BU CAS CS 520 (FALL SEMESTER, 2009)
PRINCIPLES OF PROGRAMMING LANGUAGES

Solution 3

Total: 150 points 4+ 50 extra points

The following is the synax of the language STLCO and its static and dynamic semantics.

Syntax
constants ¢ = true|false|O|1]|—1]:--
operators op = +|—|x*|/]|---
terms t == c|ax|if tothent; elsety | op(t) | Ax: T.t | t1(te)
values v o= c|Ax: Tt
types T == Bool|Int| Ty — Ty
contexts ' == 0|T,z:T

Static Semantics
¢ € {true, false}

I'+c¢: Bool
ce{0,1,-1,...}
I'kc:Int
I'Htg:Bool T'Ht1:T T'kity:
I'if to thent) elsety : T
E(Op):T1—>T2 Fl_tZTl
I'Fop(t): T
Nx)=T
TF o7 (T-Var)
Fx:ThiFt:Ty
Pl—)\x:Tl.t:Tl—>T2

Fl_t12T1—>T2 F"t2:T1
T-A
T+ t1(t) : T (T-App)

(T-Bool)

(T-Int)

T (16

(T-Op)

(T-Abs)




Dynamic Semantics

tO —)t6

- — (E-If)
if {p then ¢y else to — if {; then t; else iy

(E-IfTrue)

if true then t| else ty — 13
pp—— (E-IfFalse)

if false thent; elset
t—t

op(t) — op(t) FOP)
o) = v ”/, (E-OpVal)
op(v) — v
t, — t
t1(t2) — t’i(h) (E-Appl)
tQ — t/2
V1 (tg) — U1 (t,Q) (E_APPZ)
(E-AppAbs)

(Ax.t1)(v2) F t1[z +— vs)

Theorem (Progress) Suppose that t is a closed and well-typed term in STLCO, that is, there exists a
derivation D :: ) -t : T. Then either ¢ is a value or t — ¢’ holds for some term ¢’.

Exercise 1 (30 pts) Please present a complete proof of the progress theorem by structural induction on
the derivation D :: 0=t : T.

Proof (sketch): By structural induction on D. We present the case where the last rule applied in D is
(T-App): DTk TN —Ty Dyl T
1 t1:17 — 15 5 to 117
T-A
Dulk ti(ty): Ts (T-App)

Note that we have T' = T, and t = t1(t2) in this case.

e t1 is not a value. By induction hypothesis on Dy, we have ¢t; — t} for some t|. Hence, we can derive
t =t1(t2) — t}(t2) by (E-Appl).

e t1 is a value but t9 is not a value. By induction hypothesis on Dy, we have to — t, for some t).
Hence, we can derive t = t1(t3) — t1(t5) by (E-App2).

e 11 and to are values. By the Lemma of Canonical Forms, t1 is of the form Az.t19. So we can derive
t — tio[x +— t3] by (E-AppAbs).

All of the rest of the cases are omitted.

Theorem (Subject Reduction) Suppose that we have D :: T'+¢ : T and t — ¢’ in STLCO. Then ' +¢' : T
is derivable.



Exercise 2 (50 pts) Please present a complete proof of the subject reduction theorem by structural
mnduction on the derivation D :: T'Ft:T. You need to spot the place where substitution lemma is needed
and then prove it, which is worth 20 pts (out of the 50 total pts).

Proof (sketch): By structural induction on D. We present the case where the last rule applied in D is
(T-App): DTk T Ty Dy Tk T
1 - t121—>2 92 t211
T-A
DTk ti(te) : T ( 129

Note that we have T'= T and t = t1(t2) in this case.

o t' =t/ (t2) for some ¢} such that ¢ — t| holds. By induction on Dy, I' - ¢} : Ty — T is derivable.
With D, we can derive I' -t/ : Th.

e t1 is a value, and ¢’ = t;(t}) for some t}, such that to — t} holds. By induction on Dy, I' -t} : T} is
derivable. With Dy, we can derive I' -t/ : Th.

e t; and to are values. Since t — t’ is derivable, t; must be of the form Az.t19. Hence, D; must be of

the following form:
DIO o F,:L’ : T1 F th : T2

Dl = IH )\.CC.tl() : Tl — T2

(T-Abs)

Note that t' = t19[z — t3]. By the Substitution Lemma, we have that T' ¢’ : Ty is derivable.

All of the rest of the cases are omitted.

Exercise 3 (20 points + 20 extra points) A function named power is declared in the file power.dats, which
1s available on-line. Please implement the function power. To receive full credit, your implementation of
power needs to be of O(log(n))-time complexity. You will receive 20 extra points if your implementation
s also tail-recursive.

Exercise 4 (50 points + 30 extra points) In contrast to the (ordinary) list data structure, which only
supports O(n)-time list subscripting operations, the random-access list data structure by Chris Okasaki
can support O(log(n))-time list subscripting operations while keeping O(1)-time list consing and unconsing
operations. In the file ralist.sats, which is available on-line, there are several list operations. Please
implement these operations in a file named ralist.dats.



