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Abstract

Themechanisnfor declaringdatatypesn functionalprogramminganguagesuchasML andHaslell
is of greatusein practice. This mechanismhowever, often suffers from its imprecisionin capturingthe
invariantsinherentin datastructuresWe remedythe situationwith theintroductionof dependentatatypes
so thatwe canmodel datastructureswith significantlymoreaccurag. We presenta few interestingex-
amplessuchasimplementation®f red-blacktreesand binomial heapgto illustrate the useof dependent
datatypesn capturingsomesophisticatednvariantsin datastructures We claim thatdependentlatatypes
canenablethe programmeto implementalgorithmsin away thatis morerobustandeasieito understand.

1 Introduction

Themechanisnthatallows theprogrammeto declaredatatypeseemsndispensablén functionalprogram-
ming languagesuchasStandardvL [15] andHaslell [19]. In practice we oftenencountesituationsvhere
the declareddatatypesdo not accuratelycapturewhat we really need. For instance,f whatwe needis a
datastructurefor the pairsof integerlists of the samédength,we oftendeclarea datatypein StandardiL or
Haslell thatis for all pairsof integerlists. Thisinaccurag problemis oftenarich sourcefor programerrors.
A typical scenarids thata function which shouldonly receve asits algumenta pair of integer lists of the
samdengthis mistalenly appliedto a pair of integerlists of differentlengths.Unfortunately sucha mistale
causesotypeerrorsif pairsof integerlists of equallengtharegivenatypethatis for all pairsof integerlists,
andthuscanusuallyhide in a programunnoticeduntil at run-time,whendelugging often becomesnuch
moredemandinghanat compile-time.

Theinaccurag problembecomesnoreseriousvhenwe startto implementmoresophisticatedatastruc-
turessuchasred-blacktrees binomialheapsprderedists, etc. Therearesomerelatively comple invariants
in thesedatastructureghatwe mustmaintainin orderto implementthemcorrectly For instancea correct
implementatiorof aninsertionoperationon a red-blacktreeshouldalwaysyield a red-blacktree. If we can
form a datatypeto preciselycapturethe propertiesof a red-blacktree, thenit becomesgpossibleto detect
a programerror throughtype-checkingvhensuchan error leadsto the violation of one of thesecaptured
propertiesThisis evidently a desirabldeaturein programmingf it canbe madepractical.

The needfor forming moreaccuratedatatypegartially motivatedthe designof DependenML (DML),
anenrichmenbf ML with arestrictedform of dependentypes.More preciselyDML is alanguageschema.
Givena constraintdomainC, DML(C) is the languagén the schemawhereall typeindex expressionsare
dravn from C. Roughlyspeakingatypeindex expressioris simply atermthatcanbe usedto index atype.
Type-checkingn DML(C) canthenbereducedo constraintsatishctionin C. In this paper we restrictC
to someinteger domainandusethe nameDML for this particularDML(C). A variantof DML, de Caml
hasbeenimplementedn top of Caml-light[14]. This implementatioressentiallyreplaceghe front-endof
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Caml-lightwith adependentype-checkrandkeepgheback-endf Caml-lightintact. It alsomodifiesmary
library functions,assigningo themmoreaccurateypes.

An alternatve approacho forming moreaccuratedatatypess to usenesteddatatypeg?]. For instance,
a nesteddatatypeexactly representinged-blacktreescanbe readily formed. However, thereexist various
significantdifferencesbetweenDML-style dependentypesand nesteddatatypeswhich we will illustrate
later

We usetypewriter font in this paperto representodein de Caml,all of which have beenverified
in a prototypeimplementation A significantconsequencef theintroductionof dependentypesis theloss
of the notion of principal typesin DML. For instance both of the following typescanbe assignedo an
implementatiorin de Camlwhich zipstwo liststogether

'‘a list *'b list -> (a * ’'b) st
{n:nat}a list(n) * b list(n) -> (a * ’b) list(n)

The first type hasthe usuallymeaning,while the secondone implies thatfor every naturalnumbern, the
functionyieldsalist with lengthn whengivenapair of listswith lengthn. Noticethatweuse’a list(n)
for the type of a list with lengthn in which every elementis of type’a . If a dependentypeis to be
assignedo afunctionin DML, it is theresponsibilityof the programmeto annotatehefunctionwith sucha
dependentype. Thisis probablythe mostsignificantdifferencebetweerthe programmingstylesin ML and
in DML. In practice,we obsene thatthe type annotationsn a typical DML programoften constitutedess
than20%of theentirecode.Sincedependentypeannotationganoftenleadto moreaccurateeportsof type
error messageandsene asinformative programdocumentationywe feel thatthe DML programmingstyle
is acceptablérom a practicalpoint of view. We will provide someconcreteexamplesfor thereaderto judge
this claim, includingimplementation®f red-blacktireesandbinomialheaps Both of theseimplementations
areadoptedrom the correspondingnesin [17]. Theimplementationén de Camlhave seseraladvantages
over the original ones. We have verified moreinvariantsin the de Camlimplementations For instanceijt
is verifiedin the type systemof de Camlthatthe function which megestwo binomial heapsndeedyields
a binomial heap. Also the type annotationsn the implementationswhich canbe fully trustedsincethey
are mechanicallyverified, offer somepedagogicalalues. We feel it is easierto understandhe de Caml
implementation®ecaus¢hereadercanreasorin the presencef theseinformative dependentypes.

Inthispaperit is neithemossiblenornecessarto formally presenDML. Insteadwe focuson presenting
someconcreteexamplesin the programmindanguagede Caml avariantof DML, aswell assomeintuitive
explanation.We refertheinterestedeaderto [22] for the formal developmentof DML, thoughwe strongly
believe thatthis is largely unnecessarfor comprehendinghis paper

Therestof the paperis organizedasfollows. In Section2, we give a brief overview of thetypesin DML.
We thenintroducede Camlin Section3, presentingsomeof its mainfeaturesandillustratingtype-checking
in de Camlwith a shortexample. Somecasestudiesaregivenin Section4, includingimplementation®f
Brauntrees,random-accedssts, red-blacktreesandbinomial heaps.Lastly, we discusssomerelatedwork
andthenconclude.

2 Typesin Dependent ML

In this section,we presenta brief explanationon the typesin DML. The readeris encouragedo skip this
sectionandreadit later, thoughit could be helpful to gathersomeintuition beforestudyingthe concrete
examplesn Section3.

Intuitively speakingdependentypesaretypeswhich dependn the valuesof languagesxpressionsFor
instancewe mayform atypeint (i) for eachintegeri to meanthatevery integerexpressiorof thistypemust
havevaluei, thatis, int(i) is asingletorntype. Notethati is theexpressioronwhichthistypedependsWe use
thenametypeindex expressiorfor suchanexpressionTherearevariouscompellingreasonssuchaspractical
type-checkingfor imposingrestrictionson expressionsvhich canbe chosenastype index expressions A



index expressions i,5 == a|c|i+jli—j|i*xj|i+j|min(i, )| max(i,j) | mod(i,5)
index propositions P u= i<jl|i<jli>jli>jli=j|i#j|PAANP| PV Py
indexsorts v == dnt|{a:v| P} |m*7
index contxts ¢ | a:vy| o, P

Figurel: Thesyntaxfor typeindex expressions

novelty in DML is to requirethattypeindex expressiondedravn only from a givenconstraindomain.For
the purposeof this paperwerestricttypeindex expressiongo integers.We presenthe syntaxfor typeindex
expressionsn Figure 1, wherewe usea for type index variablesandc for a fixed integer. Note thatthe
languagédor typeindex expressionss typed. We usesortsfor the typesin this languagen orderto avoid
potentialconfusion.We use- for theemptyindex variablecontext andomit the standardsortingrulesfor this
language We alsousecertaintransparenabbreviations,suchas0 < i < j whichstanddor 0 < i A < j.
Thesubsesort{a : v | P} standdor the sortfor thoseelementof sorty which satisfythe propositionP.
For example we usenatasanabbreiationfor thesubsesort{a : int | a > 0}.
Typesin DML areformedasfollows. We usea for typevariablesandd for typeconstructors.

types 7 = al|(r,...,)0@) |1 | x| o | Ha:y.1 | Xa:vy.71

For instance/ist is a type constructorand (int)list(n) standsfor the type of aninteger list of lengthn.
Ila : v.7 andXa : .7 form a universaldependentype and an existential dependentype, respectrely.
For instancethe universaldependentypelIla : nat.(int)list(a) — (int)list(a) capturegheinvariantof a
functionwhich, for every naturalnumbera, returnsanintegerlist of lengtha whengivenanintegerlist of
lengtha. Also we canusethe existentialdependentype Xa : nat.(int)list(a) to meanan integer list of
someunknonn length.We demonstratéow atype constructoiis declaredn Section3.

Thetyping rulesfor this languageshouldbe familiar from a dependentltyped A-calculus(suchasthe
onesunderlyingCoqor NuPrl). Thecritical notionof typecorversionuseshejudgmenty - 7, = 7 which
is thecongruenextensionof equalityon index expressiongo arbitrarytypes:

pEn=T - =T, ¢FEi={
¢ F (71, m)6() = (11,...,7,)0(1")
obn=1 dFbm=1 obT=En dFR=T)
pb T kT =T{ % T ok o mR=T1 2T
d,a:ykF1T=7 ¢,a:yF1T=7
otUa:yr=Ma:v7 ¢FZa:y7=%a:vy.7

Noticethatit is the applicationof theseruleswhich generatesonstraints.For instancethe constraintp =
(a +mn) +1=m + nisgeneratedh orderto derive ¢ - (int)list((a + n) + 1) = (int)list(m + n).

It is difficult to presenmoredetailsgiventhespacdimitation. For thosewho areinterestedye pointout
thatthe detailedformal developmenibf DML canbefoundin [22].

3 SomeFeaturesin de Caml

In this sectionwe useexamplego presensomeuniqueandsignificantfeaturesn de Caml,preparingor the
casestudiesn Section4.

Theprogrammenftendeclareslatatypesvhenprogrammingn ML. For instancethefollowing datatype
declaratiordefinesatypeconstructotist.



type 'a list = nil | cons of 'a * 'a |list

Roughlyspeakingthis declarationstatesthat a polymorphiclist is formedwith two constructorsiil and
cons ,whosetypesare’a list and'a * ’'a list -> 'a list ,respectiely. Weuse’a for atype
variable.However, thedeclaredype’a list s coarseForinstancewe cannotusethetypeto distinguish
anemptylist from anon-emptyone.In de Caml,thistypecanberefinedasfollows.

refine a list with nat =
nil(0) | {n:nat} cons(n+l) ’'a * 'a list(n)

Theclauserefine a list with nat meanghatwerefinethetype'a list with anindex of sort
nat , thatis, theindex is a naturalnumber In this casetheindex standdor thelengthof alist.

e nil(0) meanghatnil isoftype’a list(0) , thatis, it is alist of length.
e {n:nat} cons(n+l) of 'a * ’'a |list(n) meanghatcons is of type

{n:nat} 'a * ’'a list(n) -> ’a list(n+1) ,
thatis, for every naturalnumbem, cons yieldsalist of lengthn + 1 whengivenanelementof type
'a andalist of lengthn. Note{n:nat} isauniversalquantifier whichis usuallywrittenasIIn : nat
in typetheory

Now list typeshave becomamoreinformative. Thefollowing codedefineshe appendunctionon lists. We
use[] fornil and:: astheinfix operatoffor cons .

let rec append = function
@ ys) > ys
| (x = xs, ys) -> x : append(xs, VYs)
withtype  {m:nat}{n:nat} 'a list(m)*a list(n)->'a list(m+n)

Thewithtype clauseds atypeannotatiorsuppliedoy theprogrammemwhich simply stateghatthefunction
returnsalist of lengthof m + n whengivena pair of lists of lengthsm andn, respectiely. We now present
aninformal descriptiomabouttype-checkingn this case.

For thefirst clause([], ys) -> ys,thetype-checkrassumethatys is of types'a list(b) for
someindex variableb of sortnat . Thisimpliesthat([], ys) isoftype’a list(0) * a list(b)
Thetype-checkrtheninstantiatesn andn with 0 andb, respectiely, andverify thattheys ontheright side
of -> is of type’a list(0O+b) . Sinceys is of type’a list(b) underassumptionthe type-checler
generatea constrainb = 0 + b undertheassumptiorthatb is a naturalnumber This constraintanbeeasily
verified.

Let usnow type-checkhe secondclause(x :: XS, ys) -> X i append(xs, ys) . As-
sumethatxs andys areof type’a list(a) and’a list(b) , respectiely, wherea andb arein-
dex variablesof sortnat . Then(x :: Xs, ys) isoftype’a list(at+l) * 'a list(b) , and
we thereforeinstantiatem andn with a + 1 andb, respectiely. Also we infer thatthe right sidex ::
append(xs, ys) isoftype’a list((a+b)+1) sincezs andy s areassumeaf types'a list(a)
and’a list(b) , respectrely. We needto prove that the right sideis of type int  list(m+n) for
m = a + 1 andn = b. Thisleadsto thefollowing constraint,

(@+1)+b=(a+b)+1

whichcanbeimmediatelyerifiedunderthatassumptionthata andb arenaturalnumbersThisfinishestype-
checkingthe abore de Camlprogram.Theinterestedeaderis referredto [22] for theformal presentatiomf
type-checkingn DML.



Clearly anaturalquestionis whetherthetypefor append canbereconstructedr synthesizedror such
a simpleexample,this seemghighly possible.However, our experienceindicatesthatit seemsexceedingly
difficult in generalo synthesizelependentypesin practice thoughwe have notformally studiedthisissue.

Insteadof refiningatype, it is alsoallowedto declarea dependentypein de Caml. For instancewe can
declarethefollowing.

datatype ’a list with nat = nil(0) | {n:nat} cons of 'a * ’'a list(n)

Thedeclarationis basicallyequivalentto the refinemenive madeearlier However, thereis alsoa significant
difference Whenwe declarea refinementwe mustbe ableto interpretthe correspondinginrefinedypesin
termsof refinedones. For example,afterrefiningthetype’a list , we mustinterpretthis typein terms
of therefinedlist type. We needexistentialdependentypesfor this purpose.’a list is interpretedas
[n:nat] 'a list(n) ,thatis,’a list is’a list(n) for some(unknown) naturalnumbem. Note
that[n:nat]  is anexistentialquantifier which is oftenwritten asXn : nat in typetheory This provides
a smoothinteractionbetweenML typesanddependentypes. Supposehat f is definedbeforethelist type
is refinedandits typeis’a list -> ’a list . After refiningthelist type,we canassignto f thetype
([n:nat] 'a list) -> [n:nat] 'a list | thatis, f takesalist with unknavn lengthandreturns
alist with unknavn length. This makesit possiblefor f to beappliedto anargumentof dependentype,say
int list(2) . Thisis alsoessentiafor ensuringoackward compatibility, a very importantissuewhenthe
useof existing ML codeis concerned.

However, thereis a needfor imposingsomerestrictionon datatyperefinement\We give a shortexample
toillustratesuchaneed.Thedatatypea tree isdeclaredasfollowsfor all binarytrees.

datatype 'a tree = Leaf | Node of 'a tree * 'a * ’'a tree

Supposeave declarethefollowing refinementwherethetypeindex standards$or the heightof atree.

refine 'a tree with nat =
Leaf(0) | {h:nat} Node(h+1) of 'a tree(h) * 'a * 'a tree(h)
This refinements problematicsincethe type [h:nat] 'a tree(h) now standardgor the type of all

perfectbinarytrees,andthereforet cannotbe usedto representheoriginal’a tree , whichisthetypefor
all binarytrees.Thereis somesyntacticrestrictionthatcanbeimposedo rule out suchproblematicdatatype
refinementsWe stopmentioningthe restrictionsinceit is simply notneededn this paper

Thereis anotheiimportantuseof existentialdependentypes.In orderto guarantegracticaltype check-
ing in de Caml, we mustmale constraintselatively simple. Currently we only acceptlinear integer con-
straints.Thisimmediatelyimpliesthattherearemary (realistic)constraintghatareinexpressiblén thetype
systemof de Caml. For instance the following codeimplementsa filter function on a list which removes
from thelist all elementsot satisfyingthe propertyp.

let filter p = function

0 > 1

| x = xs -> if p(xX) then x : (filter p xs) else (filter p Xs)

In general,it is impossibleto know the length of the list (filter p ) without knowing what p is.
Thereforejt is impossibleto typethe functionusingonly universaldependentypes.Nonethelessye know
thatthe length of (filter p xs) islessthanor equalto thatof | . This invariantcanbe capturedby
assignindilter thefollowing types.

(a -> bool) -> {mmat} ’a list(m) -=> [nnat | n <= m] 'a list(n)

Notethat[n:nat | n <= m] standdor Xn : {a : nat | a < m}.
Another significantuse of existential dependentypesis to represent rangeof values. We canuse
([n:nat] int(n)) array to representhetype for the vectorswhoseelementsare naturalnumbers.



datatype 'a brauntree  with nat =
L(0)
| {m:nat}{n:nat | n <= m<= n+l}
B(m+n+l) of ’'a * ’'a brauntree(m) * ’a brauntree(n) "

let rec diff k = function
L->0
| BL, I, n ->
if k=0 then 1
else if k mod2 = 1 then diff (k/2) | else diff (k/2 - 1) r

withtype  {k:nati{n:nat | k <= n <= k+1}
int(k) -> ’a brauntree(n) -> int(n-k) "
let rec size = function
L->0] B(_, IL rn >1let n=size rin 1 +n+n+dff nl
withtype  {n:nat} 'a brauntree(n) -> int(n) "

Figure2: An implementatiorof the sizefunctionon Brauntrees

This is very usefulfor eliminatingarray boundchecksat run-time[20]. In generalwe view thatthe use
of existentialtypesin de Camlfor handlingfunctionslike filter is crucialto the scalability of the type
systemof de Camlsincesuchfunctionsareabundantin practice.

Lastly, we mentiona corventionin de Caml. After declaringa dependentype asfollows,

datatype  (ai,...,am)d with  (sorty,...,sort,) =------
we maywrite (1, . .., 7, )d to standfor thefollowing.

[a1 : sort1]:--[an : sorty].(T1,...,Tm)d(a1,...,a,)

Forexample,a list standdgor [n:nat] a list(n)

4 Case Studies

In this section,we presentsomeexamplesto demonstrat¢he useof dependentlatatypesn capturingin-
variantsin datastructures.All theseexamplesin de Caml have beensuccessfullyerified in a prototype
compilerfor de Caml, which is written on top of the Caml-lightcompiler[14]. The claim we malke is that
dependentlatatype®nablethe programmeto implementalgorithmsin away thatis morerobustandeasier
to understand.

4.1 Braun Trees

A Brauntreeis a balancedbinary tree [4] suchthat for every branchnodein the tree, its left subtreeis
eitherthe samesizeasits right subtree por containsonemoreelement.Brauntreescanbe usedto give neat
implementationgor flexible arraysand priority queues.In [16], thereis an algorithmwhich computegshe
sizeof a Brauntreein O(log® n) time, wheren is the sizeof the Brauntree. We implementthis algorithm
in Figure2. Wefirst declarea dependendatatypéa brauntree(n) for Brauntreesof sizen. Notethat
thetypeof Bis



{m:nat}{n:nat | n <= m<= n+l}
'a * ’'a brauntree(m) * 'a brauntree(n) -> ’a brauntree(m+n+1)

which statesthat B yields a Brauntreeof sizem + n + 1 whengivenan element,a Brauntree of sizem
anda Brauntreeof sizen wheren < m < n + 1 holds. This exactly capturegheinvarianton Brauntrees
mentionedabore.

Givenanaturalnumberk anda Brauntreeof sizen satisfyingk < n < k + 1, thefunctiondiff  yields
the differencebetweem andk. With this function,the sizefunctionon Brauntreescanbe definedstraight-
forwardly. An interestingpointin this exampleis thatthetype of thefunctionsize preciselyindicateshat
this is the sizefunction on Brauntreessinceit statesthat the function returnsan integer of valuen when
givenaBrauntreeof sizen.

Thereasorthatdiff  n [ yieldsthe differencebetween|!|, the sizeof [, andn canbe foundin [16].
We give somebrief explanationbelow. It is clearthat|l| — n is either0 or 1. If [ is aleaf, || — n mustbeO0.
Otherwise|l| = 1 + |I'| + |'|, wherel’ andr' aretheleft andright branche®f [, respectiely. If n is odd,
thenn =1+ [n/2]| + |n/2| andthus

ll=n = 1+ +'[ =1+ [n/2] + |n/2] = (] = [n/2]) + (|| = [n/2])
Since|l'| — 1 < |r'| < |I'| holds,we have thefollowing.
2001 = [n/2]) =1 < Il = < 2(|I'] = [n/2])

It cannow be readily verifiedthat|l| — n = 1if |I'| — [n/2| = 1 and|l| —n = 0if |I'| — [n/2] = 0.
Thereforejf n is odd, |I| — n = |I'| — [n/2]. With somesimilar reasoningwe caneventuallyprove the
correctnessf the definedfunctiondiff

This examplealso shaws that althoughthe datatypetype declarationfor Brauntreescontainssize in-
formation, this informationis not available at run-time and thereforea recursve walk throughthe treeis
necessaryo determinghesizeof atree.

4.2 Random-AccessLists

A random-accedsst is alist representatiosuchthatlist lookup (update)canbeimplementedn anefficient
way. In this casethelookup (updateunctiontakesO(log n) timein contrasto theusualO(n) time (worst
case)wheren is thelengthof theinputlist.

We presentan implementationof random-acceshst in Figures3 and4. We first declarethe depen-
dentdatatypefor random-accedsts. Notethat'a  rlist(n) standdfor the type of random-accedssts
with lengthn. Nil andOne arethe constructordor emptyandsingletonrandom-accedssts, respectiely.
Furthermorethe constructor&€ven andOdd areto form random-acceslsts of evenandodd lengths,re-

spectvely. If I1 andl2 representistszy,...,z, andy,...,y, for somen > 0, respectiely, thenEven
(11, 12) representshelist z1,y1,...,%n,yn. Similarly, if I1 andl2 representists z1, ..., 2z, Tni1
andyi, . . .,y for somen > 0, respectiely, Odd(11, 12) representsi,yi,...,%n,Yn, Lnt1. With such

a datastructure we canimplementa lookup (update)function on random-accedlst which takes O(log n)
time. A crucialinvarianton this datastructureis thatll andl2 musthave the samelengthif Even(I1,
I2) isformedorll containsonemoreelementhanl2 if Odd(I1, 12) isformed. Thisis clearlycap-
turedby the dependentatatypedeclaratiorfor 'a rlist . Thefunctioncons appendsanelementto a
list anduncons decomposea list into a pair consistingof the headandthetail of the list. Note thatthe
typeof uncons requireghisfunctiononly to beappliedto a non-emptyist. Bothcons anduncons takes
O(logn) time.

Thefunctionlookup_safe  deseressomeexplanation.Thetype of this functionindicatesthatit can
beappliedtoi andl onlyif i isanaturalnumberandits valueis lessthanthelengthof | . Noticethatthe
look_up i | simplyreturnx whenthel matcheghepatternOne x. Thereis no needto checkwhether



datatype 'a rlist with nat =
Nil(0)
| One(l) of ’'a
| {n:nat | n > 0} Even(n+n) of ’a rlist(n) * a rlist(n)
| {n:nat | n > 0} Odd(n+n+l) of ’a rlist(n+1) * "a  rlist(n)
exception  Subscript "
let rec cons x = function
Nil -> One x
| Oney -> Even(One(x), One(y))
| Even(ll, 12) -> Odd(cons x 12, 11)
| Odd(l1, 12) -> Even(cons x 12, 11)
withtype  {n:nat} 'a -> ’a rlist(n) -> ’a rlist(n+1)
let rec uncons = function
One x -> (x, Nil)
| Even(la, 12) ->
let (x, [1) = uncons I1 in begin
match 11 with
Nil > (x, 12) | _ -> (x, 0Odd(2, I1)
end
| Odd(l1, 12) -> let (x, I11) = uncons 11 in (x, Even(2,
withtype {n:nat | n > 0} ’'a rlist(n) > a * ’a rlist(n-1)
let rec length = function
Nil > 0
| One > 1
| Even (11, ) -> 2 * (length 11)
| Odd (, 12) -> 2 * (length 12) + 1
withtype  {n:nat} 'a rlist(n) -> int(n)
let rec lookup_ safe i = function
One x -> x
| Even (11, 12) ->
if i mod2 = 0 then lookup_safe (i / 2) 11
else lookup_safe a /7 2 12
| Odd(1, 12) ->
if i mod2 = 0 then lookup safe (i / 2) I1
else lookup_safe ((i-1) [ 2) 12
withtype  {i:nat}{n:nat | i < n} int() -> a rlist(n) -=> a

Figure3: An implementatiorof random-accedsstsin de Caml(l)

1))



let rec update_safe i x = function
One y -> One X
| Even(la, 12) ->
if i mod 2 = 0 then Even(update_safe i / 2 x 11, 12)
else Even(ll, update safe (i / 2) x 12)
| Odd(l, 12) ->
if i mod 2 = 0 then Odd(update_safe i /2 xI11, 12)
else 0Odd(l1, update_safe ((i-1) [ 2) x 12)
withtype  {i:nat}{n:nat | i < n}
int(i) -=> ’a -> ’a rlist(n) -> a rlist(n) "

Figure4: An implementatiorof random-accedsstsin de Caml(ll)

datatype ’a rlist with nat =
Nil(0)
| One(l) of 'a
| {n:nat | n > 0} Even(ntn) of (a * ’'a) rlist(n)
| {nnat | n > 0} Odd(h+n+l) of 'a * (a * ’a) rlist(n)

Figure5: A nestedlependendatatypeor randomaccesdists

i is0: it mustbesincei is anaturalnumberandi is lessthanthelengthof | , whichis 1 in thiscase.The
usuallookupfunctioncanbeimplementedasusualor asfollows.

let rec lookup i | =

if i < 0 then raise Subscript
else if i >=length | then raise Subscript
else lookup_safe i
withtype int -> ’a rlist > a

We point out that an implementatiorof random-accesksts is givenin [17], which usesthe featureof
nesteddatatypesOkasakis implementatiorsupportgon average)O(1)-time consingandunconsingopera-
tionsandarethussuperiorto ourimplementatiorin this respect.On the otherhand,the updatefunctionin
Okasakis implementatiorrequiresthe useof somehigherorderfeature which doesnot exist in ourimple-
mentation We view this asanedgeof ourimplementation.

It shouldbe stressedhatnesteddatatypesandDML-style dependentypesareorthogonalto eachothet
For instancewe canform a nesteddependentiatatypen Figure5 for random-accedssts, imitating a cor-
respondinglatatypan [17]. Unfortunatelywe currentlycannotexperimentwith sucha dependentiatatype
becausg@olymorphicrecursionis not supportedn Caml-light.

4.3 Red-Black Trees

A red-blacktree (RBT) is a balancedinarytreewhich satisfieshe following conditions:(a) all leavesare
markedblackandall othernodesaremarkedeitherredor black;(b) for every nodetherearethe samenumber
of blacknodeson every pathconnectinghe nodeto aleaf, andthis numberis calledthe black heightof the
node;(c) thetwo sonsof everyrednodemustbeblack. It isacommonpracticeto usethe RBT datastructure
for implementinga dictionary We declarea datatypan Figure6, which preciselycapturegsheseproperties
of aRBT.



type key == int ;;

sort color == {aint | 0 <= a <=1}
datatype rbtree  with (color, nat, nat) =
EO, 0, 0)
| {c:colorH{cl:color}{cr:color}{bh:nat}
B(O, bh+1, 0) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0)
| {cl:color¥{cr:color}{bh:nat}
R(1, bh, cl+cr) of rbtree(cl, bh, 0) * key * rbtree(cr, bh, 0)
let restore = function
(RR(@a, %, b), vy, ¢, z d -> RB(a x, b), y B, z d)
| (R@ x, R(M, vy, ¢), 1z d -> RB@ x, b), vy, B, z d)
| @& x, RRMb, vy, ¢, z d) -> RB@, X%, b), vy, B, z d)
| (@ %, R, vy, R(c, z d)) -> RB@ X b), y, B, z d)
| (& X, b) -> B(a, X, b)
withtype  {cl:colorH{cr:colori{bh:nat{vl:nat vina t | vitvr <= 1}
rbtree(cl, bh, vl) * key * rbtree(cr, bh, wvr) ->

[c:color] rbtree(c, bh+1, 0)
exception  Item_already exists "

let insert x t =
let rec ins = function
E > R(E, x, E)
| B(@a, vy, b) -> if x <y then restore(ins a, Yy, b
else if y < x then restore(a, y, ins b)
else raise Item_already_exists
| R@ vy, b) > if x <y then R(ns a, y, b)
else if y < x then R(a, y, ins b)
else raise Item_already_exists
withtype  {c:colori{bh:nat}
rbtree(c, bh, 0) ->
[c:color][v:nat | v <= c] rbtree(c, bh, v) in
match ins t with
R@ vy, b) -> B vy, b)
| t >t
withtype  {c:color}{bh:nat} key -> rbtree(c, bh, 0) ->
[bh™:nat] rbtree(O, bh’, 0) ;;

Figure6: A red-blackireeimplementation
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A sortcolor is declaredor thetypeindex expressionsepresentinghe colorsof nodes.We use0 for
blackand1 for red. For simplicity, we useintegersfor keys. Of course onecanreadily useotherordered
datastructures.Thetyperbtree isindexedwith atriple (c, bh, V), wherec is the color of thenode,
bh is theblack heightof thetree,andv is the numberof color violations. We recordonecolor violation if a
red nodeis followed by anothered node,andthusa RBT musthave no color violations. Clearly, the types
of constructorsndicatethatcolor violationscanoonly occurat thetop node.Also, noticethata leaf, thatis,
E, is consideredlack. Giventhe datatypedeclaratiorandthe explanation,it shouldbe clearthatthetype of
aRBT is simply

[c:color][bh:nat] rbtree(c,bh,0) ,

thatis, atreewhich hassometop nodecolor ¢ andsomeblackheightbh but no color violations.

It is aninvolvedtaskto implementRBT. The implementatiorwe presenis basicallyadoptedrom the
onein [17], thoughtherearesomeminor modifications We explain how theinsertionoperatioronaRBT is
implemented Clearly, theinvariantwe intendto captureis thatinsertinganentryinto a RBT yieldsanother
RBT. In otherwords,we intendto declarethattheinsertionoperationis of thefollowing type.

key->[c:color][bh:nat] rbtree(c,bh,0)->[c:color][bh:nat] rbtree(c,bh,0)

If weinsertanentryinto a RBT, somepropertieson RBT maybeviolated. Thesepropertiescanbe restored
throughsomerotationoperationsThefunctionrestore  in Figure6 is definedfor this purpose.
Thetypeof restore is easyto understandlt stateghatthis functiontakesanentry, atreewith atmost
onecolor violation anda RBT andreturnsa RBT tree. The two treesin the agumentmusthave the same
blackheightbh for somenaturalnumberbh andthereturnedRBT hasblackheightbh + 1. Thisinformation
canbe of greathelpfor understandinghe code. If theinformationhadbeeninformally expresseahrough
commentsjt would be difficult to know whetherthe commentscan be trusted. Also noticethatit is not
trivial atall to verify theinformationmanually We couldimaginethatalmosteveryonewho did this would
appreciatehe availability of atype-checlerto performit automatically
Thereis a greatdifferencebetweentype-checkinga patternmatchingclausesn DML andin ML. The
operationalsemanticof ML requiresthat patternmatchingbe performedsequentiallythat is, the chosen
patternmatchingclauseis alwaysthe first onewhich matchesa givenvalue. For instancejn the definition
of thefunctionrestore | if thelastclauseis choserat run-time,thenwe know the argumentof restore
doesnot matcheitherof the clausesaheadof the lastone. This mustbe taken into accountwhenwe type-
checkingpatternmatchingin DML. Oneapproactis to expandpatternsnto disjoint ones.For instancethe
pattern(a, X, b) expandsnto 36 patterndpattern,, x, patterns), wherepattern, andpattern, range
overthefollowing six patternsRB , , B ),RB _, _, E),R(E, ., B ),R(E, _, E),
B _, andE. Unfortunately suchexpansiormayleadto combinatoriakexplosion.An alternatveis to require
the programmetto indicatewhethersuchexpansionis needed. Neither of theseis currently availablein
de Caml, andthe authorhastakenthe incorvenienceto expandpatternsinto disjoint oneswhennecessary
We emphasizéhatthe codein Figure6 mustbe thusexpandedn orderto passtype-checkingn de Caml.
Thoughthis canbefixedstraightforvardly, it is currentlyunclearwhatmethodcansolve the problembest.
The completeimplementatiorof the insertionoperationfollows immediately Notice that the type of
functionins indicatesthatins mayreturnatreewith onecolor violationif it is appliedto a treewith red
topnode.Thisis fixedby replacingthetop nodewith ablackonefor everyreturnedreewith aredtop node.
Moreover, we canuseanextraindex to indicatethe sizeof aRBT. If we doso,we canthenshow thatthe
insert  functionalwaysreturnsaRBT of sizen + 1 whengivena RBT of sizen (notethatanexceptionis
raisedif theinsertedentryalreadyexistsin thetree).Pleaseaeferto [23] for details.

4.4 Binomial Heaps

A binomialtreeis definedrecursvely; abinomialtree By with rank0 consistof asinglenodeandabinomial
treeBy1 of rankk + 1 consistof two linkedbinomialtreesBy, of rankk suchthattherootof oneBy, isthe
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leftmostsonof theotherBy. A binomialheapH is acollectionof binomialtreesthatsatisfythe properties:
(a) eachbinomialtreein H is heap-orderedhatis, thekey of a nodeis greatetthator equalto the key of its

parentand(b) thereis at mostonebinomialtreein H whoseroot hasa givendegree.Pleasaeferto [6] for

details.

We declaresomedatatypesn Figure7 for forming binomialheaps.Thetypetree(n) s for binomial
treesof rankn, andthe typetreelist(n) is for alist of binomial treeswith deceasingranksandn =
m + 1 if thelist is notempty wherem is therankof thefirst binomialtreein thelist. We represenabinomial
heapasa list of binomialtreeswith increasingranks. For a heapof type heap(n) , if n = 0 thentheheap
is empty; otherwisen = m + 1 wherem is the rank of thefirst binomialtreein the heap. Notice thatwe
attachrankto eachtreenodein orderto efficiently computethe rank of atreewhile usingthetype of Node
to guaranteg¢hatthefirst componenbdf eachnodeindeedrepresenttherankof thatnode.

Noticethatthe datatypdor binomialtreesdoesnot capturetheinvariantstatingthatthesetreesareheap-
ordered. This seemgo be beyondthe reachof dependentiatatypes.Also note thatwe would not be able
to capturesomeof theinvariantsif we usedthe ordinarylist constructorsthatis, nil andcons , to form
treelists. This leadsto theintroductionof Tempty , Tcons , Hempty andHcons. This specialfeaturein
programmingvith dependendatatypefasanunpleasantonsequenceayhich we mentionin Section5.

The implementationin Figure 7 and 8 is largely adoptedfrom [17]. Sincethe type for the function
merge is relatively comples, we explain it asfollows. This type statesthat given two binomial heapsof
typesheap(m) andheap(n) , respectiely, this function returnsa binomial heapof type heap(l)  for
somel suchthat! = m if n =0,0rl =nif m =0, orl > min(m,n) > 0 otherwise.

5 Limitation

We mentionsomelimitations of dependentlatatypesn this section.

In orderto captureinvariants,we may have to declarenew datatypesnsteadof usingexisting ones.For
instancewe declaredthe datatypereelist in Figure7 insteadof usingthe existing list constructorgo
form alist of trees.Thereasoris thatwe wantedto only form lists of binomialtreeswith decreasingank.
Similarly, we introducedhedatatypeneap to captureheinvariantthatabinomialheapis alist of treeswith
increasingorder This forcesusto definethe functionto_heap later, which essentiallyreversesa list of
treesandappendt to aheap.If we usedtheexisting list constructorsvithout declaringeitherof treelist
andheap , we couldthenusesomeexisting functionon lists insteadof definingto_heap . In orderwords,
usingdependentiatatypesnaylosesomeopportunitiefor codereuse.

Anotherlimitation can be illustrated using the following example. Let B be the constructordeclared
in Figure 2, which is usedto form Brauntrees. SupposeéhatB(x, |, r) occursin thecodewherethe
programmerknowsfor somereasorthatl isthesamesizeasr or containsonemoreelementout this cannot
be establishedn the type systemof de Caml. In this casethe codeis to be rejectedby the de Camltype-
checler, thoughthe codewill causeno run-timeerror (if we trustthe programmer).The situationis very
similar to the casewherewe move from an untypedprogramminganguagento atypedone. A solutionto
this problemis thatwe introducesomerun-timechecks.For instancewe may definethe following function

andreplaceB(x, |, r) withmake brauntree x | r.
let make brauntree x | r =
let m = size(l) and n = size(r) in
if n <= m&& m<= n+l then B(x, |, r) else raise lllegal_argument

withtype int -> brauntree  -> brauntree  -> brauntree

Thefunctionmake_brauntree  canreadilypassype-checkingn de Caml(we refertheinterestedeader
to [22] for furtherdetails).The penaltyin this caseis thatmake_brauntree  takesO( n) time to build
atreeof sizen, thoughthis canbe avoidedif we storesizeinformationin eachnode.

In general,if the programmeianticipateshe above situationto occurfrequently thensheor he should
eithermale surethat run-time checkscan be doneefficiently or switch backto non-dependendatatypes.
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datatype tree with nat =
{n:nat} Node(n) of int(n) * int  * treelist(n)

and treelist with  nat =
Tempty(0)
| {m:nat}{n:nat | m>= n} Tcons(m+l) of tree(m) * treelist(n)

datatype heap with nat =

Hempty(0)
| {m:nat}{n:nat | n=0V m+l< n} Hcons(m+l) of tree(m) * heap(n)
let rank = function Node(r, _, ) ->r

withtype  {n:nat} tree(n) -> int(n) "

let root = function Node(, X, ) -> X
withtype  {n:nat} tree(n) -> int

let link (Node(r, x1, tsl) as tl) = function
Node( , x2, ts2) as t2 ->
if (x1 <= x2) then Node(r+1, x1, Tcons(t2, tsl))
else Node(r+1, x2, Tcons(tl, ts2))

withtype  {r:nat} tree(r) ->  tree(r) ->  tree(r+1)

let rec insTree t = function
Hempty -> Hcons(t, Hempty)

| Hcons(t, ts) as ts ->
if rank t < rank t then Hcons(t, ts) else insTree (link t t) ts
withtype  {r:nat}{n:nat | n=0V r <n}
tree(r) -> heap(n) -> [lnat | T >1r1] heap(l) ;

let insert x hp = insTree (Node(0, x, Tempty)) hp
withtype int -> [n:nat] heap(n) -> [mnat | n > 0] heap(n)

let rec merge = function
(hpl, Hempty) -> hpl
| (Hempty, hp2) -> hp2
| (Hcons(t1, hpl) as hpl), (Hcons(t2, hp2) as hp2) ->
if rank tl1 < rank t2 then Hcons(tl, merge(hpl’, hp2))
else if rank t1 > rank t2 then Hcons(t2, merge(hpl, hp2’))
else let hp = merge(hpl’, hp2) in insTree (link t1 t2) hp
withtype  {m:nat}{n:nat} heap(m) * heap(n) ->
[l:nat | M =0AN I =mV (m=0AMAN 1 =n)V
(I >= min(m, n) > 0)] heap(l)

Figure7: An implementatiorof binomialheapinde Caml(l)
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exception  Heap_is_empty ;;

let rec removeMinTree = function
Hempty -> raise Heap_is_empty
| Hcons(t, Hempty) -> (t, Hempty)
| Hcons(t, hp) ->
let (t, hp) = removeMinTree hp in
if root t < root t then (t, hp) else (t, Hcons(t, hp))
withtype  {n:nat}
heap(n) ->
[r:nat][l:nat | I =0V | >=n > 0] (tree(r) * heap(l)) "

let findMin hp =let (t, ) = removeMinTree hp in root t
withtype  {n:nat} heap(n) -> int

let rec to_heap hp = function

Tempty -> hp
| Tcons(t, ts) -> to_heap (Hcons(t, hp)) ts
withtype  {m:nat}{n:nat | m=0V m> n}
heap(m) -> treelist(n) -> heap ;;

let deleteMin hp =
let (Node(, x, ts), hp) = removeMinTree hp
in merge (to_heap Hempty ts, hp)

withtype  heap -> heap ;;

Figure8: An implementatiorof binomialheapin de Caml(ll)

We recommendhat the programmeiavoid complex encodingsvhenusingdependentiatatypego capture
invariantsin datastructures.

6 Related Work

Theuseof type systemsn programerrordetectionis ubiquitous.Usually, the typesin generapurposepro-
gramminglanguagesuchasML andJavaarerelatively inexpressve for the sale of practicaltype-checking.
In theselanguagesthe useof typesin programverificationis effective but too limited. Our work canbe
viewedasproviding a moreexpressie type systento allow the programmeto capturemoreprogramprop-
ertiesthroughtypesandthuscatchmoreerrorsat compile-time.As a consequenceypescansene asinfor-
mative programdocumentationfacilitating programcomprehensionWe assignpriority to the practicality
of type-checkingn our languageadesignandemphasize¢he needfor restrictingthe expressvenesof atype
system.

In [21], we have comparedour work with sometraditionaldependentype systemssuchasthe ones
underliningCoq[8] andNuPrl[5], which arefar morerefinedthanthetype systemof DML. There,we also
give comparisorto the notion of indexed types[25] (an earlierversionof which is describedn [24]), the
notionof refinementypes|9, 7], thenotionof sizedtypes[13], andtheprogrammindanguageCayennd1l].

Therehave beenmary recentstudieson the useof nesteddatatypeg?2] in constructing(sophisticated)
datatypego capturemoreinvariantsin datastructures.For instancega variety of examplescanbe foundin
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[3, 18, 10, 12, 11]. We feel thatthe advantageof this approachs thatit requiresrelatively minor language
extensionswhich mayincludepolymorphicrecursionhigherorderkinds, rank-2polymorphismto existing

functional programminglanguagesuchasHaslell, while type-checkingn DML is muchmoreinvolved.

On the otherhand,this approachseemdessflexible, often requiringsomeinvolved treatmentat both type

and programlevel. The importantnotion of datatyperefinementin DML cannotbe capturedwith nested
datatypesFor instanceijt is impossibleto form a nesteddatatypehatcancapturethe notionof thelengthof

alist sincethis would imply thatonecould simply usetypesto distinguishnon-emptylists from emptyones.
In generalwe think thatthesetwo approacheareessentiallyorthogonain spiteof somesimilar motivations
behindtheir developmentandthey canbereadilycombinedwith little effort.

7 Conclusion

The useof dependentatatypesn capturinginvariantsin datastructuredss novel. This practicecanoffer
mary advantagesvhenwe implementalgorithmsin advancedorogrammindanguagegquippedwvith sucha
mechanismThe mostsignificantadvantagds probablyin programerrordetection.We arguedin Sectionl
that the imprecisionof datatypesn StandardVL or Haslell in capturinginvariantscan be a rich source
for run-time programerrors. In addition, the dependentype annotationsuppliedby the programmerare
mechanicallyverified and canthus be fully trusted. They cansene as valuableprogramdocumentation,
facilitatingprogramunderstandingT herearealsovarioususesof dependentlatatype$n compileroptimiza-
tion.

Type-checkingn DML is largely independenbf the size of a programsincea type-checkingunit is
roughly the body of a toplevel function. In generalwhatmattersin type-checkings the difficulty level of
the propertieghatareto be checled. A moreseriousissueis how to reporterror messages caseof type
errors.Thetype-checkingn de Camlimplementsatop-downn stylealgorithm,which usuallypinpointsto the
locationof atype error. Unfortunately the authorfinds thatit may often be surprisinglydifficult to figure
outthe causeof atypeerror. Onthe positive side,thetype-checlkrof de Camlis oftencapableof detecting
a variety of subtleerrors. For instance the authoronceusedEven(l1, 12) to form a random-list(in
Figure3) andthetype-checkrraisedanerrorbecausdt couldnotprovethatll cannotbeNil . If thishad
goneunnoticed,it would have invalidatedsomeinvariantassumedy the programmerpotentially causing
(difficult) run-timeerrors. We arecurrentlyin the procesf gatheringmore statisticsregardingthe useof
deCaml.

The usualfocus of datastructuredesignis mainly on enhancingime and/orspaceefficiencgy, andless
attentionis paidto programerrordetection.Theintroductionof dependendatatypegrovidesanopportunity
to remedythessituation.In generalwe areinterestedn promotingthe useof light-weightformal methodsn
practicalprogramminggnhancingherobustnes®of programs.We have presenteddomeconcreteexamples
of dependentiatatypesn this paperin supportof sucha promotion. We hopetheseexamplescanraisethe
awarenes®f dependentlatatypesndtheir usein implementingalgorithms.
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