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We show that the standard decoding algorithm for BCH codes can be modified to run in time polynomial
in the length of the syndrome. This works for BCH codes over any field GF'(q), which include Hamming
codes in the binary case and Reed-Solomon for the case n = ¢ — 1. BCH codes are handled in detail in
many textbooks (e.g., [VL92]); our presentation hereis quite terse. For simplicity, we only discuss primitive,
narrow-sense BCH codes here; the discussion extends easily to the general case.

The algorithm discussed here has been revised due to an error pointed out by Ari Trachtenberg. Its
implementation is available [HJR].

WEe'll use a dightly non-standard formulation of BCH codes. Let n = ¢ — 1 (in the common binary
case, ¢ = 2). We will work in two finite fields: GF(q) and alarger extension field 7 = GF'(¢™). BCH
codewords, formally defined below, arethen vectorsin GF(¢)™. In most common presentations, oneindexes
the n positions of these vectors by discrete logarithms of the elements of F7*: position ¢, for 1 < ¢ < n,
corresponds to o, where o generates the multiplicative group F*. However, there is no inherent reason
to do so: they can be indexed by elements of F directly rather than by their discrete logarithms. Thus,
we say that a word has value p, at position z, where z € F*. If one ever needs to write down the entire
n-character word in an ordered fashion, one can choose arbitrarily a convenient ordering of the elements
of F (e.g., by using some standard binary representation of field elements); for our purposes this is not
necessary, as we do not store entire n-bit words explicitly, but rather represent them by their supports:
supp(v) = {(x,pz) | p= # 0}. Note that for the binary case, we can define supp(v) = {z | p» # 0},
because p.. can take only two values: 0 or 1.

Our choice of representation will be crucial for efficient decoding: in the more common representa-
tion, the last step of the decoding agorithm requires one to find the position 4 of the error from the field
element o’. However, no efficient algorithms for computing discrete logarithm are known if ¢™ is large
(indeed, alot of cryptography is based on the assumption that such efficient algorithm does not exist). In
our representation, the field element o will in fact be the position of the error.
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Definition 1. The (narrow-sense, primitive) BCH code of designed distance § over GF'(q) (of lengthn > §)
is given by the set of vectors of the form (Cz)xe]-'* such that each ¢, isin the smaller field GF(q), and the

vector satisfies the constraints ) | _ . cext = 0,fori = 1,...,0 — 1, with arithmetic done in the larger
field F.

To explain this definition, let us fix a generator « of the multiplicative group of the large field F*. For
any vector of coefficients (c,) we can define a polynomial

c(z) = Z cp 2108

z€GF(qgm)*

TeF*’

where dlog(x) is the discrete logarithm of x with respect to «. The conditions of the definition are then
equivalent to the requirement (more commonly seen in presentations of BCH codes) that c(a?) = 0 for
i=1,...,0 — 1, because (a*)4198(*) = (qdlo8(*))i — 47,

We can simplify this somewhat. Because the coefficients ¢, arein GF(q), they satisfy ¢ = c,. Using
the identity (z + )7 = 27 + y?, which holds even in the large field 7, we have c(a’)7 = 3, cia™ =
c(a?). Thus, roughly a1/q fraction of the conditionsin the definition are redundant: we only need to check
that they hold for i € {1,...,6 — 1} suchthat ¢ /i.

The syndrome of a word (not necessarily a codeword) (p;).cr+ € GF(q)™ with respect to the BCH
code above is the vector

syn(p) = p(a'),...,p(@’™"), where p(a’) = > p.a’
TzeF*

As mentioned above, we do not in fact have to include the values p(a?) such that g|i.

COMPUTING WITH Low-WEIGHT WORDS. A low-weight word p € GF(¢q)™ can be represented either as
along string or, more compactly, as alist of positions whereit is nonzero and its values at those points. We
call this representation the support list of p and denote it supp(p) = {(x,px)}zzp#o.

Lemma 1. For ag-ary BCH code C of designed distance §, one can compute:

e syn(p) fromsupp(p) in time polynomial in ¢, log n, and |supp(p)|, and

e supp(p) fromsyn(p) (when p hasweight at most (6 — 1)/2), in time polynomial in ¢ and log n.
Proof. Recall that syn(p) = (p(a),...,p(a’~')) where p(a’) = Y, pez'. Part (1) is easy, since to
compute the syndrome we only need to compute the powers of x. This requires about ¢ - weight(p) multi-

plicationsin F. For Part (2), we adapt Berlekamp's BCH decoding algorithm, based on its presentation in
[VL92]. Let M = {z € F*|p, # 0}, and define

o(2) « H (1—22z) and w(z) def o (2) Z DXz

zEM €M (1-22)

Since (1 — zz) divides o (z) for z € M, we see that w(z) isin fact a polynomial of degree at most | M| =
weight(p) < (§ — 1)/2. The polynomials o(z) and w(z) are known as the error locator polynomial and
evaluator polynomial, respectively; observe that ged(o(z),w(z)) = 1.

We will in fact work with our polynomials modulo z°. In this arithmetic the inverse of (1 — zz) is
S0 (x2)1 that is

)
(1—2z2) Z:czf 1'=1 mod 2°.
=1
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We are given p(a’) for £ = 1,..,8. Let S(2) = Y9-;p(a’)z'. Notethat S(z) = X ,cp poris
mod z%. Thisimplies that
S(z)o(z) =w(z) mod 2.

Thepolynomiaso(z) and w(z) satisfy thefollowing four conditions: they are of degreeat most (6—1)/2
each, they are relatively prime, the constant coefficient of o is 1, and they satisfy this congruence. In fact,
let w'(2),0’(z) be any nonzero solution this congruence, where degrees of w’(z) and o’(z) are at most
(0 —1)/2. Thenw'(z)/0'(2) = w(z)/o(z). (To see why thisis so, multiply the initial congruence by ¢/()
to get w(2)o’(2) = o(2)w'(2) mod z°. Since the both sides of the congruence have degree at most § — 1,
they are in fact equal as polynomials.) Thus, there is at most one solution o(z),w(z) satisfying all four
conditions, which can be obtained from any ¢’(z),w’(2) by reducing the resulting fraction w'(z)/0'(z) to
obtain the solution of minimal degree with the constant term of o equal to 1.

Finally, the roots of o(z) arethe pointsz~! for = € M, and the exact value of p,. can be recovered from
w(z™!) = p, [lyenryna(l— yx~1) (thisis only needed for ¢ > 2, because for ¢ = 2, p, = 1). Note that
it is possible that a solution to the congruence will be found even if the input syndrome is not a syndrome
of any p with weight(p) > (6 — 1)/2 (it is also possible that a solution to the congruence will not be found
at al, or that the resulting o(z) will not split into distinct nonzero roots). Such a solution will not give
the correct p. Thus, if there is no guarantee that weight(p) is actualy at most (6 — 1)/2, it is necessary to
recompute syn(p) after finding the solution, in order to verify that p isindeed correct.

Representing coefficients of o/(z) and w’(z) as unknowns, we see that solving the congruence requires
only solving asystem of § linear equations (one for each degree of z, from0to §—1) involving 6+ 1 variables
over F, which can bedonein 0(53) operationsin F using, e.g., Gaussian elimination. The reduction of the
fractionw’(2) /0’ (z) requires simply running Euclid’'s algorithm for finding the g.c.d. of two polynomials of
degree less than §, which takes O(62) operationsin JF. Suppose the resulting o has degree e. Then one can
find the roots of o asfollows. First test that o indeed has e distinct roots by testing that o(2)|29" — z (this
is a necessary and sufficient condition, because every element of F isaroot of 27" — z exactly once). This
can be done by computing (29" mod o(z)) and testing if it equals z mod o; it takes m exponentiations of a
polynomial to the power ¢, i.e., O((mlog q)e?) operationsin F. Then apply an equal-degree-factorization
agorithm (e.g., as described in [Sho05]), which also takes O((mlog q)e?) operationsin F. Finaly, after
taking inverses of the roots of F and finding p,. (which takes O(e?) operationsin ), recompute syn(p) to
verify that it is equal to the input value.

Because mlog g = log(n+1) and e < (6 — 1)/2, thetotal running timeis O(4° + 62 log n) operations
in F; each operation in F can donein time O(log? n), or faster using advanced techniques.

One can improve this running time substantially. The error locator polynomia o () can be found in
O(log 0) convolutions (multiplications) of polynomials over F of degree (§ — 1)/2 each [Bla83, Section
11.7] by exploiting the special structure of the system of linear equations being solved. Each convolution
can be performed asymptotically intime O(4 log ¢ log log 0) (see, e.g., [vzGG03]), the total time required to
find o gets reduced to O(J log? § log log &) operation in F. This replaces the §° term in the above running
time.

While this is asymptotically very good, Euclidean-algorithm-based decoding [SKHN75], which runs
in O(62) operations in F, will find (=) faster for reasonable values of § (certainly for § < 1000). The
algorithm finds o asfollows:

set Rga(z) « 2°71, Rew(2) — S(2)/2, Vou(z) < 0, Vew(2) < 1.
whi | e deg(Rcur(Z)) > (5 - 1)/2:
divide Rg,q(z) by Rew(z) to get quotient ¢(z) and remai nder Ryey(2);



set Vnew(z) — old(z) - Q(z)‘/cur(z);
set Rold(z) — Rcur(z); Rcur(z) — Rnew(z)y Vold(z> — %ur(z)a ‘/Cur(z) — Vnew(z)-
set ¢« Vour(0); set o(z) «— Vew(2)/c and w(z) « z- Rewr(2)/c

In the above agorithm, if ¢ = 0, then the correct o(z) does not exigt, i.e., weight(p) > (6 — 1)/2. The
correctness of this algorithm can be seen by observing that the congruence S(z)o(z) = w(z) (mod 2%) can
have z factored out of it (because S(z), w(z) and 2° are all divisible by z) and rewritten as (S(z)/2)o(2) +
u(2)29~1 = w(z)/z, for someu(z). Theobtained o is easily shown to be the correct one (if one exists at all)
by applying [Sho05, Theorem 18.7] (to use the notation of that theorem, set n = 2°~1, y = S(2)/z,t* =
r*=0-1)/2," =w(2)/z,§ =u(z),t =a(2)).

The root finding of ¢ can also be sped up. Asymptotically, detecting if a polynomia over F =
GF(¢™) = GF(n + 1) of degree e has e distinct roots and finding these roots can be performed in
time O(e!815(1og n)%-4°7) operations in F using the algorithm of Kaltofen and Shoup [KS95], or in time
O(e? + (logn)elogelogloge) operations in F using the EDF algorithm of Cantor and Zassenhaus!.
For reasonable values of e, the Cantor-Zassenhaus EDF algorithm with Karatsuba's multiplication algo-
rithm [KO63] for polynomials will be faster, giving root-finding running time of O(e? + ¢'°823 log n) oper-
ationsin F. Note that if the actual weight e of p is close to the maximum tolerated (§ — 1)/2, then finding
the roots of o will actually take longer than finding o. O

A DUAL VIEW OF THE ALGORITHM. Readers may be used to seeing a different, evaluation-based formu-
lation of BCH codes, in which codewords are generated as follows. Let F again be an extension of GF(q),
and let n be the length of the code (note that |F*| is not necessarily equal to » in this formulation). Fix
distinct 1, zo,...,2, € F. For every polynomial ¢ over the large field F of degree at most n — ¢, the
vector (c(x1), c(z2),...c(zy)) isacodeword if and only if every coordinate of the vector happensto bein
the smaller field: ¢(x;) € GF(q) for al i. In particular, when F = GF(q), then every polynomial leads to
a codeword, thus giving Reed-Solomon codes.

The syndrome in this formulation can be computed as follows: given a vector y = (y1,92,...,Yn)
find the interpolating polynomial P = p,,_ 12"~ 4 p,,_22" "2 + --- + po over F of degree at most n — 1
such that P(z;) = y; for al i. The syndrome is then the negative top § — 1 coefficients of P: syn(y) =
(=Pn—1, =Pn-2,- -, —Pn—(5—-1))- (Itiseasy to seethat thisisasyndrome: it isalinear function that is zero
exactly on the codewords.)

When n = |F| — 1, we can index the n-component vectors by elements of F*, writing codewords as
(c(x))zer+. In this case, the syndrome of (y,).cr+ defined as the negative top 6 — 1 coefficients of P
such that Vo € F*, P(x) = y, isequal to the syndrome defined following Definition1as ) _» yzx* for
i=1,2,...,6 — 1. ? Thus, whenn = | F| — 1, the codewords obtained via the eval uation-based definition
areidentical to the codewords obtain via Definition 1, because codewords are simply elements with the zero
syndrome, and the syndrome maps agree.

Thisis an example of a remarkable duality between evaluations of polynomials and their coefficients:
the syndrome can be viewed either as the evaluation of a polynomial whaose coefficients are given by the
vector, or as the coefficients of the polynomial whose evaluations are given by a vector.

1See [Sho05, Section 21.3], and substitute the most efficient known polynomial arithmetic. For example, the procedures de-
scribed in [vzGGO03] take time O(e log e log log ¢) instead of time O(e?) to perform modular arithmetic operations with degree-c
polynomials.

2 This statement can be shown as follows: because both maps are linear, it is sufficient to prove that they agree on a vector
(Y2 )zer= SUchthat y, = 1 for somea € F* andy, = 0 for z # a. For such avector, > _ y.2* = a’. On the other hand,
the interpolating polynomial P(x) such that P(x) = y, is —az" ! —a?z™ 2 — ... — a" "'z — 1 (indeed, P(a) = —n = 1;
furthermore, multiplying P(x) by = — a givesa(z™ — 1), whichiszero on al of F*; hence P(z) is zero for every x # a).
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The syndrome decoding algorithm above has a natural interpretation in the evaluation-based view. Our
presentation is an adaptation of Welch-Berlekamp decoding as presented in, e.g., [Sud01, Chapter 10].

Supposen = |F| — 1 and zy, ..., x,, are the non-zero elements of thefield. Let y = (y1,v2,...,yn) be
avector. We are given itssyndrome syn(y) = (=pn—1, —Pn-2; - - s —Pn—(5-1))s Wher€p,_1,..., pp_(5-1)
are the top coefficients of the interpolating polynomial P. Knowing only syn(y), we need to find at most
(6 — 1)/2 locations x; such that correcting all the corresponding y; will result in a codeword. Suppose that
codeword isgiven by adegree-(n — &) polynomial c. Notethat ¢ agreeswith P on al but the error locations.
Let p(z) be the polynomial of degree at most (6 — 1)/2 whose roots are exactly the error locations. (Note
that o (z) from the decoding algorithm aboveis the same p(z) but with coefficientsin reverse order, because
the roots of o are the inverses of the roots of p.) Then p(z) - P(z) = p(z) - c(z) for z = z1,x9, ..., Ty.
Sincez, .., z,, areal the nonzero field elements, [, (= — x;) = 2™ — 1. Thus,

p(z)-c(z) = p(z)- P(z) mod H(z —z;) = p(z)-P(z)mod (z" —1).
i=1

If we write the left-hand side as o, 12" ! 4 a,—22™ 2 + - - - + oy, then the above equation implies
that a1 = -+ = a,,_(5-1)/2 = 0 (because the degree if p(z) - c(z) isat most n — (§ + 1)/2). Because
Qn—1;- -, 0y (5-1)/2 depend on the coefficients of p as well ason p,—1, ..., p,_(5-1), but not on lower
coefficients of P, we obtain a system of (6 — 1)/2 equations for (6 — 1)/2 unknown coefficients of p. A
careful examination showsthat it is essentially the same system as we had for o(z) in the algorithm above.
The lowest-degree solution to this system is indeed the correct p, by the same argument which was used
to prove the correctness of ¢ in Lemma 1. The roots of p are the error-locations. For ¢ > 2, the actual
corrections that are needed at the error locations (in other words, the light vector corresponding to the given
syndrome) can then be recovered by solving the linear system of equations implied by the value of the
syndrome.
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