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base types 0 == Dbool|int|...

types T ou= §|1l|mxTe| T — T

patterns p u= x| f]{][(p1,p2) | cclp)

matching clause seq. ms = (p1=e1| - | pn = e€n)

constants = ccl|cf

expressions e == af|cle)]| ()| {e1,e2) | fst(e) | snd(e) | case e of ms |
lamz.e | ei(e2) | fix f.e | let x = e; in ez end

values v ou= x| cee) ]| )| (vi,v2) |lamz.e

contexts r == -|Lyzf:7

substitutions 0 == [|0xz—v]]|0[f+— €

Fig. 3. The syntax for Apa¢

used in practice to capture program invariants. We mention some closely related
work in Section 8 and then conclude.

2 Xpat: A starting point

We introduce a simply typed programming language Apq¢, which essentially extends
the simply typed A-calculus with pattern matching. We emphasize that there are
no new contributions in this section. Instead, we primarily use Ap.¢ as an example
to show how a type system is developed. In particularly, we show how various
properties of Apq: are chained together in order to establish the type soundness of
Apat.- The subsequent development of the dependent type system in Section 4 and
all of its extensions will be done in parallel to the development of \,,:. Except
Lemma 2.14, all the results in this section are well-known and thus their proofs are
omitted.

The syntax of Ap.: is given in Figure 3. We use 6 for base types such as int
and bool and 7 for types. We use x for lam-bound variables and f for fix-bound
variables, and zf for either z or f. Given an expression e, we write FV(e) for the
set of free variables zf in e, which is defined as usual.

A lam-bound variable is considered a value but a fix-bound variable is not. We
use the name observable value for a closed value that does not contain a lambda
expression lam . e as its substructure. We use c¢ for a constant, which is either a
constant constructor cc or a constant function c¢f. Each constant ¢ is assigned a
constant type (or c-type, for short) of the form 7 = §. Note that a c-type is not
regarded as a (regular) type. For each constant constructor cc assigned the type
1 = 0, we may write cc as a shorthand for cc(()), where () stands for the unit of
the unit type 1. In the following presentation, we assume that the boolean values
true and false are assigned the type 1 = bool and every integer ¢ is assigned the
type 1 = int.

Note that we do not treat the tuple constructor (-,-) as a special case of con-
structors. Instead, we introduce tuples into A,q; explicitly. The primary reason for
this decision is that tuples are to be handled specially in Section 5, where an elabo-
ration procedure is presented for supporting a form of partial type inference in the
presence of dependent types.
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_ t-
r|lT=>x:T (pat-var)

m (pat-unit)

prlmi=T1 p2lm=1T2

(p1,p2) | i x 12 =1, T2

Fe(r):0 plT7=T
ce(p) | 6 =T

(pat-prod)

(pat-const)

Fig. 4. The typing rules for patterns in Apa¢

We use 0 for a substitution, which is a finite mapping that maps lam-bound
variables = to values and fix-bound variables to fixed-point expressions. We use []
for the empty substitution and 0[zf +— e] for the substitution that extends 6 with
a link from zf to e, where it is assumed that zf is not in the domain dom(#) of 6.
Also, we may write [zf; — e, ..., zf, — ep] for a substitution that maps zf; to e;
for 1 < i < n. We omit the further details on substitution, which are completely
standard. Given a piece of syntax e (representing expressions, evaluation contexts,
etc.), we use o[f] for the result of applying 6 to e.

We use ) for the empty context and T, zf : 7 for the context that extends I with
one additional declaration zf : 7, where we assume that zf is not already declared
inT. A context I' = 0, zf, : 71,...,2f, : T, may also be treated as a finite mapping
that maps zf; to 7; for 1 < i < n, and we use dom(I") for the domain of I". Also, we
may use I',T” for the context 0, zfy : 71,...,af, : T, afy : 71,...,2f) : 7., where
I'=0,af, : 71,...,2f, : 7 and TV = 0, af] : 7{,...,af,, : 7/, and all variables
Tf1s. s f o, Tf, - - Tfh, are distinct.

As a form of syntactic sugar, we may write let (x1,z2) = €1 in ez end for the
following expression:

let x = ¢; in let x; = fst(z) in let 22 = snd(x) in e; end end end

where z is assumed to have no free occurrences in eq, es.

2.1 Static semantics

We use p for patterns and require that a variable occur at most once in a pattern.
Given a pattern p and a type 7, we can derive a judgment of the form p | 7 = I
with the rules in Figure 4, which reads that checking pattern p against type 7
yields a context I'. Note that the rule (pat-prod) is unproblematic since p; and po
cannot share variables. Also note that we write - cc(7) : ¢ in the rule (pat-const)
to indicate that cc is a constant constructor of c-type 7 = 6. As an example, let
us assume that intlist is a base type, and nil and cons are constructors of c-types
1 = intlist and int * intlist = intlist, respectively; then the following judgments
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D(zf) =7

TFaf:7
Fe(r):d The:T

T'kecle):d

(ty-var)

(ty-const)
—— (ty-unit
T (ty-unit)
I'Fei:mm T'kexy:m
Ik {e1,e2) : 11 %72

(ty-prod)

%(ty-&t)

T'Fe:m*xm

't snd(e) : 72

plmn=T1 I''[hFe:m
I'Fp=e:m — 1

(ty-snd)

(ty-clause)

I'kpi=ei:m1 —m fori=1,...,n
(ty-clause-seq)
F'(pr=e1| - |pn=¢€n):T1 — T2
I'te:nnm T'kFms:m — 71 (ty-case)
I't case e of ms: 4
Dx:mbe:m
ty-1
I'kFlamz.e:m — 7 (ty-lam)
I'Fer:mm—m T'kFex:m (ty-a )
I'kei(e2) : m y-app
If:tkFe:T
—— (ty-fi
FFﬁxf.e:T(y x)

I'kFei:m Dz:mbex:m

ty-let
I'Fletz=e;inesx end: m (ty-let)

Fig. 5. The typing rules for expressions in Apq¢

are derivable:

cons ({(xz,xs)) | intlist = z :int,xs : intlist
cons ({(z,nil (()))) | intlist =z :int

We present the typing rules for expressions in Figure 5. The rule (ty-clause) is
for assigning types to clauses. Generally speaking, a clause p = e can be assigned
the type 71 — 7 if e can be assigned the type 7o under the assumption that p is
given the type 7.

In the following presentation, given some form of judgment J, we use D :: J for
a derivation of J. The structure of a derivation D is a tree, and we use height(D)
for its height, which is defined as usual.

The following standard lemma simply reflects that extra assumptions can be
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discarded in intuitionistic reasoning. It is needed, for instance, in the proof of
Lemma 2.3, the Substitution Lemma for A,q:.

Lemma 2.1 (Thinning)
Assume D :: '+ e : 7. Then there is a derivation D’ :: ', zf : 7/ F e : 7 such that
height(D) = height(D’), where 7’ is any well-formed type.

The following lemma indicates a close relation between the type of a closed value
and the form of the value. This lemma is needed to establish Theorem 2.9, the
Progress Theorem for Apq:.

Lemma 2.2 (Canonical Forms)
Assume that @ F v : 7 is derivable.

1. If 7 = ¢ for some base type ¢, then v is of the form cc(vg), where cc is a
constant constructor assigned a c-type of the form 79 = 4.

2. If 7 =1, then v is ().

3. If 7 = 1 x 75 for some types 71 and 72, then v is of the form (v, vq).

4. If 7 = 7y — 7o for some types 7 and 72, then v is of the form lam x. e.

Note the need for c-types in the proof of Lemma 2.2 when the last case is handled.
If c-types are not introduced, then a (primitive) constant function needs to be
assigned a type of the form 7 — 7 for some 7 and 75. As a consequence, we can
no longer claim that a value of the type 7 — 75 for some 7 and 75 must be of the
form lam z. e as the value may also be a constant function. So the precise purpose
of introducing c-types is to guarantee that only a value of the form lam x. e can be
assigned a type of the form 7, — 7.

Given I',Ty and 0, we write I - 6 : Ty to indicate that T' F 0(af) : To(zf) is
derivable for each zf in dom(d) = dom(Tg). The following lemma is often given
the name Substitution Lemma, which is needed in the proof of Theorem 2.8, the
Subject Reduction Theorem for A,q:.

Lemma 2.8 (Substitution)
Assume that '+ 6 : T holds. If I', Ty I e : 7 is derivable, then T - e[f] : 7 is also
derivable.

2.2 Dynamic semantics

We assign dynamic semantics to expressions in Apq+ through the use of evaluation
contexts defined as follows.

Definition 2.4 (Evaluation Contexts)

evaluation contexts E == [||c(E)|(E,e)| (v, E) | fst(F) | snd(F) |
case F of ms | E(e) | v(E) |let z = E in e end

We use FV(E) for the set of free variables zf in E. Note that every evaluation
context contains exactly one hole [] in it. Given an evaluation context E and an
expression e, we use Ele] for the expression obtained from replacing the hole []
in F with e. As the hole [] in no evaluation context can appear in the scope of a
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t-
match(v,z) = [z — 0] (mat-var)

(mat-unit)

match((), ()) = ]

match(vi,p1) = 61 match(vz,p2) = 62
match({vi, v2), (p1,p2)) = 01 U 62

(mat-prod)

match(v,p) = 0
match(c(v), c(p)) = 0

(mat-const)

Fig. 6. The pattern matching rules for Apq:

lam-binder or a fix-binder, there is no issue of capturing free variables in such a
replacement.

Given a pattern p and a value v, a judgment of the form match(v,p) = 0,
which means that matching a value v against a pattern p yields a substitution for
the variables in p, can be derived through the application of the rules in Figure 6.
Note that the rule (mat-prod) is unproblematic because p; and py can share no
common variables as (p1, p2) is a pattern.

Definition 2.5
We define evaluation redexes (or ev-redex, for short) and their reducts in Apq: as
follows:

fst((v1,v2)) is an ev-redex, and its reduct is v;.
snd({vy,v9)) is an ev-redex, and its reduct is vs.
(lamx.e)(v) is an ev-redex, and its reduct is e[z +— v].

fix f. e is an ev-redex, and its reduct is e[f — fix f.¢e].

let z = v in e end is an ev-redex, and its reduct is e[z — v].

case v of (p1 = e1 | --- | pn = en) is an ev-redex if match(v,p;) = 0 is
derivable for some 1 < k < n, and its reduct is eg[6].

e ¢f(v) is an ev-redex if (1) v is an observable value and (2) ¢f(v) is defined
to be some value v’. In this case, the reduct of ¢f(v) is v'. Note that a value
is observable if it does not contain any lambda expression lamz.e as its
substructure.

The one-step evaluation relation <, is defined as follows: We write e; <, eg if
e1 = Ele] for some evaluation context E and ev-redex e, and ez = E[e’], where €’ is
a reduct of e. We use <7, for the reflexive and transitive closure of —., and say
that e; ev-reduces (or evaluates) to es if e; <%, e2 holds. There is certain amount
of nondeterminism in the evaluation of expressions: case v of ms may reduce to
e[d] for any clause p = e in ms such that match(v, p) = 6 is derivable. This form
of nondeterminism can cause various complications, which we want to avoid in the
first place. In this paper, we require that the patterns p1,...,p, in a matching clause
sequence (p1 = e1 | -+ | pn = ey) be disjoint, that is, for 1 < i # j < n, there are
no values v that can match both p; and p;.
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In the actual implementation, we do allow overlapping patterns in a matching
clause sequence, and we avoid nondeterminism by performing pattern matching in a
deterministic sequential manner. We could certainly do the same in the theoretical
development, but this may complicate the evaluation of open programs, that is,
programs containing free variables. For instance, let e; and ey be the following
expressions case cons(x,xs) of (nil = true | 2’ = false) and case x of (nil =
true | ' = false), respectively. Clearly, we should evaluate e; to false, but we
should not evaluate ey to false as we do not know whether x matches nil or not.
This complication is simply avoided when patterns in a matching clause sequence
are required to be disjoint.

The meaning of a judgment of the form p | 7 = T is captured precisely by
following lemma.

Lemma 2.6
Assume that the typing judgment @ + v : 7 is derivable. If p | 7 = I’ and
match(v, p) = 0 are derivable, then () F 6 : T holds.

Definition 2.7
We introduce some forms to classify closed expressions in Apq:. Given a closed
expression e in A,q¢, which may or may not be well-typed,

e is in V-form if e is a value.

e is in R-form if e = E[ep] for some evaluation context E and ev-redex eg. So

if e is in R-form, then it can be evaluated further.

e ¢ is in M-form if e = F[case v of ms] such that case v of ms is not an
ev-redex. This is a case where pattern matching fails because none of the
involved patterns match v.

e ¢ is in U-form if e = E[c¢f(v)] and ¢f(v) is undefined. For instance, division
by zero is such a case.

e ¢ isin E-form otherwise. We will prove that this is a case that can never occur

during the evaluation of a well-typed program.

We introduce three symbols Error, Match and Undefined, and use EMU for the
set {Error, Match, Undefined} and EMUYV for the union of EMU and the set
of observable values. We write e —}, Error, e —} Match and e —}, Undefined
if e =¥, €' for some €’ in E-form, M-form and U-form, respectively.

It can be readily checked that the evaluation of a (not necessarily well-typed)
program in A,q; may either continue forever or reach an expression in V-form, M-
form, U-form, or E-form. We will show that an expression in E-form can never
be encountered if the evaluation starts with a well-typed program in A,q;. This is
precisely the type soundness of Apq.

2.3 Type soundness

We are now ready to state the subject reduction theorem for Ap.¢, which implies
that the evaluation of a well-typed expression in A, does not alter the type of the
expression.
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For each constant function ¢f of c-type T = 4, if 0 F v : 7 is derivable and ¢(v) is
defined to be v’, then we require that ) = v’ : § be also derivable. In other words,
we require that each constant function meet its specification, that is, the c-type
assigned to it.

Theorem 2.8 (Subject Reduction)
Assume that () - ey : 7 is derivable and e; <, €3 holds. Then @ - es : 7 is also
derivable.

Lemma 2.3 is used in the proof of Theorem 2.8.

Theorem 2.9 (Progress)
Assume that () - e; : 7 is derivable. Then there are only four possibilities:

e1 is a value, or

e1 is in M-form, or

e1 is in U-form, or

€1 ¢y €2 holds for some expression es.

Note that it is implied here that e; cannot be in E-form.

Lemma 2.2 is needed in the proof of Theorem?2.9.

By Theorem 2.8 and Theorem 2.9, we can readily claim that for a well-typed
closed expression e, either e evaluates to a value, or e evaluates to an expression
in M-form, or e evaluates to an expression in U-form, or e evaluates forever. In
particular, it is guaranteed that e —}, Error can never happen for any well-typed
expression e in Apqq.

2.4 Operational equivalence

We will present an elaboration procedure in Section 5, which maps a program
written in an external language into one in an internal language. We will need
to show that the elaboration of a program preserves the operational semantics of
the program. For this purpose, we first introduce the notion of general contexts as
follows:

general contexts G =
[1ec(@)[(G,e) | (e, G) | £s6(G) | snd(G) | lamz. G | G(e) | e(G) |
case Gof (p1=e1| | pn=en)]|
caseeof (p1=e1| - |pic1=ei1|pi=G|pir1=¢€it1| | pn=en)|
fixf{.G|letz=Gineend|let x =ein G end

Given a general context G and an expression e, G[e] stands for the expression
obtained from replacing with e the hole [] in G. We emphasize that this replacement
may capture free variables in e. For instance, G[z] = lamz. z if G = lam «. []. The
notion of operational equivalence can then be defined as follows.

Definition 2.10
Given two expressions e; and e in Apq¢, which may contain free variables, we say
that ey is operationally equivalent to eq if the following holds.
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e Given any context G, Gle1] <%, v* holds if and only if Glea] <%, v*, where
v* ranges over EMUYV, that is, the union of EMU and the set of observable
values.

We write e; & ey if €1 is operationally equivalent to es, which is clearly an equiva-
lence relation.

Unfortunately, this operational equivalence relation is too strong to suit our pur-
pose. The reason can be explained with a simple example. Suppose we have a
program lam x : int x int. x in which the type int * int is provided by the program-
mer; for some reason (to be made clear later), we may elaborate the program into
the following one:

e =lamuz.let (z1,z2) = z in (x1, z2) end

Note that if we erase the type int * int in the original program, we obtain the
expression lam z. z, which is not operationally equivalent to e; for instance they are
distinguished by the simple context G = [|({)). To address this rather troublesome
issue, we introduce a reflexive and transitive relation <g,, on expressions in Apq¢.

Definition 2.11
Given two expressions e; and e in Apq¢, which may contain free variables, we say
that e; <gyn €2 holds if for any context G,

e cither G[es] <%, Error holds, or
o Gley] —*, v* if and only if Gles] —%*, v*, where v* ranges over EMUYV, that
is, the union of EMU and the set of observable values.

It is straightforward to verify the reflexivity and transitivity of <gyp.

Corollary 2.12

Assume that e; <gyn €2 holds. For any context G such that Gles] is a closed well-
typed expression in Apq, Gler] evaluates to v* if and only if Gles] evaluates to v*,
where v* ranges over EMUYV.

Proof
This simply follows the definition of <g4,, and Theorem 2.9. [

In other words, e; <4y €2 implies that e; and eo are operationally indistinguishable
in a typed setting. We now present an approach to establishing the relation <g,p,
in certain special cases.

Definition 2.13
We define general redexes (or g-redexes, for short) and their reducts in Apat as
follows:

e An ev-redex is a g-redex, and the reduct of the ev-redex is also the reduct of
the g-redex.

e let z = e in E[z] end is a g-redex if 2 has no free occurrences in E, and its
reduct is Ele].

o (fst(v),snd(v)) is a g-redex and its reduct is v.
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index signatures S = 0]S,C:(s1,...,8,) = s

index base sorts b == bool]...

index sorts s = b|si*xsa2|s1— s2

index terms I o= a|C(L,....I) | (I, I2) | m(I) | m2(1) |
Aa s T | 11(12)

index contexts ¢ == 0|d,a:s

index substitutions © = []|O[a+ I]

Fig. 7. The syntax for a generic type index language

pla) =s

oFa:s
S(C)=1(s1,..y8n)=>s ¢FIr:s, for1<k<n
o C(L,....I,) : s

bFL:si dFIs:s

o F (I, I3) : s1 % s2

¢ I:s1%s2
oFmi(I):s1

(st-var)

(st-const)

2 (st-prod)

¢ I:s1%s2

(st-fst) Py

(st-snd)

¢,a:81F1: 52
¢FAXa:s1.]:s1 — s2
oI :81 —>s2 dpFIz:s
¢F11(12):82

(st-lam)

1
(st-app)

Fig. 8. The sorting rules for type index terms

e lamz.v(z) is a g-redex and its reduct is v.

We write e; <, ez if e = Gle] for some general context G and g-redex e, and
ez = Ge], where ¢’ is a reduct of e. We use —7 for the reflexive and transitive
closure of —, and say that e; g-reduces to ey if e; %; e2 holds. We now mention
a lemma as follows:

Lemma 2.14

Given two expressions e and e’ in \,4 that may contain free variables, e —7 ¢’

implies €’ <gy,, €.

Proof
A (lengthy) proof of the lemma is given in Appendix A. [

This lemma is to be of important use in Section 5, where we need to establish that
the dynamic semantics of a program cannot be altered by elaboration.

3 Type index language

We are to enrich A, with a restricted form of dependent types. The enrichment is
to parameterize over a type index language from which type index terms are drawn.
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(reg-true) (reg-false)

@; P = true @; I37false =P

¢; P = Py _ G P:bool ¢; Pk Py
(reg-var-thin)

(reg-prop-thin)

¢,a: 5P =P ¢;P,PE P
pa:s;PEP ¢FI:s ¢$;P=P, ¢;P,P =P
- (reg-subst) — (reg-cut)
¢; Pla— 1] |= Pla— I] ¢ P = P
oFI:s ¢;ﬁ':hisfz
———— (reg-eqg-refl) ———— (reg-eq-symm)
¢ PEI=1 ¢ Pl=1Is = 1,
$PEL= I $PEhL=1I

— - (reg-eq-tran)
¢ P L= I

Fig. 9. The regularity rules

In this section, we show how a generic type index language £ can be formed and
then present some concrete examples of type index languages. For generality, we
will include both tuples and functions in £. However, we emphasize that a type
index language can but does not necessarily have to support tuples or functions.

The generic type index language L itself is typed. In order to avoid potential
confusion, we call the types in £ type index sorts (or sorts, for short). The syntax
of L is given in Figure 7. We use b for base sorts. In particular, there is a base sort
bool for boolean values. We use a for index variables and C for constants, which
are either constant functions or constant constructors. Each constant is assigned a
constant sort (or c-sort, for short) of the form (s1,...,s,) = b, which means that
C(I,...,1I,) is an index term of sort b if I; are of sorts s; for ¢ = 1,...,n. For
instance, true and false are assigned the c-sort () = bool. We may write C' for C() if
C is a constant of c-sort () = b for some base sort b. We assume that the c-sorts of
constants are declared in some signature S associated with £, and for each sort s,
there is a constant function =, of the c-sort (s,s) = bool. We may use = to mean
=, for some sort s if there is no risk of confusion.

We present the sorting rules for type index terms in Figure 8, which are mostly
standard. We use P for index propositions, which are index terms that can be
assigned the sort bool (under some index context ¢), and Pfora sequence of propo-
sitions, where the ordering of the terms in this sequence is of no significance.

We may write ¢ - P : bool to mean that ¢ = P : bool is derivable for every P in
P. In addition, we may use ¢ - © : ¢y to indicate that ¢ + ©(a) : ¢o(a) holds for
each a in dom(0) = dom(¢y).

3.1 Regular constraint relation

A constraint relation ¢; P E P, is defined on triples ¢, ﬁ, Py such that both ¢ F
P : bool and ¢ Py : bool are derivable. We may also write ¢; P |= Py to mean that
¢; P = Py holds for each Py in Py. We say that a constraint relation ¢; P |= Py is
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regular if all the regularity rules in Figure 9 are valid, that is, the conclusion of a
regularity rule holds whenever all the premises of the regularity rule do. Note that
the rules (reg-eq-refl), (reg-eq-symm) and (reg-eq-tran) indicate that for each
sort s, =4 needs to be interpreted as an equivalence relation on expressions of the
sort s.

Essentially, we want to treat a constraint relation as an abstract notion. However,
in order to use it, we need to specify certain properties it possesses, and this is
precisely the motivation for introducing regularity rules. For instance, we need the
regularity rules to prove the following lemma.

Lemma 3.1 (Substitution)
e Assume ¢, ¢o; P = Py and ¢+ © : ¢o. Then ¢; P[O] = Py[©] holds.
e Assume ¢;ﬁ,ﬁ0 E Py and ¢;15 E B,. Then (b;ﬁ E P, holds.

Note that these two properties are just simple iterations of the rules (reg-subst)
and (reg-cut).

In the rest of this section, we first present a model-theoretic approach to estab-
lishing the consistency of a regular constraint relation, and then show some concrete
examples of type index languages. At this point, an alternative is for the reader to
proceed directly to the next section and then return at a later time.

3.2 Models for type index languages

We now present an approach to constructing regular constraint relations for type
index languages. The approach, due to Henkin (Henkin, 1950), is commonly used
in the construction of models for simple type theories. The presentation of this ap-
proach given below is entirely adopted from Chapter 5 (Andrews, 1986). Also, some
details on constructing Henkin models can be found in (Andrews, 1972; Mitchell &
Scott, 1989).

We use D for domains (sets). Given two domains D; and Do, we use Dy x Do
for the usual product set {(a;,az2) | a1 € Dy and as € Do}, and 71 and 7y for the
standard projection functions from D; x Dy to D; and Do, respectively.

Let sort be the (possibly infinite) set of all sorts in £. A frame is a collec-
tion {D;}sesort Of nonempty domains Dy, one for each sort s. We require that
Dyoot = {tt, fI}, where tt and ff refer to two distinct elements representing truth
and falsehood, respectively, and Dy, s, = Ds, X Dg, and Dy, .5, be some collec-
tion of functions from Dy, to D, (but not necessarily all the functions from Dy, to
D;,). An interpretation ({Dg}sesort, I) of £ consists of a frame {D;}sesort and a
function I that maps each constant C' of c-sort (s1,...,s,) = b to a function I(C)
from Dy, x ... x Dy, into D; (or to an element in Dy, if n = 0), where b stands for
a base sort. In particular, we require that

o I(true) = tt and I(false) = ff, and
e I(=;) be the equality function of the domain Dy for each sort s.

Assume that the arity of a constructor C' is n. Then C(I,...,1I,) = C(I{,...,1I})

r n
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implies that I; = I/ for 1 < ¢ < n. Therefore, for each constructor C, we require
that I(C') be an injective (a.k.a. 1-1) function.

An assignment 7 is a finite mapping from index variables to D = Ugegort D5, and
we use dom(n) for the domain of 7. As usual, we use [] for the empty mapping
and n[a — a] for the mapping that extends n with one additional link from a to
a, where a ¢ dom(n) is assumed. We write 1 : ¢ if (a) € Dy(q) holds for each
a € dom(n) = dom(¢).

An interpretation M = ({Dg}sesort, I) of S, which is the signature associated
with £, is a model for £ if there exists a (partial) binary function Vx4 such that
for each assignment 7 satisfying 7 : ¢ for some ¢ and each index term I, Vaq(n, I)
is properly defined such that Vaq(n,I) € Dy holds whenever ¢ - I : s is derivable
for some sort s, and the following conditions are also met:

Vam(n,a) =n(a) for each a € dom(n), and

VM(nv C(Ila s 7In)) = I(C)(VM (777 Il)7 s 7VM(777 In))? and

VM(% <Ilv I2>) = <VM(777 Il)v VM(777 I2)>7 and

Vmn,m(I)) = m1(Vm(n,I)) whenever ¢ b I : s % s9 is derivable for some

sorts s1 and sg, and

5. Vum(n,m2(I)) = ma(Vm(n, I)), whenever ¢ F I : sy * so is derivable for some
sorts s1 and sg, and

6. Vm(n, [1(12)) = Vam(n, 1) (Vam(n, I2)) whenever ¢ - I1(13) : s is derivable for
some sort s, and

7. Vm(n, Aa : s1.1) is the function that maps each element a in the domain Dy,

to Vm(nla — a], I) whenever ¢ F Aa : s1.1 : s — sg is derivable for some

sort so.

Ll e

Note that not all interpretations are models (Andrews, 1972). Given a model M for
L, we can define a constraint relation =, as follows: ¢; P Eam Po holds if and only
if for each assignment 1 such that 7 : ¢ holds, Va(n, Py) = tt or Vau(n, P) = ff for
some P € P.

Proposition 3.2
The constraint relation = is regular.

Proof
It is a simple routine to verify that each of the regularity rules listed in Figure 9 is
valid. [

Therefore, we have shown that for any given type index language L, there always
exists a regular constraint relation if a model can be constructed for £. Of course,
in practice, we need to focus on regular constraint relations that can be decided in
an algorithmically effective manner.

3.3 Some examples of type index languages
3.3.1 A type index language Laig

We now describe a type index language L,y in which only algebraic terms can be
formed. Suppose that there are some base sorts in L,;4. For each base sort b, there
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exists some constructors of c-sorts (by,...,b,) = b for constructing terms of the
base sort b, and we say that these constructors are associated with the sort b. In
general, the terms in L4, can be formed as follows,

index terms I == a|C(L,...,I)

where C' is a constructor or an equality constant function =; for some sort s. For
instance, we may have a sort Nat and two constructors Z and S of c-sorts () = Nat
and (Nat) = Nat, respectively, for constructing terms of sort Nat. A constraint in
Lq14 is of the following form:

a1 by, .. van by =1, L, =T ET=T

where each = is =, for some sort s. A simple rule-based algorithm for solving this
kind of constraints can be found in (Xi et al., 2003), where algebraic terms are used
to represent types.

In practice, we can provide a mechanism for adding into £,;, a new base sort b as
well as the constructors associated with b. As an example, we may use the following
concrete syntax:

datasort stp =
Bool | Integer | Arrow of (stp, stp) | Pair of (stp, stp)

to introduce a sort stp and then associate with it some constructors of the following
c-sorts:

Bool () = stp
Integer : ()= stp
Arrow (stp, stp) = stp

Pair @ (stp, stp) = stp

We can then use index terms of the sort stp to represent the types in a simply typed
M-calculus where tuples are supported and there are also base types for booleans and
integers. In Section 7.3, we will present a concrete programming example involving
the type index language L.

3.8.2 Another type index language Lint

We now formally describe another type index language L;,; in which we can form
integer expressions. The syntax for L£,,; is given as follows:

index sorts s = bool| int
index terms I == a|C(L,...,I)

There are no tuples and functions (formed through A-abstraction) in L, and the
constants C' in L;,; together with their c-sorts are listed in Figure 10. Let Dy,
be the domain (set) of integers and M, be ({Dpooi, Dint }, Lint ), where I;,; maps
each constant in L;,; to its standard interpretation. For instance, I(+) and I(—)
are the standard addition and subtraction functions on integers, respectively. It can
be readily verified that M,,; is a model for L;,;. Therefore, the constraint relation

Em,, is regular.
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true )

false )

) — int for every integer %
bool) — bool negation

bool, bool) — bool conjunction

bool, bool) — bool disjunction

I+ <> 1 .

) — int
mazx int, int) — int
min int, int) — int
mod int, int) — int modulo operation
> int, int) — bool
> int, int) — bool
< int, int) — bool
< int, int) — bool
= int, int) — bool
# int, int) — bool

~
L R e e e n e e e e s e e e e
S
SA
=

Fig. 10. The constants and their c-sorts in Lin:

datasort typ = Arrow of (typ, typ) | All of (typ -> typ)

datatype EXP (typ) =
| {al:typ, a2:typ} EXPlam (Arrow (al, a2)) of (EXP (al) -> EXP (a2))
| {al:typ, a2:typ} EXPapp (a2) of (EXP (Arrow (al, a2)), EXP (al))
| {f:typ -> typ} EXPalli (A1l (f)) of ({a:typ} EXP (f a))
| {£:typ -> typ,a:typ} EXPalle (f a) of (EXP (All £))

Fig. 11. An example involving higher-order type index terms

Given a constraint ¢; P Em,, Po, where ¢ = ay : int, ..., a, : int, and each P in
P is a linear inequality on integers, and P, is also a linear inequality on integers,
we can use linear integer programming to solve such a constraint. We will mention
later that we can make use of the type index language L;,; in the design of a
dependently type functional programming language where type equality between
two types can be decided through linear integer programming. Though the problem
of linear integer programming itself is NP-complete, we have observed that the
overwhelming majority of constraints encountered in practice can be solved in a
manner that is efficient enough to support realistic programming.

3.3.3 Higher-order type index terms

There are no higher-order type indexes, that is, type index terms of function sorts, in
either L£44 or L;n:. In general, the constraint relation involving higher-order type
indexes are often difficult or simply intractable to solve. We now present a type
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index language £, which extends L£,;, with higher-order type indexes as follows:
index terms I == ...|Xa:s.d|1(]2)
Like in L4y, a constraint in £y is of the following form:
ay b1y oan by h =11, I, =1, I=T
For instance, we may ask whether the following constraint holds:
a :b— byas:byai(ar(az)) = a1(az) E ai(a2) = as

If there are two distinct constants C;7 and Cy of sort b, then the answer is negative
since a counterexample can be constructed by letting a; and as be Aa : b.C; and
(s, respectively. Clearly, the problem of solving constraints in £ is undecidable as
(a special case of) it can be reduced to the problem of higher-order unification. For
instance, ¢; I; = Iy |= false holds if and only if there exists no substitution © : ¢
such that I;[©] and I5[©] are On-equivalent.

In practice, we can decide to only handle constraints of the following simplified
form:

¢;a1i11,...,aniln)zlil'

where for 1 < i < j < n, there are no free occurrences of a; in I;. Solving such
a constraint can essentially be reduced to deciding the fn-equality on two simply
typed A-terms, which is done by comparing whether the two A-terms have the same
long An-normal form.

We now present an example that makes use of higher-order type indexes. The
constraints on type indexes involved in this example have the above simplified
form and thus can be easily solved using Bn-normalization. The concrete syntax in
Figure 11 declares a sort typ and a type constructor EXP that takes an index term
I of sort typ to form a type EXP(I). The value constructors associated with EXP
are assigned the following c-types:

EXPlam : Tlaj:typ.Ilag:typ.

(EXP(a1) — EXP(az)) = EXP(Arrow(ay, az))
EXPapp : Ilap:typ.Ilas:typ.

(EXP(Arrow(ay,az)), EXP(a1)) = EXP(a2)
EXPalli : TIf:typ — typ.

(Tla: typ. EXP(f(a))) = EXP(AI(f))
EXPalle : IIf:typ — typ.lla:typ.

(EXP(Al(f))) = EXP(f(a))

The intent is to use an index term I of sort typ to represent a type in the second-
order polymorphic A-calculus Ay (a.k.a. system F), and a value of type EXP(I)
to represent a A-term in Ao that can be assigned the type represented by I. For
instance, the type Va. o — « is represented as All(A\a : typ. Arrow(a,a)), and the
following term:

EXPalli(TTT (EXPalli(ITT (EXPlam(lam x. EXPlam(lam y. EXPapp(y, )))))))
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types T u=

expressions e = )

A A (z) =e1 in ez end |

Y(e) | let X(z) = e1 in e2 end
) |

values v ou= L DT() | O (v) | A(v) | S(v)

Fig. 12. The syntax for A\':>

pat

which can be given the following type:
EXP(All(Aay : typ. All(Xag : typ. Arrow(ar, Arrow(Arrow(ay, az), az2)))))

represents the Ad-term Aag.Aas. Az : a3.\y : a1 — ag.y(x). This is a form of higher-
order abstract syntax (h.o.a.s.) representation for A-terms (Church, 1940; Pfenning
& Elliott, 1988; Pfenning, n.d.). As there is some unfamiliar syntax involved in this
example, we suggest that the reader revisit it after studying Section 4.

4 )\g(;tz: Extending A,,; with dependent types

In this section, we introduce both universal and existential dependent types into
the type system of \pq, leading to the design of a programming language schema

)\ggtz (£) that parameterizes over a given type index language L.

4.1 Syntax

Let us fix a type index language £. We now present )\ggtz = )\ggtz (£), which is an
extension of A,q; with universal and existential dependent types. The syntax of
)\ggtz is given in Figure 12, which extends the syntax in Figure 3. For instance, we

use . .. in the definition of types in )\ggtz for the following definition of types in Apq::
1|m*m |1 — 7

We now use ¢ for base type families. We may write ¢ for §(), which is just an
unindexed type. We do not specify here as to how new type families can actually
be declared. In our implementation, we do provide a means for the programmer to
declare type families. For instance, in Section 1, there is such a declaration in the
example presented in Figure 1.

We use the names universal (dependent) types, existential (dependent) types,
guarded types and asserting types for types of the forms Ila:s. 7, ¥a:s. 7, P D 7 and
P A 7, respectively. Note that the type constructor A is asymmetric. In addition,
we use the names universal expressions, existential expressions, guarded expressions
and asserting expressions for expressions of the forms IIT (v), X(e), D (v) and A(e),
respectively.

In the following presentation, we may write I for a (possibly empty) sequence
of index terms I1,...,1I,; P for a (possibly empty) sequence of index propositions
Py, ..., Py; T for a (possibly empty) sequence of quantifiers: Ila; : s1 ... Hay, : sy,
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Fo(sty...y8n) ¢bIp:sy for 1<k<n
(tp-unit)

(tp-base)

¢ 1 [type]
¢ -7 [type] ¢+ 7 [type]
¢ b 11 x 72 [type]
¢+ 11 [type] ¢+ 7 [type]
o F 11 — 2 [type]
¢t P:bool ¢t 7 [type]
¢oF P DT [type]

(tp-prod)

(tp-fun)

(tp-D)
¢,a: sk T [type]
¢ F1la:s. T [type] (tp-10)

¢ P:bool ¢t 1 [type]
¢+ P AT [type]

(tp-1)

¢,a: st 7 [type]
¢ F Xa:s. T [type]

(tp-X)

W[ctx] (ctx-emp)
¢oFT [etx] ¢F 7 [type] zf & dom(T)
oF T af : 7 [ctx]

(ctx-ext)

Fig. 13. The type and context formation rules in )\;{f

where the index context ¢ is a1 : s1,...,an : Sn; P>rfor P D (..(P,DT)...)
ifP="P,....P,.

Notice that a form of value restriction is imposed in )\ggtz : It is required that
e be a value in order to form expressions II*(e) and D T(e). This form of value
restriction can in general greatly simplify the treatment of effectful features such
as references (Wright, 1995), which are to be added into )‘Edtz in Section 6. We
actually need to slightly relax this form of value restriction in Section 6.3 by only
requiring that e be a value-equivalent expression (instead of a value) when ITT (e)
or DT (e) is formed. Generally speaking, a value-equivalent expression, which is to
be formally defined later, refers to an expression that is operationally equivalent to
a value.

Intuitively, in order to turn a value of a guarded type P O 7 into a value of
type 7, we must establish the proposition P; if a value of an asserting type P A T
is generated, then we can assume that the proposition P holds. For instance, the
following type can be assigned to the usual division function on integers,

a :intIlagint. (ag # 0) D (int(a1) * int(az) — int(a1/a2))

where / stands for the integer division function in some type index language. The
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G PEL =1 - ¢;PEl,=I,
¢ PES(, ... 1) <5, 6(11, ..., 1)
(st-sub-unit)

(st-sub-base)

g PE1<,1
¢;P':7—1 Sprll ¢;P':T2 §§p72,
¢; Pl ma <5, T %)
¢1P':T{ Sngl ¢1P':7—2 SngQ,

D s / ’
O PET — 1<, — T

(st-sub-prod)

(st-sub-fun)

;PP =P ¢; PP l=71<;,7
$PEPOT<;, PO

(st-sub-D)

ba:s;PET <ip 7'
¢; P =Tla:s. 7 <{p Ha:s. 7'

(st-sub-II)

6:P.PEP ¢ P PET<,
¢;]3':P/\T§pr'/\T'

(st-sub-A)

&; P E Za:s. 7 <j, Sazs. 7’

(st-sub-X)

I,z
DN

Fig. 14. The static subtype rules in A,;;

z | 7= (0;0;2:7) (pat-var)

—<> 115 0:0:0) (pat-unit)

p1l 1= (¢1;131;F1) p2 | T2 = (¢2;132;F2)
(p1,p2) | 71 % T2 = (61,623 Pr, Pa;T1,T2)

¢0;130 Foee(r):0(I,...,In) plT= (¢ ]3; T)

ce(p) | 6(I1, ..., IL) = (¢o,¢; Po, P, Iy = I}, ... I, = I.,;T)

(pat-prod)

(pat-const)

Fig. 15. The typing rules for patterns

following type is a rather interesting one:
ITa: bool. bool(a) — (a = true) A1

This type can be assigned to a function that checks at run-time whether a boolean
expression holds. In the case where the boolean expression fails to hold, some form
of exception is to be raised. Therefore, this function acts as a verifier for run-time
assertions made in programs.

In practice, we also have a notion of subset sort. We use § to range over subset
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¢;PiThe:m ¢;Plm <im

— (ty-sub)

¢; P;Fe:m

¢oFTetx] D(zf) =7

— (ty-var)

¢o; P af o7

o PoFc(r):6(I0) ¢FO:¢o ¢;Pl= P[0 ¢;P;THe:7[O)
= = (ty-const)
¢; P E c(e) : 6(1o[©)])

FT et ;P;T ke : ;PiT ke
7¢_, [ctx] (ty-unit) i P = e:n ¢ b C2i T2 (ty-prod)
o, P THE():1 ¢; P;T F (e1,e2) 1 T1 %2

Pl Fe: ;PiTFe:
o F; CITET (ty-fst) ¢ P; T (ty-snd)

@; ﬁ;F}—fst(e):n @; IB;F}—snd(e):Tg
Pl = (60; Po,T0) é,0; P Po; T, Toke:m

6;PiTFp=>e:m — 7

(ty-clause)

¢;P;Thpy=er:m —m fork=1,...

n
" (ty-clause-seq)

¢;]3;F}—(p1:>el |- | pn=e€n):T1 — T2
¢;]3;F}—e:7'1 qb;ﬁ;Fl—ms:n—wa
— (ty-case)
¢; P;T' F case e of ms : T2
‘ﬁ;F, T ke:
iﬁ, r:mbe:m (ty-lam)
¢; P;TFlamz.e: 11 — T
¢;]3;F}—e1:7'1—>7'2 d);ﬁ;FI—EQZTl
— (ty-app)
¢; P;T - eq(e2) : 12
;IS;F, The:
¢ . fithe:T (ty-fix)
o; P Hfixfe:r
<PiTher: PT,x:7Tihes:
¢a 3 €1 :T1 ¢a Lo m €2 1 T2 (ty-let)

qb;lS;FFletm:el ines end : o

Fig. 16. The typing rules for A% (1)

pat

sorts, which are formally defined as follows:
subset sort § = s|{a:§|P}

where the index variable a in {a : § | P} binds the free occurrences of a in P.
Note that subset sorts, which extend sorts, are just a form of syntactic sugar.
Intuitively, the subset sort {a : § | P} is for index terms I of subset sort § that
satisfy the proposition P[a — I]. For instance, the subset sort nat is defined to be
{a :int | a > 0}. In general, we may write {a : s | Py,...,P,} for the subset sort
S, defined as follows:

$0=s S ={a:8k_1| P}
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qb;IS,P;FFv:T
é; P:T Fot(w): PO

(ty-D-intro)

qb;]s;Fl—e:PDT qﬁ;]s':P
gzﬁ;ﬁ;F Fo7(e): T

(ty-D>-elim)

@a:s;ﬁ;FFU:T
¢; P;T + 1t (v) : Ha:s. T

(ty-II-intro)

d);]s;Fl—e:Ha:s.T oF1I:s
¢, P;T I (e) : 7[a — I

(ty-1I-elim)

qb;IS;FFe:T <b;]3|:P
¢;P;TFA(e): PAT

(ty-A-intro)

¢;]3;F}—e1:P/\T1 ¢;]3,P;F,x:7'1 Fes:m
<15;I3;FFlet A(xz)=er1inez end : 12

(ty-A-elim)

qﬁ;ﬁ;FFe:T[aHI] oF1I:s
¢;]3;F}—E(e):2a:s. T

(ty-X-intro)

d);]s;Fl—el:Ea:s. 5! ¢,a:s;]3;F,:c:7'1 Fea: 1o

= (ty-X-elim)
¢; P;T'Flet X(x) =erinez end : 72
Fig. 17. The typing rules for )\E(;tz (2)
where k=1,...,n.
Weuse p; PH1:{a:s|P,...,P,} to mean that ¢; P+ I : s is derivable and
¢; P+ Pila — I] hold for ¢ = 1,...,n. Given a subset sort §, we write Ila:§. 7 for

Ma:s. Tif §is s, or for a:5,. P D 7if §is {a : §; | P}. Similarly, we write Xa:§. 7
for Ya:s. 7 if §is s, or for Ya:81. P A7 if §is {a: & | P}. For instance, we write
ITa; :nat. int(a1) — Xaz:nat. int(ag) for the following type:

Ia; :int .(a1 > 0) D (int(a1) — Bag:int .(az > 0) Aint(as)),

which is for functions that map natural numbers to natural numbers.

4.2 Static semantics

We start with the rules for forming types and contexts, which are listed in Fig-
ure 13. We use the syntax F §(sq,...,s,) to indicate that we can construct a type
0(I1,...,1I,) when given type index terms I, ..., I, of sorts si, ..., s,, respectively.

A judgment of the form ¢ F 7 [type] means that 7 is a well-formed type under
the index context ¢, and a judgment of the form ¢ - T' [ctx] means that T is a
well-formed (expression) context under ¢. The domain dom(I") of a context I' is
defined to be the set of variables declared in I". We write ¢; P = P, for a regular
constraint relation in the fixed type index language L.



26 Hongwet Xi

In )\ggtz , type equality, that is, equality between types, is defined in terms of the

static subtype relation <j: We say that 7 and 7/ are equal if both 7 <i 7/ and
7" <j, 7 hold. By overloading |=, we use ¢, P = 7 <, 7' for a static subtype
judgment and present the rules for deriving such a judgment in Figure 14. Note
that all of these rules are syntax-directed.

The static subtype relation <j  is often too weak in practice. For instance, we may
need to use a function of the type 71 = Ila:int. int(a) — int(a) as a function of the
type 7o = (Xa:int. int(a)) — (Xa:int. int(a)), but it is clear that 7 <7, 72 does

not hold (as <j, is syntax-directed). We are to introduce in Section 4.6 another

tdp’
dynamic subtype relation.

The following lemma, which is parallel to Lemma 3.1, essentially states that the
rules in Figure 14 are closed under substitution.

subtype relation <f,, which is much stronger than <j, and is given the name

Lemma 4.1
1. If ¢,¢0; P |= 7 <j, 7' is derivable and ¢ I © : ¢ holds, then ¢; P[O)] |=
7[0] <}, 7'[©] is also derivable.
2. If ¢; P, Py |= 7 <, 7' is derivable and ¢; P = Py holds, then ¢; P |= 7 <{, 7'
is also derivable.

Proof
(Sketch) (1) and (2) are proven by structural induction on the derivations of

¢,¢0; P = 7 <5, 7' and ¢, P, By = 7 <j, 7', respectively. Lemma 3.1 is needed
in the proof. [

As can be expected, the static subtype relation is both reflexive and transitive.

Proposition 4.2 (Reflezitivity and Transitivity of <j,)
1. g;Pl=7 <, 7 holds for each 7 such that ¢ I- 7 [type] is derivable.
2. ¢; Pl=m <, 73 holds if o PE=m <ip T2 and ;P E 1 <ip T3 do.

Proof
Straightforward. [

We now present the typing rules for patterns in Figure 15 and then the typing
rules for expressions in Figure 16 and Figure 17.

The typing judgments for patterns are of the form p | 7 = (¢; ﬁ; I'), and the
rules for deriving such judgments are given in Figure 15. A judgment of the form
plT= (¢;ﬁ; I') means that for any value v of the type 7, if v matches p, that
is, match(v,p) = 6 holds for some substitution 4, then there exists an index
substitution © such that 0 - © : ¢, 0;0 = P[O] and (9;0;0) - 6 : T[©]. This is
captured precisely by Lemma 4.10. In the rule (pat-prod), it is required that ¢;
and ¢y share no common index variables in their domains. In the rule (pat-const),
we write ¢o; Py b cc(r) : (11, ..., I,) to mean that cc is a constant constructor
assigned (according to some signature for constants) the following c-type:

Hd)o.,ﬁo D) (7’ = 5(11,---7171))
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In other words, given a constant constructor cc, we can form a rule (pat-const)
for this particular cc based on the c-type assigned to cc.

The typing rules given in Figure 16 are mostly expected. The rule (ty-clause)
requires that 7 contain only type index variables declared in ¢. For universal de-
pendent types, existential dependent types, guarded types, and assertion types, the
typing rules are given in Figure 17. Note that we have omitted certain obvious side
conditions that need to be attached to some of these rules. For instance, in the rule
(ty-II-intro), the type index variable a is assumed to have no free occurrences in
either P or I'. Also, in the rule (ty-2-elim), the type index variable a is assumed
to have no free occurrences in either ]3, I" or 7. We now briefly go over some of the
typing rules in Figure 17.

e If a value v can be assigned a type 7 under an assumption P, then the typing
rule (ty-D>-intro) assigns DT (v) the guarded type P D 7. Notice the presence
of value restriction here.

e Given an expression e of type P D 7, the typing rule (ty-D-elim) states that
the expression D~ (e) can be formed if the proposition P holds. Intuitively, a
guarded expression is useful only if the guard can be discharged.

e If e can be assigned a type 7 and P holds, then the typing rule (ty-A-intro)
assigns A(e) the asserting type P A 7.

e The elimination rule for the type constructor A is (ty-A-elim). Assume that
e can be assigned a type 7 under the assumption that P holds and x is of
type 71. If ey is given the asserting type P A 71, then the rule (ty-A-elim)
assigns the type 7 to the expression let A (z) = e; in ey end. Clearly, this
rule resembles the treatment of existentially quantified packages (Mitchell &
Plotkin, 1988).

The following lemma is parallel to Lemma 2.1. We need to make use of the
assumption that the constraint relation involved here is regular when proving the
first two statements in this lemma.

Lemma 4.8 ( Thinning)
Assume D :: ¢; P;T' e 7.

1. For every index variable a that is not declared in ¢, we have a derivation
D i ¢,a:s P;TF e: 1 such that height(D) = height(D').

2. For every P such that ¢ = P : bool is derivable, we have a derivation D’ :
¢; P,P;T F e : 7 such that height(D) = height(D').

3. For every variable zf that is not declared in T and 7/ such that ¢ - 7/ [type]
is derivable, we have a derivation D’ :: ¢; ﬁ;F,xf : 7" F e : 7 such that
height(D) = height(D’).

Proof
Straightforward. [J

The following lemma indicates a close relation between the type of a closed value

in )\gf and the form of the value, which is needed in the proof of Theorem 4.12,

II,X

the Progress Theorem for A,
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Lemma 4.4 (Canonical Forms)
Assume that 0;0; 0 F v : 7 is derivable.

=

1. If 7 = §(I) for some type family §, then v is of the form cc(vg), where cc is a
constant constructor assigned a c-type of the form II¢.P D (19 = §(1p)).

2. If 7 =1, then v is ().
3. If 7 = 71 % 79, then v is of the form (v1, va).
4. If 7 = 7y — 79, then v is of the form lamz. e.
5. If 7 = P D 79, then v is of the form DT (vp).
6. If 7 = Ta:s. 19, then v is of the form IT* (vy).
7. If 7 = P A g, then v is of the form A(vg).
8. If 7 = Ya:s. 19, then v is of the form 3(vp).
Proof
By a thorough inspection of the typing rules in Figure 16 and Figure 17. [

s

pat @S 1t is equivalent to the rule

Clearly, the following rule is admissible in A
(ty-var) followed by the rule (ty-sub):

(b T [CtX] F(:L'f) =T (b,ﬁ ': T Sfp 7_l
¢, P;T F af 7!

(ty-var?)

In the following presentation, we retire the rule (ty-var) and simply replace it with
the rule (ty-var’).
The following technical lemma is needed for establishing Lemma 4.6.

Lemma 4.5
Assume D =2 ¢; P;T,af i b e . If ;P |= 71 <j, 71, then there exists D’ ::
¢; P;T,af : 7| - e : 15 such that height(D) = height(D").

Proof

(Sketch) By structural induction on the derivation D. We need to make use of the
fact that the rule (ty-var) is replaced with the rule (ty-var’) in order to show
height(D) = height(D'). O

The following lemma is needed in the proof of Theorem 4.11, the Subject Reduc-
tion Theorem for AL

pat *
Lemma 4.6
Assume D :: ¢; P;T' v : 7. Then there exists a derivation D’ :: ¢; P;T' v : 7 such
that height(D') < height(D) and the last typing rule applied in D’ is not (ty-sub).

Proof

(Sketch) The proof proceeds by structural induction on D. When handling the case
where the last applied rule in D is (ty-lam), we make use of Lemma 4.5 and thus
see the need for replacing (ty-var) with (ty-var’). [

Note that the value v in Lemma 4.6 cannot be replaced with an arbitrary expression.
For instance, if we replace v with an expression of the form II™(e), then the lemma
cannot be proven.

The following lemma plays a key role in the proof of Theorem 4.11, the Subject

Reduction Theorem for /\gétg.
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Lemma 4.7 (Substitution)
1. Assurne that ¢, ¢g; P I‘ F e : 7 is derivable. If ¢ F © : ¢ holds, then
¢; P[O]:T[O] Fe: T[@] is also derivable.
2. Assume that ¢; 16, 160;1" F e : 7 is derivable. If ¢; P E ﬁo holds, then ¢; 16; '+
e : 7 is also derivable.
3. Assume that ¢; P;T,T b e : 7 is derivable. If ¢; P;T F 6 : Ty holds, then
¢, P;T + elf] : T is also derivable.

Proof

(Sketch) All (1), (2) and (3) are proven straightforwardly by structural induction
on the derivations of the typing judgments ¢, ¢q; ﬁ; I'Fe:7,and ¢; ﬁ, ﬁo; 'kFe:r,
and ¢; ]3; [Tyt e: 7, respectively. [

4.3 Dynamic semantics

We now need to extend the definition of evaluation contexts (Definition 2.4) as
follows.

Definition 4.8 (Evaluation Contexts)

evaluation contexts E == ...|DT(E)|D>(E)|IIT(E) |11 (E) |
NE)|let A(z)=F ineend |
Y(E) |let ¥(z) = F in e end

We are also in need of extending the definition of redexes and their reducts (Defi-
nition 2.5).

Definition 4.9
In addition to the forms of redexes in Definition 2.5, we have the following new
forms of redexes:

e O (DT (v)) is a redex, and its reduct is v.
e 11~ (II" (v)) is a redex, and its reduct is v.
e let A(z) = A(v) in e end is a redex, and its reduct is e[z — v].
e let X(z) = X(v) in e end is a redex, and its reduct is e[z — v)].

Note that Definition 2.7, where V-form, R-form, M- form, U-form and E-form are
defined, can be readily carried over from A,q; into )\pat

The following lemma captures the meaning of the typing judgments for patterns;
such judgments can be derived according to the rules in Figure 15.

Lemma 4.10

Assume that 0;0;0 b v : 7 is derivable. If p | 7 = (¢; P;T') and match(v, p) = 0 are
also derivable, then there exists © satisfying § - © : ¢ such that both 0;0 = P[O]
and (0;0;0) - 6 : T'[©] hold.

Proof
(Sketch) By structural induction on the derivation of p | 7 = (¢; P;T). O
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fun zip (nil, nil) = nil
| zip (comns (x, xs), coms (y, ys)) = (x, y) :: zip (xs, ys)

Fig. 18. An example of exhaustive pattern matching

4.4 Type soundness

In order to establish the type soundness for )\ggtz , we make the following assumption:

For each constant function ¢f assigned c-type Ip.P > (7 = 0(I)), if 0;0 = P[]
holds for some substitution © satisfying @ - © : ¢ and 0; 0; 0 - v : 7[©] is derivable
and cf(v) is defined to be v/, then 0;0;0 - v’ : §(I[O]) is also derivable. In other
words, we assume that each constant function meets its specification. That is, each
constant function respects its c-type assignment.

Theorem 4.11 (Subject Reduction)
Assume 0;0; 0 eq : 7 and e1 <4, €2. Then 0;0; 0 F e : 7 is also derivable.

Proof
A completed proof of this theorem is given in Appendix B. [

Theorem 4.12 (Progress)
Assume that @; ;) F e : 7 is derivable. Then there are only four possibilities:

ey is a value, or

e1 is in M-form, or

eq is in U-form, or

€1 ¢y €2 holds for some expression es.

In particular, this implies that e; cannot be in E-form.

Proof
(Sketch) The proof immediately follows from structural induction on the derivation
of §;0;0 e : 7. Lemma 4.4 plays a key role in this proof. [

By Theorem 4.11 and Theorem 4.12, we can readily claim that for a well-typed
closed expression e in /\El;tz,

expression in M-form, or e evaluates to an expression in U-form, or e evaluates

either e evaluates to a value, or e evaluates to an

forever.

When compared to Apq, it is interesting to see what progress we have made
in /\,r,l,;tg- We may now assign a more accurate type to a constant functions cf to
eliminate the occurrences of undefined c¢f(v) for certain values v. For instance, if

the division function on integers is assigned the following c-type:
I :intIagint. (ag # 0) D (int(a1) * int(az) = int(a1/a2))

then division by zero causes to a type error and thus can never occur at run-time.
Similarly, we may now assign a more accurate type to a function to eliminate some
occurrences of expressions of the form case v of ms that are not ev-redexes. For
instance, when applied to two lists of unequal length, the function zip in Figure 18
evaluates to some expression of the form F[case v of ms| where case v of ms is not
an ev-redex. If we annotate the definition of zip with the following type annotation,
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withtype {n:nat} ’a list (n) * ’b list (n) -> (’a * ’b) list (n)

that is, we assign zip the following type (which requires the feature of parametric
polymorphism that we are to introduce in Section 6):

Vaq Vag Ia:nat. (aq)list(a) * (a2)list(a) — (a1 * ag)list(a)

then zip can no longer be applied to two lists of unequal length. In short, we can
now use dependent types to eliminate various (but certainly not all) occurrences of
expressions in M-form or U-form, which would not have been possible previously.

Now suppose that we have two lists s and ys of unknown length, that is, they
are of the type Xa:nat. (7)list(a) for some type 7. In order to apply zip to xs and
ys, we can insert a run-time check as follows:

let

val m = length (xs) and n = length (ys)
in

if m = n then zip (xs, ys) else raise Unequallength
end

where the integer equality function = and the list length function length are assumed
to be of the following types:

= : Iaqg:intIlag:int. int(aq) * int(az) — bool(a; = az)
length : Voalla:nat. (a)list(a) — int(a)

Of course, we also have the option to implement another zip function that can
directly handle lists of unequal length, but this implementation is less efficient than
the one given in Figure 18.

4.5 Type index erasure

In general, there are two directions for extending a type system such as the one in
ML: One is to extend it so that more programs can be admitted as type-correct,
and the other is to extend it so that programs can be assigned more accurate types.
In this paper, we are primarily interested in the latter as is shown below.

We can define a function | - | in Figure 19 that translates types, contexts and
I,s
pat

particular, for each type family § in A

expressions in A\ into types, contexts and expressions in Ay, respectively. In

o,y

pat » We assume that there is a corresponding

=

type & in Apat, and for each constant ¢ of c-type Ig.P O (7 = §(I)) in )\gl;tz, we
assume that c is assigned the c-type |7| = 0 in A\pgs.

Theorem 4.13
Assume that ¢; P;T b e : 7 is derivable in )\gétz. Then |T'| F |e| : |7| is derivable in

Apat-

Proof
(Sketch) By structural induction on the derivation of ¢; P;Thte:7r. O
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l6()] = o
i = 1
Imixme| = |m|* |7
In— 7| = |n|—|n
|Po7 = |7
Ma:s. 7| = |7
|PATl = |7
Xa:s. | = |7
oy = 0
\Tyaf :r| = [Tl af :[7]
lofl = af
le(e)] = c(le])
caseeof (pr=e1|...|pn=en)] = casele|of (p1=lei|]|...|pn = lenl])
101 = 0
l{er,e2)] = (leal,]ez])
Ifst(e)] = fst(le])
lsnd(e)] = snd([e])
lamz.e|] = lamuz.|e]
lex(e2)] = lex|(lez2])
ffix f.e] = fixf.|e|
O
27 ()] = el
I (e) = el
()] = el
In(e)] = el
|let A(z) =e1inez end|] = letz = |ei]in |e2| end
Xl = el
let X(x) = e1ines end| = letxz = |ei|in |es| end
| (z) | lex| in [ez]
Fig. 19. The erasure function |- | on types, contexts and expressions in )\Ir)[a,tz

Given a closed expression eg in Apq, we say that eg is typable in Apg if O F e : 79
is derivable for some type 7p; and we say that eg is typable in )\ggtz i
IS

an expression e in \,;;" such that |e| = eg and 0;0;0 - e : 7 is derivable for some

f there exists

type 7. Then by Theorem 4.13, we know that if an expression e in \,q; is typable
in /\erl;tE then it is already typable in A,q¢. In other words, AL

pat does not make more
expressions in A,q: typable.

Theorem 4.14
Assume that 0;0;0 F e : 7 is derivable.

I,

.
1L Ife =7, vin Ay,

2. If |e] <2

ev

then |e| <=7, |v] in Apas.

Vg in Apat, then there is a value v such that e —

G ILE
» U In Apgy” and

|v] = vo.
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Proof
(Sketch) It is straightforward to prove (1). As for (2), it follows from structural
induction on the derivation of §; ;0 e: 7. O

Theorem 4.14 indicates that we can evaluate a well-typed program in )\S(;tz by first
erasing all the markers IT* (), I (+), D (:), D~ (+), X(-) and A(-) in the program and
then evaluating the erasure in A,q.:. Combining Theorem 4.13 and Theorem 4.14,
we say that )\g(;tz is a conservative extension of A,q: in terms of both static and

dynamic semantics.

4.6 Dynamic subtype relation

The dynamic subtype relation defined below is much stronger than the static sub-

type relation <j, and it plays a key role in Section 5, where an elaboration process
1,3

is presented to facilitate program construction in A3’

Definition 4.15 (Dynamic Subtype Relation)

We write ¢; P EE:T gfp 7/ to mean that for any expression e and context I, if
¢;P;T F e : 7 is derivable then both ¢; P;T" + Ele] : 7' is derivable and |e] <gyn
|E[e]| holds. We may write ¢; P |= 7 <, 7 if, for some E, G PEE:T <d 7
holds, where E' can be thought of as a witness to 7 Stdp T

As is desired, the dynamic subtype relation Sfp is both reflexive and transitive.

Proposition 4.16 (Reflexitivity and Transitivity of §fp)

1. ;P <¢, 7 holds for each 7 such that ¢ I- 7 [type] is derivable.

2. gb,ﬁ E EsEl] i 7 Sfp 73 holds if gb,ﬁ EE 7 Sfp 75 and gb,fj E Es:
Ty Sfp 73 do, where F3[F1] is the evaluation context formed by replacing the
hole [] in Fy with F;.

Proof
(Sketch) The proposition follows from the fact that the relation <g,y is both re-
flexive and transitive. [

4.7 A restricted form of dependent types

Generally speaking, we use the name dependent types to refer to a form of types
that correspond to formulas in some first-order many-sorted logic. For instance, the

1,2,
pat *

Ma:int. a > 0 D (int(a) — int(a + a))

following type in A

corresponds to the following first-order formula:
Ya :int.a > 0 D (int(a) — int(a + a))

where int is interpreted as some predicate on integers, and both D and — stand
for the implication connective in logic. However, it is not possible in /\g(;tE to form
a dependent type of the form Ila: 7. 72, which on the other hand is allowed in a
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expressions e = x]|c(e)|caseecof (pr=¢,|...pn=¢,)|
() | {e1,€5) | fst(e) [ snd(e) |
lamz.e|lamz : 7.e | e;(e,) |
fixf:7.e|letz=¢, ine, end |
Aa:s. elelll](e:T)

Fig. 20. The syntax for DMLy

(full) dependent type system such as AP (Barendregt, 1992). To see the difficulty in
supporting practical programming with such types that may depend on programs,
let us recall the following rule that is needed for determining the static subtype

s s LT
relation <§, in Ap.;":

pPEI=T
¢; P |=8(1) <5, (1)

If I and I’ are programs, then I = I’ is an equality on programs. In general,
if recursion is allowed in program construction, then it is not just undecidable
to determine whether two programs are equal; it is simply intractable. In addition,
such a design means that the type system of a programming language can be rather
unstable as adding a new programming feature into the programming language
may significantly affect the type system. For instance, if some form of effect (e.g.,
exceptions, references) is added, then equality on programs can at best become
rather intricate to define and is in general impractical to reason about. Currently,
there are various studies aiming at addressing these difficulties in order to support
full dependent types in practical programming. For instance, a plausible design is
to separate pure expressions from potentially effectful ones by employing monads
and then require that only pure expressions be used to form types. As for deciding
equalities on (pure) expressions, the programmer may be asked to provide proofs
of these equalities. Please see (McBride, n.d.; Westbrook et al., 2005) for further
details.

We emphasize that the issue of supporting the use of dependent types in practical
programming is largely not shared by Martin-Lof’s development of constructive
type theory (Martin-Lof, 1984; Martin-Lof, 1985), where the principal objective
is to give a constructive foundation of mathematics. In such a pure setting, it is
perfectly reasonable to define type equality in terms of equality on programs (or
more accurately, proofs).

5 Elaboration

We have so far presented an explicitly typed language )\gf . This presentation has
a serious drawback from the point of view of a programmer: One may quickly be
overwhelmed with the need for writing types when programming in such a setting. It

then becomes apparent that it is necessary to provide an external language DMLy
%

pat » and we call

together with a mapping from DMLy to the internal language A



