Chapter 2

Untyped Lambda Calculus

We assume the existence of a denumerable set VAR of (object) variables xg, x1,x2,..., and use
x,y, z to range over these variables. Given two variables z; and x5, we write 7 = x5 if both x;
and x5 denote the same x,, for some natural number n; similarly, we write 21 < 2o (21 < z3) if 21
and zo denote x,, and x,,, respectively, for some natural numbers n; and nq satisfying n; < ns
(n1 < ng); we write x1 > x9 (r1 > x2) to mean s < 1 (12 < x1).

Definition 2.0.1 (\-terms) The (pure) \-terms are formally defined below:
terms t == x| A\x.t|ti(te)

We use TERM for the set of all A-terms. Given a A-term ¢, ¢ is either a variable, or a A-abstraction
of the form \z.t;, or an application of the form ¢;(¢5). We write ¢; = ¢, to mean that ¢; and ¢, are
syntactically the same.

When giving examples, We often use I for \z.z, K for Az.\y.z, K’ for Ax.\y.y, and S for
Az Ay Az.2(2)(y(z)). Many other special A-terms are to be introduced.

Definition 2.0.2 (Size of \-terms) We define a unary function size(-) to compute the size of a given
A-term:

size(r) = 0
size(Ax.t) = 1+ size(t)
size(ti(t2)) = 1+ size(t1) + size(ta)

Clearly, we have size(I) = 1, size(K) = 2 and size(S) = 6.
There is often a need to refer to a subterm in a given A-term. For this purpose, we introduce
paths defined as finite sequences of natural numbers:

paths p == 0|n.p

We use () for the empty sequence and n.p for the sequence whose head and tail are n and p,
respectively, where n ranges over natural numbers. Given two paths p; and ps, we write p; Qp, for
the concatenation of p; and ps. We say that p; is a prefix of ps if po = p;@p3 for some path ps; this
prefix is proper if p3 is not empty. We say that p; and p, are incompatible if neither of them is the
prefix of the other.
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We use PATH for the set of all paths and p to range over finite sets of paths. Given n and p, we
use n.p for the set {n.p | p € p}. Given py and p, the sets py@p and pQp, are {py@p | p € P} and
{pQpy | p € P}, respectively.

Definition 2.0.3 We define as follows a partial binary function subterm(-,-) from (TERM, PATH) to
TERM:

= 1

subterm(t1,p)

subterm(ta, p)

subterm(t, p)

subterm(t,
subterm(ty(t2), 0.
subterm(tq(t2), 1.
subterm(Ax.t, 0.

TRE=
I

Given two A-terms t1, t2 and a path p, we say that ¢ is a subterm of to at p if subterm(te,p) = t1; this
substerm is proper if p is not empty. We may simply say that ¢, is a subterm of ¢, if subterm(ts,p) =
t; for some path p. Also, we may say that ¢; has an occurrence in ¢y (at p) if ¢; is a subterm of ¢
(at p). Note that for a A\-term of the form Ax.t, the variable x following the binder )\ does not count
as an occurrence (in the formal sense).

Given a A-term, we use paths(t) for the set of paths such that p € paths(t) if and only if
subterm(t, p) is defined. Clearly, for every A-term ¢, we have

e () € paths(t), and
e po € paths(t) implies that p € paths(t) holds for every prefix p of py.

Note that for every A-term ¢, p € paths(t) implies p being a sequence of 0’s and 1’s.

Definition 2.0.4 (Variable Set) We define a function vars as follows that maps A-terms to finite sets
of variables:

vars(z) = {xz}
vars(Az.t) = vars(t)U{z}
vars(ti(te)) = vars(ty) Uvars(ta)

Clearly, for every A-term ¢, = € vars(ty) if and only if ¢y has a subterm of the form x or A\x.t.

Definition 2.0.5 (Free Variable Set) We define a function FV as follows that maps \-terms to finite
sets of variables:
Fv(z) = {x}
FV(Ax.t) = FV(t)\{z}
FV(ti(t2)) = FV(t1) UFV(t2)

Given a A-term t, we refer to FV(t) as the set of free variables in t. We say that a variable x is free in t
if and only if € FV(t) holds.

Given a A-term ¢y and a variable x, an occurrence of z in ¢, at py is a free occurrence if subterm(to, p)
is not of the form Az.t for any prefix p of py. It is clear from the definition of FV that z € FV(¢) if
and only if x has at least one free occurrence in ¢.



Definition 2.0.6 (Variable Replacement) Given a A-term t and two variables x and y, we define
t[y/x] as follows by structural induction on t:

zly/x) y
[y/x] == 2 ifx’isnotx
ti(t2)ly/z] == tily/=](tly/z])
Az.t)[y/x] == Azt
A’ t)[y/x] == M .tly/z] if x # o

We refer to tly/x] as the A-term obtained from replacing (free occurrences) of x with y in t.
Clearly, size(ty/z]) = size(t) for all A-terms ¢t and variables x and y.
Proposition 2.0.7 We have the following.
1. tlx/x] =t.
2. tly/z] =tif x &€ FV(1).
3. tly/x]lz/y] = t[z/x] if y & vars(t).
Proof Both (1) and (2) are straightforward. We prove (3) by structural induction on t.
e tis z. Then both t[y/z][z/y] = z and t[z/z] = z hold, and we are done.

e tis 2’ for some variable 2’ # z. Then ' # y also holds as y & vars(t). So t[y/x][z/y] = 2/ and
t[z/x] = 2/, and we are done.

e tisti(t2). Fori = 1,2, we have ¢;[y/x][z/y] = t;[z/x] by induction hypotheses on t,. There-
fore, t[y/x][z/y] = t[z/z] holds as well.

o ¢ is \x.tg. Then tly/x|[z/y] = t[z/y], and t[z/x] = t. By (2), t[z/y] = t holds, and we are
done.

e tis \z'.ty for some z’ # z. We have ty[y/z|[2/y] = to[z/z] by induction hypthesis on ¢y. Note
that o’ # y since y & vars(t). So we have ty/z][z/y] = t[z/x].

We conclude the proof as all the cases are covered. [
Definition 2.0.8 We use I for a sequence of variables defined as follows:
' == 0|z

We write x € T to indicate that = occurs in T, and |T'| for the length of T, that is, the number of
variables in I'. If x € T holds, we define I'(x) as follows: I'(x) = || if I =T,z and T'(z) = Ty () if
I' =T,z for some x1 # x.

Definition 2.0.9 (a-normal forms) We use t for a-normal forms defined as follows:
a-normal forms t == x| n|A{) |t ()

where n ranges over positive integers.
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Given an a-normal form ¢, shift(t) is the a-normal form obtained from increasing each n in ¢ by 1.
Formally, we have

shift(x) = x; shift(n) = n + 1; shift (1 (o)) = shift (&) (shift(L2)); shift(M(¢1)) = A(shift(t1))

Definition 2.0.10 (a-equivalence) Given a sequence I" of variables and a term t, NF,(I'; t) is defined
inductively as follows:

x ift = x for some x ¢ T';

I'(xz) ift=xforsomex cT;

Mtg) ift = Ax.tgand ty = NF, (T, x;tp);

il @2) l:ft = tl(tg) and El = NFQ(F; tl) and §2 = NFQ(F; t2).

NF,(I';t) =

We use NF,(t) as a shorthand for NF,(0;t). Given two terms t; and to, we say that t; and to are -
equivalent if NF,,(t1) = NF,(t2) holds, and we use t| =, ts to indicate that t; and ty are a-equivalent.
Note that =, is an equivalence relation, that is, =, is reflexive, symmetric and transitive.

Clearly, we have NF,(I) = A(1), NF,(K) = A(A(1)), and NF,(S) = MA(A(1(3)(2(3))))), and note
that A(shift(NFo(I))) = A(\(2)) = NF,(K').

Given ¢t and z, we use t[1/z] and t[y/x] for the a-normal forms obtained from replacing each
occurrence of = in ¢ with 1 and y, respectively. For brevity, the formal defintions for these replace-
ments are omitted.

Proposition 2.0.11 For every A-abstract Ax.t, we have
NF,(Ax.t) = A(shift(NF,(t))[1/z])
Proof Let us first establish the following equation for all sequences I':
NF,(z,T;t) = shift(NF,(T,t))[1/x]
We proceed by structural induction on ¢:

e tisxz. If z € T, then both sides of the equation equal I'(z) + 1. Otherwise, both sides of the
equation equal 1.

e ¢ is some variable y that is distinct from x. If y € T', then both sides of the equation equal
I'(y) + 1. Otherwise, both sides of the equation equal y.

e ¢ is of the form A\z;.t;. By definition, NF,,(z,T';t) = A(NF,(z,T", z1;t1)). By induction hypoth-
esis on t1, we have the following:

NF,(z,T,x1;t1) = shift(NFo (T, z1;t1))[1/x]
Note that we have:
A(shift(NFo (L, 13 1)) [1/x]) = shift(ANFo(L, z1;t1)))[1/2]

Hence, NF,(z,T';t) = shift(NF,(T;t))[1/z] holds.



e ¢ is of the form ¢;(¢2). This is straightforward based on the properties of NF,(-), shift(-) and
variable replacement.

We conclude the inductive proof as all the cases are covered. Let I" be (), and we have NF,(z;t) =
shift(NF,(t))[1/x]. Therefore, we have NF, (A\x.t) = A(shift(NF(t))[1/x]). n

Given a \-abstraction Ax.t, let us choose a variable y not in vars(t¢). By Proposition 2.0.11, we have
NFq (Az.t) = A(shift(NFo(t))[1/z]) and NFa(Ay.tly/z]) = A(shift(NFa(tly/z]))[1/y])

It should be easy to note that shift(NF,(t))[1/x] = shift(NF,(t[y/x]))[1/y]. Therefore, Az.t and
Ay.tly/z] are a-equivalent.

Definition 2.0.12 (Substiutions) We use 0 for substituitions, which are finite mappings from variables
to \-terms:
substitutions 6 == [ |0z — ]

We may use [] for the empty mapping and 0]z — t] for the mapping that extends 6 with a link from
x to t, where z is assumed to be not in dom(#). We use dom(#) for the (finite) domain of # and
vars(#) for the following (finite) set of variables:

dom(0) U (Ugyedom(e)vars(d(z)))

We may use [z — ti,...,x, — t,] for the subtitution # such that dom(f) = {z1,...,z,} and
O(x;) =t; for 1 < i < n, where x1,...,x, are assumed to be distinct variables.

Definition 2.0.13 Given a \-term t and a substitution 6, we use t[f] for the result of applying the
substitution 6 to t, which is formally defined below as a function by induction on the size of t:

o t[f] = 0(x) if t is some = in dom(0).
e t[0] = xz if t is some x not in dom(#).

o t[0] = \y.(t1[y/x])[0] if t is \x.t1, where y is the first variable not in vars(t,) U vars(f). Note
that the reason for choosing y in such a manner is to guarantee that applying a substitution 6
to a term t can be done deterministically.

o t[0] = t1[6](t2[0]) if t = £1(t2).

Given two substitutions #; and 6, we write §; =, 05 to mean that 6;(x) =, 62(x) holds for every
x € dom(6;) = dom(fy). We are to prove that ¢[0] =, t'[#'] whenever § =, ¢’ and ¢t =, ¢/, that is,
the operation of applying a substitution to a term is well-defined modulo a-equivalence.

Let us use  for finite mappings from variables to a-normal forms and shift(8) be the mapping
0’ such that dom(#’') = dom(f) and ¢’ (x) = shift(6(z)) for each z € dom(¢’). Given ¢, we define
t[0] as follows:

0(x) ift =u;
1] = n ift =mn;
) M ]0])  ift=Aty) and @' = shift(0);

t1[0](t2[0]) if t = ta(t2).
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Proposition 2.0.14 Given z, t and 6, if y is a variable not in vars(t) U vars(#), then we have the
following equation:

shift(tly/x][0])[1/y] = shift(t)[1/x][shift (0)]

Proof We proceed by structural induction on ¢. For brevity, we only consider the case where ¢ is
of the form A(¢;). Note that shift(t[y/z][0]) = A(shift(t;[y/z][0'])) in this case, where §' = shift(0).
By induction hypothesis on ¢, we have:

shift(t,ly/z][0')[1/y] = shift(t,)[1/][shift(0)]

Note that shift(t)[1/2][shift(0)] = M(shift(t;)[1/z])[0'] = A(shift(t,)[1/2][shift (¢')]), and we have
shift(tly/x][0])[1/y] = A(shift(t,[y/«][0')[1/y]) = shift(t)[1/x][shift ()]

All of the other cases can be readily handled. [
Proposition 2.0.15 We have the following equation:
NFa(t[e]) = NFoz(t)[N a(@)]

In other words, the subsitution function given in Definition 2.0.13 is well-defined modulo the o-
equivalence relation.

Proof Let § = NF,(0). We proceed by induction on the size of ¢t. The only interesting case is
the one where ¢ is of the form A\x;.t;. By definition, ¢[0] = A\y.t1[y/z1][f], where y is some vari-
able not appearing in vars(¢,) U vars(f). By induction hypothesis on ¢;[y/x1], NF(t1[y/x1][0]) =
NF,(t1[y/x1])[¢] holds. Let t; = NF,(t1), and we have NF,(ti[y/x1]) = t1[y/x1]. By Proposi-
tion 2.0.14, we have

A(shift (NFo(t1]y/z1][0]))[1/y]) = A(shift(ti[y/21][0])[1/y]) = A(shift(t,)[1/z1][shift(6)])
Note that NF,(t) = A(shift(t,)[1/x1]), which leads to NF,(t)[0] = A(shift(t,)[1/«1][shift(8)]). So

we have NF,(t[0]) = NF,(t)[NF,(0)] in this case. All of the other cases can be readily handled. =

Given 60, and 6,, we use 605 o 0; for the substitution 6 such that dom(6) = dom(6;) U dom(62),
and for each =z € dom(#), 0(x) = x[61][02].

Lemma 2.0.16 (¢[01])[02] =4 t[f2 © 61].
Proof As an exercise. n

Given a A-abstraction Az.t and a finite set of variables, we can also choose another A-abstraction
Mx’.t' that is a-equivalent to Ax.t while guaranteeing that 2’ does not occur in the given finite set
of variables. This is often called a-conversion or a-renaming (of a bound variable).

Definition 2.0.17 (S-redexes) A \-term t is a (B-redex if it is of the form A\x.t1(t2), and its contrac-
tum is t1[x := to]. We may also refer to the contractum of a [3-redex as the reduct of the [3-redex.

Given a A-term ¢, R is a set of S-redexes in ¢ if R a finite set of paths such that subterm(t,p) is a
(B-redex for each p € R.



Definition 2.0.18 (\-term Contexts)
contexts C == []| z.C | C(¢)]|t(C)

Given a context C' and a A-term ¢, we use C[t] for the \-term obtained from replacing the hole [] in
C, which is formally defined below:

t if Cis [|;

)\x (Colt]) if Cis Az.Co;
Cilt)(tz)  if C'is Ci(t2);
t1((Coft])) if C'is £1(Ca).

Clt] =

Given a context C' and a path p, we use subterm(C, p) for either a context or a term defined below:

subterm(C,0) = C
subterm(C(t),0.p) = subterm(C,p)
subterm(t(C),0.p) = subterm(t,p)
subterm(C(t),1.p) = subterm(t,p)
subterm(t(C),1.p) = subterm(C,p)
subterm(Az.C,0.p) = subterm(C,p)

Definition 2.0.19 (8-reduction) Given two A-terms t1,t2 and a path p, we write [p] : t; —g ta if
t1 = C|[t] for some context C' and (3-redex t, where subterm(C,p) =[], and to = C|[t'] for the reduct t'
of t. A reduction [p) is a top reduction if p = (), and it is a head reduction if p = 0...0.(.

We may write ¢; —3 t2 to mean [p| : t; —g3 tp for some p. We refer to the binary relation —g
as (one-step) @-reduction, and use —>§ and —>E for the transitive closure and the reflexive and
transitive closure of — g, respectively. We may also refer to — as multi-step S-reduction. In
addtion, we use =g for the minimal equivalence relation containing —g.

Definition 2.0.20 (S-reduction Sequences) We use o for (finite) 3-reduction sequences defined as
follows:
B-reduction sequences o == 0|[p]+o

where () stands for the empty (3-reduction sequence. Note that we may omit writing the trailing () in
(B-reduction sequence.

We write o : t —7 t' to mean that o is a $-reduction sequence from t to t', that is, o is of the form
[p1] + ... + [pn] + 0 and there are A\-terms t = t1,...,t,41 = t' such that [p;] : t;, —p ti11 holds for
eachl1<i<n. Wewritec :ttomean o : t —% t’ for some t', which can be denoted by o (t).

Proposition 2.0.21 Assume o : t —7 t" and o = [p1] + [p2). If p1 and py are incompatible, then we
have o' : t — t' for o' = [pa] + [p1].

Proof By structural induction on . [

Let o be a f-reduction sequence from ¢ such that each [p] in o implies p = 0.p; or p = 1.p; for some
p1. By applying Proposition 2.0.21 repeatedly, we can arrange o into ¢’ of the form 0.07 + 1.0’ such
that o (t) = o’ (t).
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Proposition 2.0.22 Assume o : t —7 t'. Then for every substitution 6, we also have o : t[f)] — t'[0].

Proof It is straightforward to verify that [p] : t —3 ¢/ implies [p] : t[§] — 3 t'[0]. Then the proposition
follows immediately. [

Lemma 2.0.23 Assume that o : t. If o = o1 + [0)] for some o containing no head reduction, that is,
[0] does not appear in o1, then there exists o’ : t such that o’ = [§] + o for some o and o' (t) = o(t).

Proof Since o contains a head reduction, ¢ must be of the form A\z.t;(¢2). Since oy contains no
head reduction, we can assume by Proposition 2.0.21 that oy = 0.0.011 + 1.012 for some o017 : 1
and 012 : to. Clearly, Jl(t) = /\l‘.O’H(tl)(O'lQ(tg)), and O‘(t) = 0'11(751)[1' = 0'12(752)]. Let p:f, N ,pﬁ be
an enumeration of the possitions of all free occurrences of z in o(¢;), and

o = [@] +on +p:1£@0'12 + ... +pﬁ@0'12

Clearly, we have ¢’ : ¢t and &/ (t) = o(t). ]

2.1 Developments

Definition 2.1.1 (Residuals under -reduction) Let to be C[(\x.t1)t2], where the hole [] in C'is at
some position po, and t;, = C[t1[z := ts]]. For each (-redex in tq at some position p, the residuals of
the (3-redex, denoted by Res(t(, po,p), is a set of subterms in t;, defined as follows:

1. If p = po, then Res(tg, po,p) = 0.
2. If p= (po.0)@p', then Res(to, po,p) = {po@p'}.

3. If p = (po.1)@Qp/, then Res(ty, po,p) = {po@Qp,Q@p'}, where p, ranges over all paths such that
subterm(t1, p;) is a free occurrence of x in t;.

4. Otherwise, py is not a prefix of p. In this case, Res(to, po,p) = {p}-
Clearly, the residuals of a 3-redex are [3-redexes themselves.

Definition 2.1.2 (\-terms with marked (-redexes) Given a \-term t and a set R of 3-redexes in t,
we write t/R a A-term with marked (-redexes, or a marked \-term for short.

Definition 2.1.3 (Developments) Assume that t is a A-term and R is a set of 3-redexes in t. A [3-
reduction sequence o is from t/R is called a development if o is empty, or o = [p] + o1 for some p € R
and [p] reduces t/R to t1/R1 and o is a development of t1/R.

A finite development o of t/R is complete if o(t/R) = t' /() for some ¢'.

Lemma 2.1.4 Let P be a unary predicate on marked \-terms. Assume that P is modulo a-equivalence,
that is, P(t1/R) implies P(t2/R) whenever t; =, to holds, and

1. P(x/0) holds for every variable x.
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2. For t/R, P(t/R) implies P(Az.t/0.R).

3. For t1/Rq and t2/R1, P(t1/R1) and P(t2/Rs) implies P(t/R), where t = ti(t2) and R =
0.R1 ULR,

4. For tl/Rl and tg/Rg, P(tl/Rl), P(tz/RQ) and P(tl/Rl[x = tg/Rg]) implies P(t/R U {@}),
where t = (A\x.t1)(t2) and R = {0} U0.0.R1 U 1.Ro.

Then P(t/R) holds for every marked A-term t/R.

Proof We first prove that for every marked A-term ¢/R, P(t/R[f]) holds for every substitution 6
that maps variables to marked A-terms satisfying P, that is, P(6(z)) for each z € dom(f). We
proceed by structural induction on ¢.

e ¢ is some variable z. Then ¢[f] is either x or §(z). So P(t[f]) holds.

e tis \xg.to for some A-term ¢y. Then R = 0.R for some set R, of redexes in ty. Given that
P is modulo a-equivalence, we may assume t[f] = Axzg.to[f] without loss of generality. By
induction hypothesis on ¢y, we have P(ty[f]). By (2), we have P(t[0]/R).

o tisti(tz) and ) ¢ R. Then R = 0.R; U 1.R> for some sets Ry and R; of redexes in ¢; and
to, respectively. Clearly, t[d] = ¢1[0]((¢2[f])). By induction hypothesis, both P(¢;/R[f]) and
P(t2/R1[6]) hold. By (3), we have P(t/R[6]).

o tis (Az.t1)(t2) and ) € R. Then R = {0} U0.0.R1 U 1.R, for some R; and Rs. By induction
hypothesis on t5, P(t2/R2[f]) holds. Let 6’ be 6]z — t2/R2[6]]. By induction hypothesis on
t1, P(t1/R1[0']) holds. Note that ¢ /R1[0'] is a-equivalent to t; /R4 [0][z := t2/R2[0]]. By (4),
P(t/R[6]) holds.

Therefore, by structural induction, P(¢/R[¢]) for all A\-terms ¢ and all substitutions # such that
P(6(x)) holds for each 2 € dom(#). Let 0 be the empty substitution, and we have P(¢/R) for all
A-terms ¢. [

Theorem 2.1.5 (Finite Developments) For each \-term t, there exists a number n such that the length
of every development from t is less than or equal to n.

Proof Let P(t/R) be the statement that there is a number n such that the length of every devel-
opment from ¢/R is less than or equal to n.

e Assume t = z for some variable z. Then we can choose n to be 0.

e Assume ¢t = Azx.t;. Then R = 1.R; for some set R, of 3-redexes in t;. Note in this case
that each developlement from ¢/R is of the form 0.07 for some development o; from t;/R;.
Hence, P(t1/R1) implies P(t/R).

e Assume t = t1(t2) and ) ¢ R. Then R = 0.R; U 1.R2, and each development from ¢/R can
essentially be written as 0.01 + 1.02, where o; and o9 are some developments from ¢; /R,
and t2/Ro, respectively. Clearly, P(t1/R1) and P(t2/R2) implies P(t/R) in this case.
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e Assume t = (A\z.t1)(t2) and ) € R. Let o be any development from ¢/R. We may assume
that [()] appears in o for otherwise we can simply take o + [()] instead. Let o = o1 + [0] + 0.
By studying the proof of Lemma 2.0.23, we see that there is a development ¢’ from ¢/R that
is of the form [0] + of + o2. Assume [()] : t/R —p t'/R’. Then we clearly have P(t1/R1),
P(t2/R2) and P(t'/R’) implies P(t/R).

By Lemma 2.1.4, we have P(¢/R) for all ¢/R. Given ¢, let R, be the set of all S-redexes in ¢. Then
every development from ¢ is a development from ¢/R,. Hence, we are done. [

Given t/R, let io(t/R) be the maximum of length(o), where o ranges over all the developments of
t/R. Let po(t) be uo(t/R:), where R, is the set of all S-redexes in t. Theorem 2.1.5 simply states
that yo(t) < oo for all ¢.

Lemma 2.1.6 Assume that o1 and o9 are two complete developments from t/R. Then o1(t/R) =
o2(t/R).

Proof Let P(t/R) be the statement that o;(¢/R) = o2(t/R) for every pair of complete develop-
ments o, and o9 from ¢/R.

e Assume t = x for some variable z. Clearly, P(¢/R) holds.

e Assume ¢t = A\z.t;. Then R = 0.R; for some set S-redexes in t;. Clearly P(¢;/R1) implies
P(t/R).

e Assume t = t1(t2) and ) ¢ R. Then R = 0.R; U 1.R,, where R; and R, are some sets of
B-redexes in ¢; and t, respectively. Clearly, P(¢1/R1) and P(t2/R2) implies P(t/R).

e Assume t = ()\LL'.tl)(tQ) and ) € R. Let o1 = o011 + [@] + 012 and 09 = 091 + [@] + 0929. By
studying the proof of Lemma 2.0.23, we see that there is a complete development ¢} from
t/R that is of the form [(] + o}; + 012, and o} (¢t) = o1(t). Similarly, there is a complete
development o4 from t/R that is of the form [0] + o5, + 022, and o5(t) = o2(t). Assume
0] : t/R —3 t'/R'. Note that ¢, + 012 and o5, + 092 are complete developments from t'/R’.
Hence, P(t'/R’) implies P(t/R).

By Lemma 2.1.4, we have P(¢/R) for all ¢/R, which yields this lemma. [

Lemma 2.1.7 Assume o, and oy are developments from t. Then there exists oy and o’ such that
o1 + o4 and o9 + o} are developments from t to some term t'.

Proof Assume o, and o9 are developments from ¢/R; and ¢/Rs, respectively. Then o and o9 are
also developments from ¢/R for R = Ry U R2. By Theorem 2.1.5, there exists ¢} and o} such that
both o1 + ¢/, and o + o are complete developments from ¢/R. By Lemma 2.1.6, we have

(01 + 03)(t/R) = (02 + 01)(t/R)
This concludes the proof. [

Definition 2.1.8 (Standard Developments) A standard development o from t/R is standard if

1. o is empty, or

2. o = [p] + o1 for the leftmost p in R and o is a standard devlopment of [p|(t/R).
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2.2 Fundamental Theorems of \-calculus

Lemma 2.2.1 Assume that oy is a development from t. For every finite [3-reduction sequence o5 from
t, there exists a development o and a (-reduction sequence o such that (o1 + o4)(t) = (02 + o) (¥).

Proof We proceed by induction on the length of 5.
e 09 = (). Let 0} = 01 and o}, = (), and we are done.

e 09 = 099 + 091, Where g is a nonempty development. Let o1¢ be 1. By Lemma 2.1.7, there
exists two developments ¢}, and o’ such that (019 + 05,)(t) = (020 + o) (t). By induction
hypthesis on o(t), there exist a development o/, and a -reduction sequence o5, such that
(01 + 051)(020(t)) = (021 + 07y)(020(t)). Let o} = 0¥y and o4 = 0%, + 0%;, and we are done.

If 09 = 091 + ... + 09, for some developments o2, ..., 09,, then it is clear from the proof that o/,
can be written in the form of 0%, + ... + 0%, where o), are all development for 1 < i < n. In other
words, if o5 is a concatenation of n developments, then ¢ can also be chosen to be a concatenation
of n developments. [

Lemma 2.2.1 is often referred to as the Strip Lemma for the obvious reason.

Theorem 2.2.2 (Church-Rosser) Assume that t =g t, where =g is the minimal equivalence relation
containing — 3. Then there exists o1 : t and o : t’ such that o1(t) = o2(t').

Proof ¢ =g t' implies the existence of M\-terms ¢,?;...,t, for some n > 1 such that t = ¢;, and
t' = t, and for each 0 < i < n, either t; —4 t;41 or t;41 —p t; holds. We proceed by induction on
n.

e Assume n = 1. We omit this trivial case for brevity.
e Assume n > 0. By induction hypothesis, we have 01 and 012 such that 011 (¢1) = o12(t).

— Assume [p] : tg —p t1 for some p. Let o1 = [p] + 011 and 02 = 012, and we are done.

— Assume [p] : t; —p to for some p. Clearly, [p] is a development, By Lemma 2.2.1, we
have o019 and o9 such that

([p] 4+ 010)(t1) = (011 + 020) (1)
Let 01 = 019 and 09 = 012 + 090, and we are done.

We conclude the induction proof as all the cases are covered. [

Lemma 2.2.3 Assume o = 01+ 03 is finite 3-reduction sequence for a A-term t, where o1 is a standard
development and o5 is a standard (3-reduction sequence. Then we can construct a standard (finite)
B-reduction sequence o’ from t such that o(t) = o’(t).

Proof We are to define a binary function std, that takes the arguments o1 and o5 and returns o’. =

Theorem 2.2.4 (Standardization)
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Given a A-term t, we use normg(t) for the (possibly infinite) reduction sequence o from ¢ such
that each -reduction step in o is leftmost and o(¢) is in normal form o is finite.

Theorem 2.2.5 (Normalization) Assume v(t) < oo. Then normg(t) is finite.

Lemma 2.2.6 Assume p(ulx := v](t1) ... (t,)) < oo and pu(v) < co. Then we have:
(Oea)(©) (1) -+ (b)) < 1+ plufe = o] (1) - (b)) + (o)

Proof Lett* = u[z := v|(t1)...(tn), Clearly, u(t*) < oo implies that p(u), u(t1),. .., u(t,) are all
finite. We proceed by induction on p(u)+ p(v) 4+ pu(ty)+. ..+ u(ty). Lett = p((Az.w)(v)(t1) ... (tn)).
Assume [p| : t —g t’, and we do a case analysis on p.

e Assume p in w. Then ¢’ = (Az.w/)(v)(¢1)... (t,) for some v’ such that u —5 «' holds. By
induction hypothesis,

p(t') <1+ p('fz = 0)(tr) ... (ta)) + p(v) < p(t*) + p(v)

e Assume p in v. Then t’ = (Az.w)(v')(t1)... (t,) for some o' such that v —z v’ holds. By
induction hypothesis,

p(t) < 1+ pulz = 0(t). . (ta)) + 1) < pt*) + p(v)

e Assume pint; for some 1 <4 <. Thent' = (Az.u)(v)(t1)...(t})...(t,) for some ¢, such that
t; —p t; holds. By induction hypothesis,

p(t') < 1+ plulz = v)(t1) ... () ... (ta)) + p(v) < p(t") + p(v)
e Assume that p is the outmost S-redex (Az.u)(v). Then t* = t'. So, u(t') < u(t*) + p(v).
So pu(t") < pu(t*) + p(v) for each ¢’ such that ¢ — g ¢’ holds, and this yields p(¢) < 1+ p(t*) + p(v). »

Definition 2.2.7 ()\;-terms and (;-redexes) A \-term tq is a \;-term if for every subterm t of to, t
being of the form Ax.t; implies © € FV(t1). Moreover, a 3-redex \x.t1(t2) is a Br-redex if © € FV(t1).

Theorem 2.2.8 (Conservation) Assume [p| : t —g t' and p(t') < oo. If subterm(t, p) is Br-redex, then
wu(t) < oo.

Proof We proceed by induction on (size(t'), u(t')), lexicographically ordered. [
Corollary 2.2.9 A \j-term is strongly normalizing if and only if it is weakly normalizing.

Proof If ¢ is strongly normalizing, then it is obviously weakly normalizing. If ¢ is weakly normal-
izing, then there exists a finite reduction sequence o : ¢ —7% ¢’ such that ' is in $-normal form.

It is trivial to verify that each §-redex reduced in o is a §;-redex. By Theorem 2.2.8, t is strongly
normalizing. [
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2.3 Exercises
Exercise 1 Assume t =, t'. Please show that FV(t) = FV(t') holds.

Exercise 2 Assume that y is a variable not contained in vars(t). Let t' be t[y/x|, that is, the term
obtained from replacing (not substituting) y for x in t. Please show that FV(t') = FV(t) if x & FV(¢t),
and FV(1)) = (FV(t)\{2}) U {y} if = € V(1)

Exercise 3 Assume t =, t'. Please show tly/z] =, t'[y/x] holds for any x if y does not occur in
vars(t) Uvars(t).

Exercise 4 Please show \x.t =, \y.t[z :=y| if y & FV(t).

Exercise 5 Assume that o is a development of t. Please show size(o(t)) < 2!, where | - | be a unary
function defined as follows:

|z = 13 [Aw.t] = [t]; [(£2)t2] = [ta] + [t2
Exercise 6 Prove Lemma 2.1.7 by employing Lemma 2.1.4 directly.

Exercise 7 Assume that o is a standard development of t/R that is also complete. Please show that
length(c) = po(t/R) if R contains only [r-redexes.
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