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Abstract. The notion of program transformation is ubiquitous in programming language studies on
interpreters, compilers, partial evaluators, etc. In order to implement a program transformation, we
need to choose a representation in the meta language, that is, the programming language in which
we construct programs, for representing object programs, that is, the programs in the object lan-
guage on which the program transformation is to be performed. In practice, most representations
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chosen for typed object programs are typeless in the sense that the type of an object program cannot
be reflected in the type of its representation. This is unsatisfactory as such typeless representations
make it impossible to capture in the type system of the meta language various invariants in a pro-
gram transformation that are related to the types of object programs. In this paper, we propose an
approach to implementing program transformations that makes use of a first-order typeful program
representation, where the type of an object program as well as the types of the free variables in the
object program can be reflected in the type of the representation of the object program. We intro-
duce some programming techniques needed to handle this typeful program representation, and then
present an implementation of a CPS transform function where the relation between the type of an
object program and that of its CPS transform is captured in the type system of DML. In a broader
context, we claim to have taken a solid step along the line of research on constructing certifying
compilers.

Keywords: Typeful Program Transformation, Dependent Types, Applied Type System, ATS, Con-
tinuation Passing Style, CPS, Closure Conversion

1. Introduction

The notion of program transformation is frequently encountered in various programming language stud-
ies on interpreters, compilers, partial evaluators, etc. When implementing a program transformation in
a meta language that acts on programs in an object language, we immediately face the question as to
what representation needs to be chosen in the meta language for representing object programs. In the
case where the meta language is a functional programming language such as Standard ML (SML) [15]
or Haskell [22], we often choose to declare a datatype for representing object programs. For instance,
we may declare the following datatypeEXP in SML for representing pure simply typedλ-expressions.

datatype EXP = EXPvar of string | EXPlam of string * EXP | EXPapp of EXP * EXP

As an example, the following simply typedλ-expression (with Church typing):

λx : int .λy : int → int .y(x)

can be represented as follows:

EXP lam(”x”,EXP lam(”y”,EXPapp(EXPvar ”y”, EXPvar ”x”)))

Unfortunately, such a representation contains some serious problems that may adversely affect its use in
implementing program transformations. For instance, this is a typeless representation for simply typed
λ-expressions as all typing information in a simply typedλ-expression is completely lost in the type of
its representation, which is alwaysEXP. Also, there are more values of typeEXP than simply typed
λ-expressions. As an example, the following value:

EXP lam(”x”, EXPapp(EXPvar ”x”,EXPvar ”x”))

does not correspond to any simply typedλ-expression. Furthermore, it is impossible to tell from the type
of the representation of an expression whether the expression contains free variables. These problems
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fun nf0 (e: EXP): EXP =
case e of

| EXPvar _ => e
| EXPlam (x, e) => EXPlam (x, nf0 e)
| EXPapp (e1, e2) =>

(case nf0 e1 of
| EXPlam (x, e) => nf0 (subst0 e2 x e)
| e1 => EXPapp (e1, nf0 e2))

Figure 1. A typeless implementation of normalization

arise when we try to implement a functionnf 0 whose intended use is to reduce a simply typedλ-
expression into normal form (NF). Clearly,nf 0 can be regarded as a form of program transformation. In
Figure 1, we give a possible implementation ofnf 0 in ATS, a programming language with its type system
rooted in the frameworkApplied Type System(ATS) [30]. In particular, ATS subsumes the previously
designed programming languageDependent ML(DML) [33, 28], which extends ML with a restricted
form of dependent types. However, we emphasize that this paper makes no direct use of the framework
ATS. In particular, the underlying type theory for the paper is completely within DML and a moderate
amount of knowledge of DML is sufficient for understanding the typeful programming techniques we are
to present, which are largely in line with the typeful programming paradigm advocated by Cardelli [5].

The syntax involved in ATS should be readily accessible to those who are familiar with Standard
ML [15]. We usesubst0 for a function that implements the usual substitution onλ-terms. The imple-
mentation ofsubst0, which is omitted here, is not completely trivial as we need to prevent free variables
from being captured and thus some form ofα-renaming needs to be implemented as well.

In this paper, we propose an approach to implementing program transformations that makes use
of a first-order typeful program representation in which program variables are replaced with de Bruijn
indexes [4]. With this approach, we can encode the type of an object program as well as the types of the
free variables in the object program into the type of the representation of the object program. As a result,
we can expect to assign more informative types to functions that transform programs, thus capturing
more invariants in program transformations. We first form a datatype in ATS for representing simply
typedλ-expressions in a typeful manner. We specifically choose first-order abstract syntax (f.o.a.s.) over
higher-order abstract syntax (h.o.a.s.) [23] as program transformations may often need to be performed
on open programs, that is, programs containing free variables, and we are currently unclear about how
to make h.o.a.s. interact with free program variables in a satisfactory manner. We also develop some
interesting programming techniques to facilitate the implementation of program transformations, which
constitute the main contribution of the paper. In particular, we present a typeful implementation of a call-
by-value CPS transform function, where the type assigned to the implementation captures the relation
between the type of an object program and that of its CPS transform.

The rest of the paper is organized as follows. We first form a first-order typeful program represen-
tation in Section 2 for the simply typedλ-calculus, where variables inλ-expressions are replaced with
de Bruijn indexes. We then show in Section 3 how substitution can be implemented in a typeful manner
with this program representation. Also, we give in Section 4 a typeful implementation of the call-by-
value evaluation for simply typedλ-calculus, where a typeful representation for closures is employed.
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In Section 5, we present a typeful implementation of a call-by-value CPS transform function, and in
Section 6, we briefly mention a typeful implementation of closure conversion. We also show how the
second-order polymorphism can be handled in Section 7. Lastly, we mention some related work and
conclude.

2. A First-Order Typeful Program Representation

In this section, we introduce a first-order typeful program representation for simply typedλ-expressions.
The syntax for the simply typedλ-calculus (with Curry typing) can be readily given as follows, where
we usex for variables andb for some base types.

types τ ::= b | τ1 → τ2

expressions M ::= x | λx.M | M1(M2)
contexts Γ ::= ∅ | Γ, x : τ

We require that a variable be declared at most once in a given contextΓ and usedom(Γ) for the set of
variables declared inΓ. As usual, we have the following typing rules for the simply typedλ-calculus,
where we writeΓ(x) = τ to mean that the variablex is assigned the typeτ in the contextΓ.

Γ(x) = τ

Γ ` x : τ
(ty-var)

Γ, x : τ1 ` M : τ2

Γ ` λx.M : τ1 → τ2
(ty-lam)

Γ ` M1 : τ1 → τ2 Γ ` M2 : τ1

Γ ` M1(M2) : τ2
(ty-app)

Instead of representingλ-expressions directly, which contain no typing information, we are to represent
typing derivations ofλ-expressions. For this purpose, we introduce a judgmentΓ `0 x : τ to mean that
x is declared to be of the typeτ in the contextΓ. The rules for deriving such a judgment are given as
follows.

Γ, x : τ `0 x : τ
(ty-var-one)

Γ `0 x : τ1

Γ, x′ : τ2 `0 x : τ1
(ty-var-shi)

We can now change the rule(ty-var) into the following one:

Γ `0 x : τ
Γ ` x : τ

(ty-var)

In the rest of the paper, we assume thatint is the only base type we have. The assumption is solely
for simplifying the presentation, and it is straightforward to handle additional base types. We first declare
two sortsty andenv in Figure 2. The concrete syntax indicates that

• � and:: are infix operators with right associativity, and
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infixr ->> ::

datasort ty = int | ->> of (ty, ty)
datasort env = nil | :: of (ty, env)

datatype VAR (env, ty) =
| {G:env, t:ty} VARone (t :: G, t)
| {G:env, t1:ty, t2:ty} VARshi (t2 :: G, t1) of VAR (G, t1)

datatype EXP (env, ty) =
| {G:env,t:ty} EXPvar (G, t) of VAR (G, t)
| {G:env,t1:ty,t2:ty} EXPlam (G, t1 ->> t2) of EXP (t1 :: G, t2)
| {G:env,t1:ty,t2:ty} EXPapp (G, t2) of (EXP (G, t1 ->> t2), EXP (G, t1))

Figure 2. Types for representing typing derivations of the simply typedλ-expressions

• a type indext is of sortty if it is int or t1 � t2 for some type indexest1 andt2 of sortty , and

• a type indexG is of sortenv if it is nil or t :: G for some type indexest andG of sortsty and
env , respectively.

Intuitively, we use type indexes of sortsty andenv to represent types and contexts, respectively, in the
simply typedλ-calculus. For instance,int :: (int � int) :: nil represents a context in which the first
and the second variables are assigned the typesint and int → int , respectively. In general, given a
contextΓ = ∅, x1 : τ1, . . . , xn : τn, we usetn :: . . . :: t1 :: nil to representΓ, assumingti representsτi

for each1 ≤ i ≤ n.
We next declare in Figure 2 two dependent datatypes for representing typing derivations of simply

typedλ-expressions, and we provide some explanation as follows. We use curly braces to denote univer-
sal quantification. The type constructorVAR takes a type indexG of sortenv and a type indext of sort
ty to form a typeVAR(G, t) for values representing typing derivations ofΓ `0 x : τ , where we assume
G andt representΓ andτ , respectively. The two value constructorsVARoneandVARshi associated
with VAR are assigned the following types, respectively:

∀G : env .∀t : ty .VAR(t :: G, t)
∀G : env .∀t1 : ty .∀t2 : ty .VAR(G, t1) → VAR(t2 :: G, t1)

Note thatVARoneandVARshicorrespond to the typing rules(ty-var-one)and(ty-var-shi), respectively.
Essentially, we useVARoneandVARshi to form de Bruijn indexes for variables:VARonestands for
the de Bruijn index 1, referring to the first variable in a context, andVARshistands for the shift operator
that increases a given de Bruijn index by1. For example,VARshi(VARshi(VARone)) represents the
de Bruijn index3, referring to the third variable in a context.

Like VAR, the type constructorEXP also takes a type indexG of sortenv and a type indext of sort
ty to form a typeEXP(G, t) for values representing typing derivations ofΓ ` M : τ , where we assume



6 C. Chen, R. Shi, H. Xi / Implementing Typeful Program Transformations

G andt representΓ andτ , respectively. There are three value constructors associated withEXP, which
are assigned the following types respectively:

EXPvar : ∀G : env .∀t : ty .VAR(G, t) → EXP(G, t)
EXP lam : ∀G : env .∀t1 : ty .∀t2 : ty .EXP(t1 :: G, t2) → EXP(G, t1 � t2)
EXPapp : ∀G : env .∀t1 : ty .∀t2 : ty .(EXP(G, t1 � t2),EXP(G, t1)) → EXP(G, t2)

The value constructorsEXPvar, EXP lamandEXPappcorrespond to the typing rules(ty-var) , (ty-lam),
and(ty-app), respectively. For instance, the expression:

λx : int .λy : int → int .y(x)

can be represented as follows,

EXP lam(EXP lam(EXPapp(EXPvar(VARone),EXPvar(VARshi(VARone)))))

where the representation can be assigned the following type:

∀G : env .EXP(G, int � (int � int) � int).

Note that explicit applications to type indexes are omitted here. In contrast to the typeless representation
mentioned in Section 1, we have now formed a typeful representation for simply typedλ-expressions as
the type of a simply typedλ-expression can be reflected in the type of its representation. In particular,
it can be readily observed that there is a natural 1-to-1 correspondence between a typing derivationD
of Γ ` M : τ and a valuev of type EXP(G, t), whereG and t are the representations ofΓ andτ ,
respectively. For brevity, we omit a straightforward formalization of this observation. We are now ready
to present some techniques for implementing program transformations with this typeful representation.

3. Implementing Substitution and Normalization

Substitution plays a key rôle in implementing program transformations. In this section, we present a
typeful implementation of substitution for simply typedλ-calculus and then use it to implement normal-
ization. We first declare a type definition as follows to facilitate presentation:

typedef SUB (G1:env, G2:env) = {t:ty} VAR(G1,t) -> EXP(G2,t)

With this declaration, we can now writeSUB(G1, G2) to represent the following type:

∀t : ty .VAR(G1, t) → EXP(G2, t)

whereG1 andG2 are type indexes of sortenv . For instance, the functionsidSub andshiSub defined
below correspond to the standard substitutionsid and↑, respectively, in the framework of explicit sub-
stitution [1]:

fun idSub {G:env}: SUB (G, G) = lam x => EXPvar (x)
fun shiSub {G:env, t:ty}: SUB (G, t :: G) = lam x => EXPvar (VARshi x)
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fun subst {G1:env,G2:env,t:ty}
(sub: SUB(G1,G2)) (e: EXP(G1,t)): EXP(G2,t) =
case e of

| EXPvar x => sub (x)
| EXPlam e => EXPlam (subst (subLam sub) e)
| EXPapp (e1, e2) => EXPapp (subst sub e1, subst sub e2)

and subLam {G1:env,G2:env,t:ty} (sub: SUB (G1,G2)): SUB (t::G1,t::G2) =
lam v =>

case v of
| VARone => EXPvar (VARone)

// the special syntax {...} is designed for type-checking; it
// means that (implicit) static application needs to be performed

| VARshi x’ => subst (shiSub {...}) (sub x’)

Figure 3. Implementing substitution

Note that the types assigned toid and↑ are:

∀G : env .SUB(G, G) and ∀G : env .∀t : ty .SUB(G, t :: G)

respectively.
We implement two functionssubst andsubLam mutually recursively in Figure 3. To provide some

explanation for these functions, we briefly turn to substitution for untypedλ-expressions in de Bruijn’s
notation [4], whose syntax is given as follows.

indexes n ::= 1 | 2 | · · ·
expressions N ::= n | λ.N | N1(N2)

For instance, the de Bruijn’s notation for theλ-expressionλx.λy.y(x) is λ.λ.1(2). We useσ for a
substitution, which is a function that maps indexesn to expressionsN . We use↑ for the substitution that
maps each indexn to the indexn + 1. Given a substitutionσ and an expressionN , we writeN [σ] for
the result of applying the substitutionσ to N , which is defined as follows:

n[σ] = σ(n)
(λ.N)[σ] = λ.N [1 · (σ ◦ ↑)]

(N1(N2))[σ] = N1[σ](N2[σ])

Given an expressionN and a substitutionσ, we writeN · σ for the substitutionσ′ such thatσ′(1) = N
andσ′(n + 1) = σ(n) for each indexn. Also, given two substitutionsσ1 andσ2, we writeσ1 ◦ σ2 for
the the compositionσ3 of σ1 andσ2 such thatσ3(n) = σ1(n)[σ2] for each indexn.

For the functionssubst and subLam in Figure 3, we have thatsubst(sub)(e) and subLam(sub)
correspond toN [σ] and1 · (σ ◦ ↑), respectively, where we assumesub ande represent the substitution
σ and the expressionN , respectively. The operator· for prepending a term to a substitution and the
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fun subPre {G1:env,G2:env,t:ty} (sub: SUB(G1, G2)) (e: EXP (G2, t))
: SUB (t :: G1, G2) =
lam x => case x of VARone => e | VARshi x => sub x

fun subComp {G1:env,G2:env,G3:env} (sub1: SUB (G1,G2)) (sub2: SUB (G2,G3))
: SUB (G1, G3) =
lam x => subst sub2 (sub1 x)

Figure 4. Two functions on substitutions

fun nf {G:env,t:ty} (e: EXP(G, t)): EXP (G, t) =
case e of

| EXPvar _ => e
| EXPlam e => EXPlam (nf e)
| EXPapp (e1, e2) =>

(case nf e1 of
| EXPlam e => nf (subst (subPre idSub e2) e)
| e1 => EXPapp (e1, nf e2))

Figure 5. A typeful implementation of normalization

operator◦ for composing two substitutions, which are standard in the study on explicit substitutions [1],
can be implemented as the functionssubPre andsubComp, respectively, in Figure 4. Note that◦ is
associative. The types of the functionssubst , subLam, subPre andsubComp can be formally written
as follows:

subst : ∀G1 : env .∀G2 : env .∀t : ty .SUB(G1, G2) → EXP(G1, t) → EXP(G2, t)
subLam : ∀G1 : env .∀G2 : env .∀t : ty .SUB(G1, G2) → SUB(t :: G1, t :: G2)
subPre : ∀G1 : env .∀G2 : env .∀t : ty .SUB(G1, G2) → EXP(G2, t) → SUB(t :: G1, G2)

subComp : ∀G1 : env .∀G2 : env .∀G3 : env .SUB(G1, G2) → SUB(G2, G3) → SUB(G1, G3)

As an interesting example, we implement a functionnf in Figure 5 to compute the normal form of a
given simply typedλ-expression. The following type is assigned to the functionnf ,

∀G : env .∀t : ty .EXP(G, t) → EXP(G, t)

which indicates thatnf is type-preserving.

4. Implementing Evaluation

In this section, we present a typeful implementation of the call-by-value evaluation for simply typed
λ-calculus. Instead of applying substitution toλ-expressions directly, which is prohibitively inefficient
in practice, we form closures during evaluation.
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datatype VAL (ty) =
| {G:env,t1:ty,t2:ty} VALclo (t1 ->> t2) of (ENV G, EXP (t1 :: G, t2))

and ENV (env) =
| ENVnil (nil)
| {G:env,t:ty} ENVcons (t :: G) of (VAL t, ENV G)

fun evalVar {G:env,t:ty} (env: ENV G) (x: VAR (G, t)): VAL t =
case x of

| VARone => let val ENVcons (v, _) = env in v end
| VARshi x => let val ENVcons (_, env) = env in evalVar env x end

fun eval {G:env,t:ty} (env: ENV G) (e: EXP (G, t)): VAL t =
case e of

| EXPvar x => evalVar env x
| EXPlam (e) => VALclo (env, e)
| EXPapp (e1, e2) =>

let
val VALclo (env’, body) = eval env e1
val v = eval env e2

in
eval (ENVcons (v, env’)) body

end

fun evaluate {t:ty} (e: EXP (nil, t)): VAL t = eval ENVnil e

Figure 6. Implementing call-by-value evaluation for simply typedλ-calculus

In Figure 6, we first declare two datatype constructorsVAL andENV. Given indexest andG of
sortsty andenv , respectively,VAL(t) is the type for values that represent object values andENV(G)
is the type for values that represent environments, that is, lists of object values. In this case, the only form
of an object value is a closure, which consists of an environment paired with the body of aλ-abstraction.

Given an environment and a de Bruijn index, the functionevalVar fetches a value from the environ-
ment that corresponds to the index. The main function iseval which evaluates aλ-expression under a
given environment. Note that the following type is assigned toeval :

∀G : env .∀t : ty .ENV(G) → EXP(G, t) → VAL(t)

which captures the fact thateval is type-preserving. Lastly, we implementevaluate as a specialized
version ofeval . The type∀t : ty .EXP(nil , t) → VAL(t) is assigned toevaluate, indicating that
evaluate can only be applied to a closedλ-expression.

In the body ofevalVar , we have the following two cases of pattern matching:

val ENVcons (v, _) = env and val ENVcons (_, env) = env
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both of which are verified in ATS to be exhaustive. We provide some explanation as follows. Note
that the variablesenv and x (in the definition ofevalVar ) are of typesENV(G) andVAR(G, t),
respectively. SinceVARone is given the type∀G : env .∀t : ty .VAR(t :: G, t), we can assume that
G = t′ :: G′ andt = t′ for some static variablesG′ andt′ whenx matches the patternVARone. In
order forenv to match the patternENVnil, which is of typeENV(nil), we needG = nil . Thus, ATS
can determine thatenv cannot matchENVnil if x matchesVARone, i.e., the case of pattern matching
val ENVcons (v, _) = env in the body ofevalVar is exhaustive. The reason for the exhaustiveness
of the other case of pattern matchingval ENVcons (_, env) = env in the body ofevalVar is similar.
A formal detailed treatment of this issue is also available [29].

5. Implementing CPS Transformation

In this section, we present a typeful implementation of a call-by-value CPS transformation for a source
object language that extends the simply typedλ-calculus with two control constructscallcc andthrow .
It should be clear that a typeful implementation of a call-by-name CPS transformation can be done along
the same line.

We first extend the syntax of the simply typedλ-calculus as follows,

τ ::= · · · | cont(τ) | ⊥
M ::= · · · | callcc(M) | throw(M1,M2)

wherecont(τ) is the type for continuations that only take values of typeτ , and⊥ is the empty type that
contains no closed values. In addition, we introduce the following typing rules for handlingcallcc and
throw .

Γ ` M : cont(τ) → τ

Γ ` callcc(M) : τ
(ty-callcc)

Γ ` M1 : cont(τ1) Γ ` M2 : τ1

Γ ` throw(M1,M2) : τ2
(ty-throw)

We now need to extend the definition of the sortty to accommodate the type constructorcont and the
type⊥.

datasort ty = ... | bot | cont of ty

We also associate more value constructors with the type constructorEXP:

datatype EXP (env, ty) =
...
| {G:env,t:ty}. EXPcal (G, t) of EXP (G, cont(t) ->> t)
| {G:env,t1:ty,t2:ty}. EXPthr (G, t2) of (EXP (G, cont(t1)), EXP (G, t1))

The value constructorsEXPcal andEXP thr correspond to the typing rules(ty-callcc) and(ty-throw) ,
respectively.

We define some transform functions in Figure 7, wherek ranges overλ-expressions andFV (M)
is the set of free variables inM . The functionsT1(·) andT2(·) are defined mutually inductively on
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T1(τ) = (T2(τ) → ⊥) → ⊥
T2(b) = b

T2(τ1 → τ2) = T2(τ1) → T1(τ2)
T2(cont(τ)) = T2(τ) → ⊥

cps(M) = λx.cpsw(x, M) x 6∈ FV (M)

cpsw(k, x) = k(x)

cpsw(k, λx.M) = k(λx.cps(M))

cpsw(k, M1(M2)) = cpsw(λx1.cpsw(λx2.x1(x2)(k),M2),M1)
x1 6∈ FV (k) ∪ FV (M2) andx2 6∈ FV (k))

cpsw(k, callcc(M)) = cpsw(λx.x(k)(k),M) x 6∈ FV (k)

cpsw(k, throw(M1,M2)) = cpsw(λx.cpsw(x,M2),M1) x 6∈ FV (k) ∪ FV (M2)

Figure 7. A call-by-value CPS transform

the structure of types, while the functionscps(·) andcpsw(·, ·) are defined mutually inductively on the
structure ofλ-expressions. Note thatcps(·) is a CPS transform function [26]. We have the following
theorem that relates the typing derivation of an expression in the source object language to the typing
derivation of its CPS transform in the target object language [14, 11].

Theorem 5.1. Assume thatΓ ` M : τ is derivable andΓ′ is a context such thatΓ′(x) = T2(Γ(x)) for
eachx ∈ dom(Γ) ⊆ dom(Γ′). Then we have that

1. Γ′ ` cps(M) : T1(τ) is derivable, and

2. Γ′ ` cpsw(k, M) : ⊥ is also derivable ifΓ′ ` k : T2(τ) → ⊥ is derivable.

Proof:
We can establish (1) and (2) simultaneously by structural induction on the typing derivation ofΓ ` M : τ .

ut

We are to present an implementation of the CPS transform functioncps in ATS such that the type
assigned to the implementation captures Theorem 5.1.

It may be a bit surprising that the most difficult question we face here is to implement the the follow-
ing equation in the definition ofcpsw :

cpsw(k, x) = k(x)

This, for instance, is also the issue faced by Minamide and Okuma [17]. To relate two variables repre-
sented as de Bruijn indexes, we introduce a concept calledvariable mapping, which is closely related to
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cps(ν, N) = λ.cpsw(ν ◦ ↑, 1, N)
cpsw(ν, k, n) = k(ν(n))

cpsw(ν, k, λ.N) = k(λ.cps(1 · (ν ◦ ↑), N))
cpsw(ν, k,N1(N2)) = cpsw(ν, λ.cpsw(ν ◦ ↑, λ.2(1)(k[↑][↑]), N2), N1)

cpsw(ν, k, callcc(N)) = cpsw(ν, λ.1(k[↑])(k[↑]), N)
cpsw(ν, k, throw(N1, N2)) = cpsw(ν, λ.cpsw(ν ◦ ↑, 1, N2), N1)

Figure 8. A CPS Transform forλ-expressions in de Bruijn’s notation

the notion of substitution. We useν for a variable mapping, which maps de Bruijn indexes to de Bruijn
indexes. We can now definecps andcpsw in Figure 8 forλ-expressions in de Bruijn’s notation, wherek
ranges overλ-expressions in de Bruijn’s notation. This time,cps andcpsw take a variable mappingν as
an extra argument that is needed to relate de Bruijn indexes in the source object program to those in the
target object program.

We declare a type definitionVM as follows for representing variable mappings, where the function
T2 is defined in Figure 7 through primitive recursion on the structure of type indexes of sortty .

typedef VM (G1:env, G2:env) = {t:ty}. VAR (G1, t) -> VAR (G2, T2(t))

We now implement some functions as follows for manipulating variable mappings.

fun vmShi {G1:env,G2:env,t:ty} (vm: VM (G1, G2)): VM (G1, t::G2) =
lam x => VARshi (vm x)

fun vmLam {G1:env,G2:env,t:ty} (vm: VM (G1, G2)): VM (t::G1, T2(t)::G2) =
lam x => (case x of VARone => VARone | VARshi x => VARshi (vm x))

Clearly,vmLam is just the counterpart ofsubLam.
We also declare a datatypeEXP′ as follows for representing expressions in the target object lan-

guage of the CPS transformation, which is just the simply typedλ-calculus. SoEXP′ is the same as
EXP beforeEXP is extended, and the functions defined in Section 3 can simply be carried over.

datatype EXP’ (env, ty) =
| {G:env,t:ty} EXPvar’ (G, t) of VAR (G, t)
| {G:env,t1:ty,t2:ty} EXPlam’ (G, t1 ->> t2) of EXP’ (t1 :: G, t2)
| {G:env,t1:ty,t2:ty} EXPapp’ (G, t2) of EXP’ ((G, t1 ->> t2), EXP’ (G, t1))

We now implement the functionscpsw andcps in Figure 9. The functionexpShi is needed to increase
the de Bruijn index of each free variable in a given expression by1. It is straightforward to observe a
direct correspondence between the implementation ofcps andcpsw in Figure 9 and their definition in
Figure 8.

There is yet another significant point that we need to mention here. In order to type-check the code
in Figure 9, the definition of the functionsT1 andT2 needs to be “hard-wired” into the type-checker.
While this is not difficult for us to do (in this case), such “hard-wiring” in general is difficult (if not
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val EXPone’ = EXPvar’ (VARone)
withtype {G:env,t:ty} EXP’ (t :: G, t)

val EXPtwo’ = EXPvar’ (VARshi VARone)
withtype {G:env,t1:ty,t2:ty} EXP’ (t1 :: t2 :: G, t2)

fun expShi {G:env,t1:ty,t2:ty} (e: EXP’ (G, t1)): EXP’ (t2 :: G, t1) =
subst shiSub e

fun cps {G1:env,G2:env,t:ty} (vm: VM(G1,G2)) (e: EXP (G1,t))
: EXP’(G2,T1(t)) =
EXPlam’ (cpsw (vmShi vm) EXPone’ e)

and cpsw {G1:env,G2:env,t:ty}
(vm: VM(G1,G2)) (k: EXP’(G2, T2(t) ->> bot)) (e: EXP(G1,t)): EXP’(G2,bot) =
case e of

| EXPvar v => EXPapp’ (k, EXPvar’ (vm v))
| EXPlam (e) => EXPapp’ (k, EXPlam’ (cps (vmLam vm) e))
| EXPapp (e1, e2) =>

let
val k =

EXPlam’ (EXPapp’ (EXPapp’ (EXPtwo’, EXPone’), expShi (expShi k)))
val k = EXPlam’ (cpsw (vmShi vm) k e2)

in
cpsw vm k e1

end
| EXPcal e =>

let
val k = expShi k
val k = EXPlam’ (EXPapp’ (EXPapp’ (EXPone’, k), k))

in
cpsw vm k e

end
| EXPthr (e1, e2) =>

let
val k = cpsw (vmShi vm) EXPone’ e2

in
cpsw vm k e1

end

Figure 9. Implementing a call-by-value CPS transform function
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datatype RT1 (ty, ty) =
| {t:ty,t’:ty} RT1 (t, (t’ ->> bot) ->> bot) of RT2 (t, t’)

and RT2 (ty, ty) =
| RT2int (int, int)
| {t1:ty,t2:ty,t1’:ty,t2’:ty}

RT2fun (t1 ->> t2, t1’ ->> t2’) of (RT2(t1, t1’), RT1 (t2, t2’))
| RT2bot (bot, bot)
| {t:ty,t’:ty} RT2cont(cont(t), t’ ->> bot) of RT2 (t, t’)

Figure 10. An encoding ofT1 andT2

completely impossible) to achieve as it is most likely that the programmer would have no access to the
implementation of the type-checker. We have designed an approach in ATS that allows the programmer
to provide proofs for constraints involving functions likeT1 andT2.

The basic idea is to introduce two datatype constructorsRT1 andRT2, which we declare in Fig-
ure 10, to encode the functionsT1 andT2; given static termst andt′ of sort ty , the typeRT1(t, t′) is
inhabited if and only ifT1(t) = t′; similarly, the typeRT2(t, t′) is inhabited if and only ifT2(t) = t′.
The functionscps andcpsw can now be defined (essentially) as follows:

fun cps {G1:env,G2:env,t1:ty,t2:ty}
(pf: RT1 (t1, t2), vm: VM (G1, G2), e: EXP (G1, t1)): EXP’ (G2, t2) =
let prval RT1 (pf) = pf in EXPlam’ (cpsw (pf, vmShi vm, EXPone’, e)) end

and cpsw {G1:env,G2:env,t1:ty,t2:ty}
(pf: RT2 (t1,t2), vm: VM (G1,G2), k: EXP’ (G2,t2 ->> bot), e: EXP (G1,t1))
: EXP’ (G2, bot) = ...

where the extra argumentpf of cps (resp.cpsw ) guarantees thatT1(t1) = t2 (resp.T2(t1) = t2) holds.
In ATS, such arguments can be completely erased after type-checking and thus there is no run-time code
involved. This is a programming paradigm which we refer to asprogramming with theorem proving.
The interested reader may readily find details on this programming paradigm elsewhere [7]. Also, the
code of a typeful implementation of CPS that employs programming with theorem proving is available
on-line [31].

6. Implementing Closure Conversion

In the phase of CPS transformation, the compiler names all intermediate computations and eliminates
the need for a control stack. Therefore, all unconditional control transfers, including function invocation
and return, are achieved through function calls. The phase of closure conversion is another critical pro-
gram transformation which achieves a separation between data and code. While most accounts consider
closure conversion as a transformation applied to untyped terms, the one by Minamide et al [16] takes a
type-theoretic point of view. We have also succeeded in implementing a typeful closure conversion for
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simply typedλ-calculus based on the one by Minamide et al. Given that the implementation strategy we
use for handling typeful closure conversion is essentially the same as the one for handling CPS transfor-
mation, we omit further details. The interested reader can find the code for typeful closure conversion
on-line [34].

7. Polymorphism

So far we have only dealt with program transformations on simply typed programs. In this section,
we briefly demonstrate that the typeful programming techniques presented above are also applicable to
polymorphically typed programs.

Let us first extend the syntax of simply typedλ-calculus as follows:

types τ ::= . . . | α | ∀α.τ

expressions M ::= . . . | ∀+(M) | ∀−(M)

where we useα for type variables. In addition, we have the following typing rules:

Γ ` M : τ
Γ ` ∀+(M) : ∀a.τ

(ty-tlam)

Γ ` M : ∀α.τ
Γ ` ∀−(M) : τ [a 7→ τ0]

(ty-tapp)

The side condition associated with the typing rule(ty-tlam) is obvious:α cannot have free occurrences in
Γ. We here essentially use∀+ and∀− as markers to indicate the application of the typing rules(ty-tlam)
and(ty-tapp), respectively.

In Figure 11, we sketch a typeful implementation of the call-by-value evaluation for the second-
order polymorphically typedλ-calculus. As the implementation extends the one given in Figure 6, we
present only the additional code. We first declare a sortty for type indexes that represent second-order
polymorphic types. Note that this representation makes use of higher-order abstract syntax [23]. For
instance, the polymorphic type∀α1.∀α2.α1 → (α2 → α1) is formally represented as follows:

forall(λa1 : ty .forall(λa2 : ty .a1 � (a2 � a1)))

As before, we declare a datatype constructorEXP in Figure 11 to represent polymorphicλ-expressions
(or more precisely, the typing derivations of polymorphicλ-expressions), where the associated value con-
structorsEXP tlam andEXP tappcorrespond to the typing rules(ty-tlam) and(ty-tapp), respectively.
The types assigned toEXP tlamandEXP tappcan be formally written as follows:

EXP tlam : ∀G : env .∀f : ty → ty .(∀t : ty .EXP(G, f(t))) → EXP(G, forall(f))
EXP tapp : ∀G : env .∀f : ty → ty .∀t : ty .EXP(G, forall(f)) → EXP(G, f(t))

Also, we introduce an additional value constructorVALtclo, which is needed for constructing another
form of closure that corresponds toλ-abstraction over a type variable (i.e., the marker∀+). We next
extend the definition ofeval with two clauses for handlingEXP tlamandEXP tapp.

We point out that the above technique for handling polymorphic programs can also be applied to other
program transformations in the paper. In particular, a typeful implementation of CPS transformation for
the second-order polymorphicλ-calculus, either call-by-value or call-by-name, can be readily done by
following the one given in Figure 9.
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datasort ty = ... | forall of (ty -> ty)

datatype EXP (env, ty) =
| ...
| {G:env, f:ty -> ty} EXPtlam (G, forall f) of ({t:ty} EXP (G, f t))
| {G:env, f:ty -> ty, t:ty} EXPtapp (G, f t) of EXP (G, forall f)

datatype VAL (ty) =
| ...
| {G:env, f:ty -> ty} VALtclo (forall f) of (ENV G, {t: ty} EXP (G, f t))

fun eval {G:env,t:ty} (env: ENV G) (e: EXP (G, t)): VAL t =
case e of

| ...
| EXPtlam (e) => VALtclo (env, e)
| EXPtapp (e) =>

let
val VALtclo (env, body) = eval env e

in // the special syntax {...} is designed for type-checking; it
// means that (implicit) static application needs to be performed
eval env (body {...})

end

Figure 11. Implementing call-by-value evaluation for polymorphically typedλ-calculus

8. Related Work and Conclusion

In this paper, we propose an approach to implementing program transformations that makes use of a first-
order typeful program representation, where the type of an object program as well as the types of the free
variables in the object program can be reflected in the type of the representation of the object program.
We also develop some programming techniques to facilitate the use of this typeful representation in
implementing program transformations.

The idea of employing dependent types in forming typeful program representation is not new. For
instance, with Elf [24], a theorem prover/logic programming language based on the type theory under-
lying LF [12], we can readily form a typeful representation for the simply typedλ-calculus or even the
second-order polymorphicλ-calculus and then establish properties such as type preservation. Also, one
can find a typeful program representation used in implementing an interpreter by Augustsson and Carls-
son [3] in Cayenne [2], a functional programming language based on Haskell that supports a dependent
type system, where the type assigned to (the implementation of) the interpreter guarantees it preserves
types. However, none of these techniques support, in a functional programming language (not a theorem
prover), typeful program representation for potentially open programs, that is, programs containing free
variables. A systemλH© is proposed by Pasalic et all [21], with which a typeful program representation
can be formed to implement a tagless interpreter for simply typedλ-calculus. However, given the com-



C. Chen, R. Shi, H. Xi / Implementing Typeful Program Transformations 17

plexity involved inλH©, it needs to be further investigated as to whetherλH© or a type system similar
to it can be effectively used in practical programming. In a recent study on meta-programming with
typeful object-language representations [20], Pasalic and Linger (who refer to typeful representation as
typed representation) employ a strategy to represent abstract syntax that is of great similarity to the one
given in Figure 2. Also, they give an implementation of a tagless interpreter that is closely related to the
typeful implementation of the call-by-value evaluation given in Section 4. Instead of using dependent
types, they rely on generalized datatypes [9, 13], which are also called guarded recursive datatypes [32],
to simulate dependent types in Haskell. Please see a paper by Xi et al [8] for a critique on the practicality
of simulating dependent types in Haskell.

An approach to constructing a higher-order typeful program representation is presented by Danvy
et al [10] that makes use of the notion ofphantom typesavailable in Haskell. With this approach, it is
shown that an implementation of the normalization function for the simply typedλ-calculus preserves
types and always yieldsβη-long normal form. However, the use of this approach in implementing
program transformations is greatly limited as it does not allow the representation of a program to be used
as a function argument.

In contrast to the program representation we use in this paper, where program variables are re-
placed with de Bruijn indexes, a higher-order program representation is presented by Nanevski and Pfen-
ning [19] to support meta-programming, where a notion of names is introduced for handling free program
variables. It is yet to see whether this representation also allows a CPS transform to be implemented in a
typeful manner.

The way we implement substitutions in this paper is of great similarity to the way in which substi-
tutions are handled inλσ-calculus [1]. Both employ de Bruijn indexes to obviate the need for explicit
names, and the several functions on substitutions that we implement can readily find counterparts inλσ.
For instance,subPre andsubComp directly corresponds the operators· and◦ in λσ, respectively.

In summary, we have presented an approach to implementing program transformations that makes
use of a first-order typeful program representation. Among several presented examples, a call-by-value
CPS transform for the simply typedλ-calculus extended withcallcc andthrow is implemented in such
a manner that the type assigned to the implementation can capture the relation between the type of an
expression and that of its CPS transform.

When constructing a compiler for a typed functional programming language, we may need to apply
CPS transformation and/or closure conversion. As is argued in the literature [27, 18], there are some
significant benefits when the compiler makes use of typed intermediate languages. Suppose a typeless
representation is chosen for some typed intermediate language acting as the target language of CPS
transformation. Then it is necessary to verify individually whether a program in the intermediate lan-
guage is well-typed after it is generated by a CPS transform function. With a typeful representation, it
becomes possible to implement a typeful CPS transform function such that its type can guarantee that
every program it generates is well-typed.

Along the line of research on typeful program transformations, we plan to handle more program
language features (e.g., pattern matching) and more program transformations in the future, facilitating
the use of typeful program representation in constructing compilers for typed programming languages.
Also, given that the typeful program representation presented in the paper is based on abstract syntax with
de Bruijn indexes, it is certainly interesting to study whether it is also possible to find a typeful program
representation based on abstract syntax with named variables. Some work on nominal logic [25] seems
to be of relevance in this direction.
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