BU CAS CS 520 (FALL SEMESTER, 2002)
PRINCIPLES OF PROGRAMMING LANGUAGES

Continuation

(Author: Hongwei Xi)

types T == ...| cont(Ty,Ts)

expressions e = ...|callcc(e) | throw(ey,es)
eval. ctx. E u= ...|callcc(E)|throw(E,e)
values v o | B

x:TiFE[x]: Ty Tke:cont(Ty,Tz) — T
'+ Elcallcc(e)] : T
x:ToF E[x]: Ty T'kep:cont(Ty,Ty) They:Th
'+ Efthrow(ey,e2)] : T
a::Tll—E[x] :T2
' E*: cont(Ty,Ts)

(ty-callcc)

(ty-throw)

(ty-cont)

e Flcallcc(Ax.e)] is a redex, and its reduct is Elex := E*]].

o E[throw(E(,e)] is a redex, and its reduct is Eye].

Lemma 1 (Canonical Forms) Assume that ) = v : T is derivable.

o If T = cont(T1,Tv), then v = E* for some evaluation context E.

Theorem 2 (Progress) Assume that ) & e : T is derviable. Then either e is a value, or e — e’ for some
expression €.

Proof By structural induction on e. [

Theorem 3 (Subject Reduction) Assume that O & e : T is derviable and e — e'. Then () - € : T is
derivable.

Proof By structural induction on the derivation D of ) e : T.

e The last applied rule in D is (ty-callcc). Then D is of the following form:

X Tl = E[Hﬁ] :T2 @" €o - COTUf(Tl,TQ) — Tl
0 - Elcallcc(eg)] : T

(ty-callcc)



where e = E|callcc(eg)] and T = Ts.
If eg is not a value, then ey — e, for some e, and e’ = callce(e)). By induction hypothesis on Dy,
we know that () b ef, : cont(T1,T») is derivable. Hence, O F ¢’ : T can be derived as follows:
X . Tl H E[x] :T2 Dl h @ H 66 : COTlt(Tl,TQ) — Tl
0 Elcallcc(ep)] : T

(ty-callce)

We now assume that eg is a value. By the lemma of canonical forms, eqg must be of the form Az.eq.
Hence, ¢/ = E[ey[z := E*]]. Note that ) - E* : cont(11,T5) is derivable. By the substitution lemma,
we know that () - eq[x := E*] : Ty is derivable. Hence, () - ¢’ : T is also derivable.

e The last applied rule in D is (ty-throw). Then D is of the following form:

X . T() [ E[x] . T2 Dl =T E €1 : COTlt(Tl,TQ) D2 =T E €9 Tl
'+ Ejthrow(eq,es)] : T

(ty-throw)

where e = Ethrow(ey, )] and T' = T5.
If ey is not a value, then e; — ¢/ holds for some €] and ¢’ = throw(e}, e2). By induction hypothesis
on Dy, 0+ €} : cont(Ty,Ts) is derivable. Hence, we can derive () e’ : T as follows:
X . T() = E[x] : T2 Dl = IH 6/1 : COTlt(Tl,TQ) D2 = TH €9 Tl
'+ Efthrow(e), )] : Ty

(ty-throw)

We now assume that e; is a value. By the lemma of canonical forms, e; must be of the form Ej
for some evaluation context Ey. Hence, ¢’ = Eyles]. Clearly, z : Ty F Ep[z] : Tb is derivable, which
implies that O - ¢’ : T is also derivable.

The other cases have all been handled before. ]



