1 Introduction

terms ¢t = .| ref(t) ||t i=ta |1
values v == ...|I
types T == ...| Ref(T)

Note that we use [ for a reference, which is a value.

Here is an example where recursion is achieved through reference.

val fact: (int -> int) ref = ref (fn n => 0)

val = fact := (fn (n: int): int => if n = 0 then 1 else n * !fact (n-1))

4.2 Typing

I'H¢t:T
T refit) : RefiT) CTReD)

['Ft: Ref(T)
THle:T

Lty Ref(T) THity:
'ty :=ty: Unit

(T-DeRef)

T .
(T-Assign)

17
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4.3 Evaluation

The existing evaluation rules can be augmented with a store straightforwardly. For instance, we now
have the following evaluation rules.
tilp—t [
ti(ta) [ p— ti(t2) | p
ta [ p—ty | 4
vi(te) | p— vi(ts) | 1

. (E-Appl)

. (E-App2)

(Azt1)(v2) | p b [z valty | (E-AppAbs)

Here are the new evaluation rules.

tlp—t W

E-Ref
ef(0) |1 refit) [ ()
l¢d
# dom(n) (E-RefVal)
o) 1= 1] (ol )
't W
L/“i (E-DeRef)
tlp—t|p
led
€dom(t) g peRefval)
Wip— p) |
[ € dom(p)

E-AssignVal
l::v\uaunit\u[l::v]( ssignVal)

4.4 Store Typings

XU)=T
T[Sk i: Ref(T)
L[Skt T
I'| 2 F ref(t) : Ref(T)
T[SHE:T
T[Sk t: Ref(T)
D[Skt :RfiT) Thty:T
[ | Xkt :=ty: Unit

(T-Loc)

(T-Ref)

(T-DeRef)

(T-Assign)

4.5 Safety

Definition 16 A store u is said to be well-typed with respect to a typing context I' and a store typing
Y, written T' | ¥ F p if dom(pu) = dom(X) and I' | ¥ F u(l) : 2(1) for every l € dom(u) = dom(X).

Theorem 17 (Type Preservation) If T | X+t : T, T | S+ pandt | p— t' | @, then for some
YOX, T |YHt:T andT | X' F .
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Theorem 18 (Progress) Suppose D :: () | X+t :T. Then either t is a value or for any store p such
that 0 | X+ p, t| pw—t' | ' holds for some t' and '
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Chapter 5

Exceptions

Exceptions provide a means to altering the normal control in the execution of a program. For
instance, the following example indicates a way to terminate the execution of a loop by executing
the break command.

while (test) {
if (something_is_true) break;

}

This can be readily implemented through the use of exceptions. A raised exception may be captured
later so as to be handled by an exception handler.

datatype binaryTree = E | B of binaryTree * binaryTree

fun isBraunTree (t: binaryTree): bool =

let
exception NotBraunTree
fun aux (E) = 0
| aux (B (t1, t2)) =
let
val 1s = aux tl and rs = aux t2
in
if 1s = rs orelse 1s = rs + 1 then 1 + 1s + rs
else raise NotBraunTree
end
in
let
val _ = aux t
in
true
end handle NotBraunTree => false
end

21
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5.1 Raising and Handling Exceptions

constants ¢ u= ...|error
terms t = ...|raise(t) | try t; with ¢y
answers  ans = v | raise(v)

I'Ht: Bzn

——————— (T-Rai
I+ raise(t) : T ( aise)

I'bt1:T T'kHty: Exn—T
I'Ftry ty withty : T

t—t
raise(t) — raise(t')

(E-Raise-Appl)

(T-TryWith)

(E-Raise)

raise(v)(t2) — raise(v)

E-Raise-App2
v (raise(v)) — raise(v) ( aise-App2)

t1 —t)

E-TryWith
try t; with ts — try ¢, with f5 (E-TryWith)

(E-TryWithVal)

try v; with ¢35 — v

E-TryWithE
try raise(v) witht2_>t2(v)( yWithExn)

Theorem 19 (Subject Reduction) Assume that D :: T -t : T andt — t'. Then T b ' : T is
derivable.

Theorem 20 (Progress) Assume that D :: ) =t : T. Then either t is an answer ort — t' for some
term t'.



Chapter 6

Recursive Types

6.1 Examples

IntList = (nil : Unit,cons : Int x IntList)

IntList = pX.(nil : Unit,cons : Int * X))

nil = (nil = unit)
cons = Mz :IntAxs:tIntList.(cons = {x,zs})
isNil = MAzs.case xs of (nil = u) = true | (cons = p) = false
hd = Mxs.case xs of (nil = u) = raise(EmptyList) | (cons = p) = p.1
tl = Axs.case xs of (nil = u) = raise(EmptyList) | (cons = p) = p.2

T = pX.Int — X
T2 = ,uXX—>Int

fi = fix(\f:Int — Ty n: Int.f)

Q = (Ax:Thx(x)( Az : Th.z(x))
Stream = pX.Unit — Intx X
Process = uX.Int — Int x X
upFrom = fix(Af: Int — Stream.An : Int.A_: Unit.nx f(n+ 1))
Nats = upFrom(0)

In the presence of recursive types, we can construct a nonterminating function without using the
fixed point operator fiz.

datatype T=C of T -> T
fun £ (x: T): T=casexof Cg=>g (x)

Note that the evaluation of f(C(f)) is nonterminating.
Here is a representation of untyped A-terms through the use of higher-order abstract syntax.

23
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datatype T = Lam of T -> T | App of T * T

[z =
|Ax.t] = Lam(Azx:T.|t|)
ti(t2)] = App(|ta], [t2])
6.2 Formalization
types T == ...| X |puXT

fold([X — uX.T|T) = uX.T
unfold(pX.T) (X — uX.T|T

U=puXT TrHt:[X—~UT
I'b¢t:U
U=puXT TFt:U
+t:[X—U|T

(T-Fold)

(T-Unfold)




Chapter 7

Universal Types

7.1 System F

types T == X|T—->T|VXT

terms t u= x| Ax:Tt]|ti(t2) | AX.t|t[T]
values v o= AT | AXt

contexts I' == (|T,z:T

Encoding Datatypes
Pairs Let us define Pair(T1,1) as VX.(Ty - Th — X) — X.
pair(z,y) = AXAIp: Ty — Ty — X.p(z)(y)

fst(p) = pTi)(Ax:Thy : Tr.x)
snd(p) = p[Te)(Az: Ti\y : Tr.y)

Natural Numbers Let us define Nat as VX.X — (X — X) — X. Then the two constructors Z
and S can be defined as follows.
Z = AXXz: XAs: X — X.z
S(n:Nat) = AXAz:XAs: X — X.s(n[X](2)(s))
Lists Let us define List(T) as VX.X — (T' — X — X) — X. Then the two list constructors Nil

and Cons can be defined as follows.

Nil = AX.nil: X.Acons: T — X — X.nil
Cons(z : T)(zs : List(T)) = AX.Mnil: X cons: T — X — X.cons(z)(xzs[X](nil)(cons))

7.2 Some Basic Properties

Definition 21 Given a type variable X, a type T and a context T', we write [X +— TII" for the
context T such that dom(T') = dom(I"”) and I'(z) = [X — T](T'(x)).

Lemma 22 Assume D :: X;TF¢:T and X + T [type]. Then X;[X — TII + [X — Ti]t : [X —
Ti|T is derivable.

25
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X T [eta] X FT [ctal
X+ Loz T [ctz]

X F X [type]

X -1y [type] X F T [type]
X+ Ty — Ty [type]

(K-Var)

(K-Fun)

X, X T [type]

X FVX.T [type]

X FTletz] T(x)
X; T'Fx:T

(K-Uni)

=1 (1-var)

X;F)x:Tll_tITg
X:Thxx:Tit:T) — T

(T-Abs)

X’;Fl_tl:T — 12 X,Fl—tQ:Tl
- (T-App)
X;T Fty(te) : T
X, X;TrHt:T XFT[cta]
X:THAXt:VX.T
X;THt:YX.T X+ Ty [type]
X;T Ht[To) : [X — To)T
_hoh
t1(ta) — t)(t2)
B e T
v1(t2) — vi(th)
_h—h
t1(ta) — t)(t2)

(T-Tabs)

(T-Tapp)

(E-Appl)

(E-App2)

(E-App2)

Az T1.t1)(v2) — [z — valty (E-AppAbs)

{1] = 7]

—,— (E-Tapp)

AXOT] =[x = 1 (E-TappTabs)
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Proof The proof follows from structural induction on D. [

Theorem 23 (Subject Reduction) Assume that D :: X; 'tt:T andt —t'. Then X; PHt:T s
derivable.

Proof We proceed by structural induction on D.
e D has the following form,

Dy X;THt :VXTy XF T [type]
X;TF 4D : [X — T

(T-Tapp)

where t = t1[T5] and T' = [X +— T5]T;. We now have two subcases.

— t1 — ¢} and ¢t — ¢ = t{[T]. By induction hypothesis on Dy, we have D} =: ' ¢} : VX.T}
for some D}, and therefore X;I' ¢ : T is derivable.

— t;1 = AX.t) and t — ¢/ = [X — Tp]t]. Then D has the following form:

X, X;Tkt,: Ty X+ eta]
X;THAXty :VX.T)

(T-Tabs)

where t = AX.t; and T = VX.T). By Lemma 22, X;'  [X — Tlt) : [X — To]T}
is derivable since I' contains no free occurrences of X. Note that ¢ = [X — Ty|t] and
T = [X +— T5]Ty, and we are done.

The other cases can be handled similarly. [

Theorem 24 (Progress) Assume D :: X:Tkt:T. Thent is a value or t — t' holds for some term
t'.

Proof The proof follows from structural induction on D. [

7.3 Type Erasure

We can define a type erasure function | - | as follows, which translates a term in System F into an
untyped A-term.

al=e  Pa:T=haltl () = lul(e)  [AXd=]d 4T = |

Notice that for a value v in System F, |v| may not necessarily be a value. Therefore, given a term
t in System F, |[t| —* vg does not necessarily imply that we have ¢t —* v for some value v such that
|v| = vg. To have this property, we can impose a restriction on (T-Tabs) by requiring that ¢ be a
value whenever the following rule is applied.

X, X;THt:T XFT[cta]
X;THAX.t:VX.T

(T-Tabs)

This restriction is often called value restriction.
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7.4 Normalization for System F

Definition 25 Given a closed type T, a predicate R defined on the closed terms of the type T is a
reducibility candidate of type T if R satisfies the following conditions.

o If R(t) thent |.
e If R(t) and t — t' then R(t').

e Ift is not a value and R(t") whenever t — t', then R(t).

For instance, the predicate R(t) =t | defined on the closed terms of a given type T is a reducibility
candiate of the type T.

We use Oy, for a substitution that maps type variables to types and ©,.4 for a finite map that
maps type variables to reducibility candidates. We write ©,¢q : Oy if for each X € dom(0,.4) =
dom(©yyy), Oreq(X) is a reducibility candidate of type ©,(X). In addition, we write Oy, : X if
dom(©y,) = {X).

Definition 26 Assume that X - T [type] is derivable and ©,eq : Oyp X. We define Red[©yeq; Oryp; T
as follows by structural induction on T'.

e T is a type variable. Then Red[Ored; Oryp; T] = Orea(T).

o I' =Ty — T5. Then Red[O,eq; Oryp; T)(t) if t | and whenever t —* Az : T1[Oyyp).ta, we have
Red[Oycd; Oyp; To)([x +— vi]ta) for each vy satisfying Red[(]Oyed; Oryp; T1)(v1).

o I' = VX.Ty. Then Red[Oreq; Ouyp; T)(t) if t | and whenever t —* AX.t;, Red[Oq[X —
R]; Oyp| X — To]; Th|([X — Tb]t1) holds for each reducibility candidate R of Tb.

Proposition 27 Red[©,q; Oyp; T is a reducibility candidate of the type T[Oyyp).
Proof The proof immedidately follows from structural induction on 7' ]
Proposition 28 We have the following:

Red[Oyed; Oyp; [X — Th]T] = Red[O,eq[ X — Red[Ored; Oryp; T1]]; Oyp[ X — T1[Oyp)]; T
Proof The proof immediately follows from structural induction on 7. [

Lemma 29 Assume D = X;T F ¢t : T and Opeq : Oyp : X. Also, assume 0 : ['[©p] and
Red[Oycq; Oyp; I'(x)](0(2)) for each x € dom(0). Then Red[Oyeq; Oryp; T(t[Oryp][6]) holds.

Proof We proceed by structural induction on D. |
Theorem 30 (Normalization) Assume that 0;0 =t : T is derivable. Then t | holds.
Proof By Lemma 29, Red|[[];[]; T](t) holds. Since Red][];[]; T] is a reducibility candidate by Propo-

sition 27, t | holds.
[



Chapter 8

Existential Types

8.1 Introduction

types T == ...|3X.T
term  t u= ...|{*T1,t} asTy | opent; as {xX,z} in {9
values v = ... | {*T1,v} as T

XFStype] X;THt:[X — ST
X:T+ {«S,t} as IX.T : IX.T
X:Tht:3XT, X, X;D,o:TiFty: Ty X b T [typel

(T-Pack)

— (T-Unpack)
X;I't-opent; as {«xX,z} in ty : Ty
t—t
E-Pack
{*T1,t} as Ty — {xT1,t'} as Ty ( ack)
t t)
1=h (E-Unpack)

open t1 as {xX,z} in t; — open t] as {xX,z} in ty

E-U k'Val
open ({xT1,v} as Ty) as {*X, 2} in ty — [z — v][X — Th]ts ( npackVal)

8.2 Data Abstraction with Existentials
Pair[Th][T2] : 3IXApair: Ty — Ty — X, fst : X — Ty, snd : X — To}

Sum[Ti|[Te] : 3IXAinl : Ty — X, inr : Ty — X, caseof : VY. X - (T1 - Y)— (I, —-Y)—Y}

8.3 Encoding Existentials

XT = W(XT—=Y)—Y
{xS,t} as IX.T = letx=tin AY\f:VX.T — Y.f[S](x)
open t as {*X,z} in ty t[To)(AX Az : T .t2)

29
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{*x(T_1 * T_2),

{pair = \x:T_1.\y:T_2.{x, y}
fst = \p:T_1 * T_2. p.1
snd = \p:T_1 * T_2. p.2}}

{x(T_2 * T_1),

{pair = \x:T_1.\y:T_2.{y, x}
fst = \p:T_1 * T_2. p.2
snd = \p:T_1 * T_2. p.1}}

{*(forall X.(T_1 -> T_2 -> X) -> X),

{pair = \x:T_1.\y:T_2.\X.\p:T_1 -> T_2 -> X. p(x)(y),
fst = \p:forall X.(T_1 -> T_2 -> X) -> X.p[T_1]1(\x:T_1.\y:T_2.x),
snd = \p:forall X.(T_1 -> T_2 -> X) -> X.p[T_11(\x:T_1.\y:T_2.y)}}

{*(forall X.(T_1 -> X) -> (T_2 -> X) —> X),

{inl = \x:T_1.\X.\1:T_1 -> X.\r:T_2 —-> X.1(x),
inr = \x:T_1.\X.\1:T_1 -> X.\r:T_2 -> X.r(x),
caseof =

\Y.\s:forall X.(T_1 -> X) -> (T_2 > X) -> X.
\lc:T_1 -> Y.\rc:T_2 -> Y. s[Y](1lc) (xrc)

1}



8.3. ENCODING EXISTENTIALS

signature STACK =

sig

end

struc
str

end

type T

val new: unit -> T

val isEmpty: T -> bool
val length: T -> int
val pop: T -> int * T
val push: int * T -> T

ture Stack: STACK =
uct
type T = int list

fun new () = []

val isEmpty = List.isEmpty
val length = List.length

fun pop (s: T): int * T =
case s of [] => raise EmptyStack | x :: xs => (x, xs)

fun push (e: int, s: T): T=e :: s

31
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Chapter 9

Type Reconstruction

It can be burdensome for the programmer to write types when programming. Therefore, there is an
immediate question as to whether we can find a satisfactory approach that allows the programmer
to omit writing types and then infers the omitted types from the structure of a program. We present
a positive answer to this question in this section.

9.1 External Language

We present an external language for TFPLg. In this language, the programmer is allowed to omit
writing types when defining a function fun f(z) is e. On the other hand, the programmer is also
allowed to write (e : 7) to indicate that the expression e must have type .

expressions e = x| f|b]|i]|op(er,...,ey)|if ethen e; else ey |

{} [{er,ea} el ]e2]
fun f(z)ise|fun f(z:7): 2 ise |
app(ei,e2) |let x =ejines | (e:7)

Note that we define the type erasure of (e : 7) as |e|, that is, [(e : )| = |e].

9.2 Type Reconstruction Algorithm

We need the following syntax for presenting a type inference algorithm for TFPLy.

Existential Type Variables X

Types T == X|bool|int |1 |T*«T|T—T
Contexts G == -|Guz:T

Type Constraints O = T|ITh=T |21 NP,
Substitution © = [|9X 1]

Given a substitution ©, the satisfiability of ® under © is defined as follows.
e ® is satisfied under © if ® is T;
e & is satisfied under © if ® is 71 = T, and T1[0] = T»[O].
o & is satisfied under © if ® is &1 A Py and both ®; and ®,. are satisfied under ©

33



34 CHAPTER 9. TYPE RECONSTRUCTION

We say that a type constraint & is satisfiable if ® is satisfiable under some substitution ©.

We first introduce two kinds of judgments; a judgment G F e T T = ® basically means that we
can generate T and ® for given G and e such that type constraint ® needs to be solved for typing e
with T" under context G; a judgment G - e | T' = & basically states that we can generate ® for given
G, e and T such that type constraint ® needs to be solved for typing e with type T under context
G. The rules for a bidirectional type inference algorithm are presented in Figure 9.1 and Figure 9.2.
The following theorem establishes the soundness of these rules.

Theorem 31 (Soundness) We have the following.

1. Asume that G+ e 1T = ® is derivable. If ® is satisfiable under © and dom(0©) contains all
existential variables in the judgment G & e 1T = ®, then G[O] F |e|[©] : T[O] is derivable.

2. Asume that G Fe | T = ® is derivable. If ® is satisfiable under © and dom(©) contains all
existential variables in the judgment G & e | T = ®, then G[O] F |e|[©] : T[O] is derivable.

Proof (1) and (2) are proven simultaneously with structural induction on the derivations D of
GrFelT=®and GFe|T = o. |

Lemma 32 Let © be a substitution on existential variables. We have the following.
1. If GF e 1T = ® is derivable, then G[O] - e 1 T[O] = ®[O] is also derivable.

2. If GFe | T = ® is derivable, then G[O] - e | T[O] = ®[O] is also derivable.

Proof (1) and (2) are proven simultaneously with structural induction on the derivations of G
elTT=%and GFe|T = . [

The following theorem establishes the completeness of the presented type inference rules.
Theorem 33 (Completeness) Assume that I' e : 7 is derivable. Then we have the following.

1. Tk le| 1 T = ® is deriwable for some T and ® and there exists © such that T[©] =T and ® is
satisfiable under ©.

2. Tk el | 7= @ is derivable for some ® and ® is satisfiable.
Proof (1)and (2) are proven simultaneously with structural induction on the derivation of I' - e : 7.
"
9.3 Mutual Recursion

We present both typing rules and type inference rules for handling mutual recursion.

types T n= | (T1,...,7n)
expressions e == ---|fun fi(z1:7): 7 ise; and...and fun f,(x, : 7,) : 7, iS €, | e#n
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GT b7 bool = T (te-bool-up)

GEb|T =T =hbool (tC-bool—dn)

(tc-int-up)

GFilint= T

GrilT =T = ing (Point-dn)

T (tc-var-up)

Grz1G(z)=
GrolToT =G (tevar-dn)
Slop)=m1 %51y 7 GFeglmm=® -+ Gre,|m=9, (tc-op-up)
GFopler,...,en) TT=P1A---AND,
Ylop)=m1%- %1y =7 GFe|lmm=® -+ Gre,| 7=, (tc-op-dn)
Gropler,...,en) | T=P1 N NP, NT =71
Gl—elboc.)1:><1> Gheg1T=® Glte|T= Py (te-if-up)
GFrif ethenejelsees 1T = O N D A Dy
Ghelbool=P Glhe | T=01 Glhe |T= P )
(tc-if-dn)

GFif etheneelseey | T = O N D A Dy
GhegTTi=®1 Ghley 1Ty = dy
GFA{ep,ea} 1Ty x Ty = &1 N\ Do
G"€1lT1:><I>1 Gl—eng2:>(I)2
GF{ep e} | Ty % Ty = &1 N\ Py
GhegTTh= P17 Ghey 1T = oy
Gl—{61,62}lX=>(I)1/\CI)2/\XiT1*T2

(tc-tup-up)

(tc-tup-dn)

(tc-tup-dn-atom)

Figure 9.1: Type reconstruction rules for generating types constraints (I)
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GF€TT1*T2:>¢
GrellTi =@
GrFel X =0
Grell X1i=PdAX =X xXo
Ghe|T*xX=®
Grel|T=®
GrelTi*xTo = @
GFe21Ty, = ®
GrelX=90
GFe2TXo=PANX =X xXo
Ghel X*xT=®
Gre2|T=9®
G,f:X1—>X2,l':X1|—€J,X2:>(I)
GrHfun f(z)ise T X1 - Xo = &
G,fiT1—>T2,£L'IT1|_€lT2:><I>
GrFfun f(z)ise | Ty - To = @
Grfun f(z)ise 1T = @
Grfun f(z)ise | X == dANX =T
G,f:mm—mx:mmbtel =93
GFfun f(z:m) niselnn —-mn=>7

(tc-fst-up)

(tc-fst-up-atom)

(tc-fst-dn)

(tc-snd-up)

(tc-snd-up-atom)

(tc-snd-dn)

(tc-fun-up)

(tc-fun-dn)

(tc-fun-dn-atom)

(tc-fun-anno-up)

G,f:mm—m,z:mmkFe|l =90

Grfun f(z:7):mise | T=PANT =7 — 7
G|—€1TT1—>TQZ>(I>1 Gl‘€2lT1:>(I)2

G+ app(el,eg) 1715 = P A Dy

Grer 1 X1=9, Ghex T = ®y
GFapp(e,e) 1 Xo= P91 AP AN X =T — X,
G F app(er,es) 1 To = @
G+ app(er,e2) | T1 = PAT) =
GhegTTh=P1 Garx:Tike Ty = o

Ghletx=e1iney 1T = &1 A Py
GhtegtTTh=d1 Garx:Tike | To= P

(tc-fun-anno-dn)

(tc-app-up)

(tc-app-up-atom)

T (tc-app-dn)

(tc-let-up)

Grleti—eine [ 1o 0, Ad,  (tolet-dn)
Grelr=2 (tc-anno-up)
Gr(e:m)17=9®
GrelT=9®

G+ (e : 7’) | T=dAT=T (tC-anno—dn)

Figure 9.2: Type reconstruction rules for generating types constraints (II)
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The type (71,...,7,) is for an expression that defines n functions mutually recursively and these
functions are of types 71,..., T, respectively.

. ! . / . !
D f1:mi—71 o fniTn—Th,T1:T1e1:m]

. / . / . !
F7f1-7_1_”-17---7fn-7_n_’7—n7$n-7_n}_en-7_n

(type-funs)

THfun fy(z1:71):7{ is e1 and...and fun f, (@, :70):7}, is en):(T1 =71 ,...,Tn—7},)

ke:(m,.... ) 1<i<n
I'e#i:n

(type-choose)

L, f1:m1—=7] ey foiTn—Th,x1:TiFer |7 =P

. / . / . ’
I,f1 T1—Ty s fn i T =T, Tn Tnlen 7, =®n

tc-funs-anno-u
IHfun fi(z1:71):7] is e; and...and fun f, (n:70):7), is en)T(T1—=7],..., Tn =75 )= P1ALAD, ( p)

r,fl:XlHXi,...,fn:XnHXn,xltXﬂ—ellXiﬁ‘I)l

F,fl:X1—>X{,...,fn:Xn—>X{l,mn:XnFeanﬁl:q)n
I'Hun f1(z1) is e; and...and fun f,(z,) is ex) (X1 —X],... . Xn—X,, )= P1A.AD,
Gktel (Th,....,T,) =P 1<i<n
GFedilT, = @
Gktel (Th,....,T,) =P 1<i<n
GFre#i [T AT =T,

(tc-funs-up)

(tc-choose-up)

(tc-choose-dn)

Notice that neither rule (tc-funs-dn) nor rule (tc-funs-anno-dn) is presented. There is probably
no need for such rules in practice. In case there is such a need, we can always use either rule
(tc-funs-up) or rule (tc-funs-anno-up) to synthesize a type and then form a type constraint
between the synthezied type and the type being checked against.



