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Algorithms
F O U R T H  E D I T I O N

R O B E R T  S E D G E W I C K   K E V I N  W A Y N E

4.4  SHORTEST PATHS

‣ edge-weighted digraph API
‣ shortest-paths properties
‣ Dijkstra's algorithm
‣ edge-weighted DAGs
‣ negative weights



Given an edge-weighted digraph, find the shortest (directed) path from s to t.
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Shortest paths in a weighted digraph

An edge-weighted digraph and a shortest path

4->5  0.35 
5->4  0.35 
4->7  0.37 
5->7  0.28 
7->5  0.28 
5->1  0.32 
0->4  0.38
0->2  0.26 
7->3  0.39 
1->3  0.29 
2->7  0.34
6->2  0.40 
3->6  0.52
6->0  0.58
6->4  0.93 

0->2  0.26
2->7  0.34
7->3  0.39
3->6  0.52 

edge-weighted digraph

shortest path from 0 to 6



Google maps
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Continental U.S. routes (August 2010)
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Shortest outgoing routes on the Internet from Lumeta headquarters

map by Lumeta Corporation, March 8, 2006

Lumeta mapping host

h65-198-68-33.lumeta.com

651.ATM1-0.GW2.NYC8.ALTER.NET

171.at-5-0-0.XR1.NYC8.ALTER.NET

0.so-2-2-0.XL1.NYC8.ALTER.NET

0.so-0-3-0.XL1.NYC4.ALTER.NET

0.so-6-0-0.BR1.NYC4.ALTER.NET

so-3-1.car1.NewYork1.Level3.net

aol-gw.wswdc.ip.att.net

if-4-3.core1.NTO-NewYork.teleglobe.net

(auth51.ns.uu.net)

ae-1-51.bbr1.NewYork1.Level3.net

tbr1-g3331.n54ny.ip.att.net

POS6-0.BR3.NYC8.ALTER.NET

(auth51.ns.uu.net)

if-10-0.core3.NQT-NewYork.teleglobe.net

tbr1-cl14.cgcil.ip.att.net

if-9-0.core2.MTT-Montreal.Teleglobe.net

ix-0-0.core2.MTT-Montreal.teleglobe.net

0.so-7-0-0.XL1.CHI2.ALTER.NET

core3-montreal02-pos6-2.in.bellnexxia.net

0.so-6-0-0.BR2.NYC4.ALTER.NET

bcs1-so-5-1-0.NewYork.savvis.net

tbr2-g3301.n54ny.ip.att.net

(auth51.ns.uu.net)

tbr2-cl15.wswdc.ip.att.net

0.so-6-1-0.BR6.CHI2.ALTER.NET

171.at-6-0-0.XR2.NYC8.ALTER.NET

0.so-2-2-0.XL2.NYC8.ALTER.NET

0.so-4-0-0.TL1.NYC8.ALTER.NET

0.so-6-0-0.XL1.CHI13.ALTER.NET

if-11-0.mcore3.NJY-Newark.teleglobe.net

sl-bb26-nyc-6-0.sprintlink.net

(auth51.ns.uu.net)

0.so-2-0-0.IL1.NYC9.ALTER.NET

0.so-0-0-0.IR1.NYC12.ALTER.NET

sl-bb23-pen-12-0.sprintlink.net ewr-core-01.inet.qwest.net

POS6-0.GW1.CHI13.ALTER.NET

if-9-0.core1.TTT-Scarborough.teleglobe.net
ewr-core-02.inet.qwest.net

ix-2-0.core1.TTT-Scarborough.teleglobe.net
(toroon63nszp05.srvr.bell.ca)

0.so-7-0-0.XL1.MIA4.ALTER.NET

0.so-3-0-0.XL1.ATL5.ALTER.NET

p14-2.core02.jfk02.atlas.cogentco.com

tbr1-cl17.attga.ip.att.net

0.so-4-0-0.GW13.ATL5.ALTER.NET

bellsouth-atl-gw.customer.alter.net

0.so-6-0-0.XL1.IAD8.ALTER.NET

sl-bb23-nyc-8-0.sprintlink.net

0.so-6-0-0.XL1.SEA1.ALTER.NET

0.so-7-0-0.XL1.NYC9.ALTER.NET

tbr2-cl22.cgcil.ip.att.net

0.so-1-2-0.XL1.NYC1.ALTER.NET

POS6-0.BR1.NYC9.ALTER.NET

p4-1-1-0.r04.nycmny01.us.bb.verio.net

(toroon63nszp05.srvr.bell.ca)

(auth51.ns.uu.net)

wcgGigECHI-gw.customer.alter.net

sl-bb20-chi-12-0.sprintlink.net

ae-2-52.bbr2.NewYork1.Level3.net

bcs1-so-6-0-0.Washington.savvis.net

p2-0.core01.jfk02.atlas.cogentco.com

0.so-5-0-0.XL1.LAX1.ALTER.NET

POS6-0.BR2.NYC8.ALTER.NET

(auth51.ns.uu.net)

rtp620975rts

sl-bb20-pen-14-0.sprintlink.net

POS6-0.GW12.NYC1.ALTER.NET

tbr2-cl7.sl9mo.ip.att.net

POS6-0.GW2.IAD8.ALTER.NET

axr00asm-0-0-0.bellsouth.net

0.so-7-3-0.XL1.EWR6.ALTER.NET

ae-0-0.bbr2.Chicago1.Level3.net

(toroon63nszp05.srvr.bell.ca)

dcr2-so-3-0-0.Chicago.savvis.net

(ns3.broadwing.net)

sl-bb22-pen-14-0.sprintlink.net

sl-bb21-fw-15-0.sprintlink.net

dcr1-so-5-0-0.Chicago.savvis.net

so-5-0-0.cr2.lga1.us.above.net

0.so-6-0-0.CL1.LAX15.ALTER.NET

tbr1-cl8.phlpa.ip.att.net

ae-1-0.bbr1.London1.Level3.net

bcs2-so-4-0-0.Washington.savvis.net

0.so-7-0-0.XL1.DCA5.ALTER.NET

p16-0-1-3.r21.nycmny01.us.bb.verio.net

pos5-2.cr02.nyc01.pccwbtn.net

brvwil1wcx3-pos1-1-oc48.wcg.net

0.so-7-0-0.XL1.NOL1.ALTER.NET

0.so-6-0-0.XL1.DCA6.ALTER.NET

dis23-montreal02-Gigabite1-1.in.bellnexxia.net

(toroon63nszp05.srvr.bell.ca)

sl-gw39-nyc-1-0.sprintlink.net

sl-bhart-1-0.sprintlink.net

sl-bb20-atl-11-0.sprintlink.net

510.ATM6-0.IG4.NYC4.ALTER.NET

POS6-0.GW2.CHI13.ALTER.NET

(dnsdel.mantraonline.com)

POS6-0.GW2.LAX15.ALTER.NET

p5-0-0.RAR1.NYC-NY.us.xo.net

POS4-0.GW1.EWR6.ALTER.NET

0.so-4-0-0.GW5.NOL1.ALTER.NET

bs-nol-gw1.customer.alter.net

axr01asm-0-0-0.bellsouth.net

dcr4-so-0-0-0.NewYork.savvis.net
(ns1.savvis.net)

0.so-6-0-0.BR1.DCA5.ALTER.NET

0.so-7-0-0.XL1.SAC1.ALTER.NET

core1-newyork83-pos1-1.in.bellnexxia.net

p12-0.core01.mci01.atlas.cogentco.com

so5-0-0-2488M.ar1.SJC2.gblx.net

(auth51.ns.uu.net)
sl-st21-ash-12-0.sprintlink.net

sl-bb27-fw-13-0.sprintlink.net

sl-franc2-7-0.sprintlink.net

p5-0.core01.bos01.atlas.cogentco.com

rtp628532rts
(toroon63nszp05.srvr.bell.ca)

ge-3-0-0-51.gar1.NewYork1.Level3.net

POS6-0.BR2.SEA1.ALTER.NET

0.so-7-0-0.XT1.DFW9.ALTER.NET

tbr2-cl1474.ormfl.ip.att.net

ge-4-1-0--0.cr01.chcg.eli.net

(toroon63nszp05.srvr.bell.ca)

tbr1-cl27.wswdc.ip.att.net
tbr1-cl4.sl9mo.ip.att.net

tbr1-cl1.sffca.ip.att.net

(toroon63nszp05.srvr.bell.ca)

0.so-7-0-0.CL1.BOS4.ALTER.NET

so-1-0-0.mpr2.iad1.us.above.net

allstream-gw.customer.alter.net

sl-gw40-nyc-14-0.sprintlink.net

p6-0-0.RAR2.Chicago-IL.us.xo.net

0.so-7-0-0.XL1.ATL4.ALTER.NET

brvwil1wcx2-pos12-0-oc48.wcg.net

(toroon63nszp05.srvr.bell.ca)

p4-0.c0.wash.broadwing.net

(auth51.ns.uu.net)

bb2-nye-P0-0.atdn.net

p16-1-1-0.r20.nycmny01.us.bb.verio.net

so-6-0-0.cr1.lga1.us.above.net

0.so-7-0-0.XL1.PAO1.ALTER.NET

Asia-Netcom-Corporation-San-Jose.ge-2-2-1.ar1.SJC2.gblx.net

0.so-3-0-0.CL1.MIA4.ALTER.NET

sl-st20-dal-13-0.sprintlink.net

sl-bb27-nyc-6-0.sprintlink.net

sl-sbcint-3-0.sprintlink.net

(toroon63nszp05.srvr.bell.ca)

ae-0-0.bbr1.LosAngeles1.Level3.net

POS5-0.XR1.SEA1.ALTER.NET

telecomitalia-gw.customer.alter.net

POS6-0.GW1.LAX1.ALTER.NET

0.so-4-0-0.XL2.LAX1.ALTER.NET

sl-bb22-ana-12-0.sprintlink.net

p5-0-0.RAR2.NYC-NY.us.xo.net

0.so-1-0-0.XL1.SJC1.ALTER.NET

ix-8-0.core1.NTO-NewYork.teleglobe.net

gw02.bloor.phub.net.cable.rogers.com

tbr2-cl21.la2ca.ip.att.net

0.so-1-1-0.XL2.LAX7.ALTER.NET

0.so-4-0-0.GW8.MIA4.ALTER.NET

0.so-7-1-0.BR1.LAX7.ALTER.NET

(auth51.ns.uu.net)

bs-mia-gw2.customer.alter.net

sl-sbcint-4-0.sprintlink.net

axr00msy-0-0-0.bellsouth.net

tbr2-cl6.dlstx.ip.att.net

reach-gw.customer.alter.net

telia-gw.customer.alter.net

as-3-0.bbr2.Washington1.Level3.net

(toroon63nszp05.srvr.bell.ca)

p6-0-0.RAR1.Washington-DC.us.xo.net

nyk-bb1-pos7-2-0.telia.net

POS6-0.GW3.IAD8.ALTER.NET

chi-core-01.inet.qwest.net

tbr2-cl11.st6wa.ip.att.net

netifice-ashburn-gw.customer.alter.net

if-1-0.mcore4.NQT-NewYork.teleglobe.net

POS6-0.GW5.SAC1.ALTER.NET

POS6-0.BR3.DCA6.ALTER.NET

bb2-p2-1.rcsntx.sbcglobal.net

gar4-p300.n54ny.ip.att.net

ge-0.colt-telecom.nycmny01.us.bb.verio.net

0.so-7-0-0.XL1.DFW13.ALTER.NET

ae-0-0.bbr1.Dallas1.Level3.net

0.so-7-0-0.XR3.NYC4.ALTER.NET

as-2-0.bbr1.Atlanta1.Level3.net

telus-communications.Chicago.savvis.net

so-1-0-0.TR2.FFT1.ALTER.NET

193.ATM7-0.GW3.LAX1.ALTER.NET

POS6-0.XR1.SJC7.ALTER.NET

p16-1-1-1.r21.sttlwa01.us.bb.verio.net

p13-0.core01.phl01.atlas.cogentco.com

moduslink-gw.customer.alter.net

POS6-0.GW12.NYC4.ALTER.NET

p64-1-3-0.r21.tokyjp01.jp.bb.verio.net

sl-gw13-stk-4-1-0-15-TS0.sprintlink.net

tbr2-cl32.dvmco.ip.att.net

0.so-2-0-0.TL1.SAC1.ALTER.NET

0.POS6-0.IR1.SAC1.ALTER.NET

sl-bb20-stk-1-0.sprintlink.net

dis3-toronto63-pos1-0-0.in.bellnexxia.net

0.so-3-0-0.XL1.DEN4.ALTER.NET

so-0-0-0.TR1.LND9.ALTER.NET

dcr1-as0-0.LosAngeles.savvis.net

internap-gw.customer.alter.net

sl-bb21-orl-2-0.sprintlink.net

ae-0-0.bbr2.SanJose1.Level3.net

sl-bb20-par-11-0.sprintlink.net

po12-0.cr1.nrt1.asianetcom.net

sl-st21-chi-1-0.sprintlink.net

sl-timewarner-14-0.sprintlink.net

cnuninet2-gw.customer.alter.net

relianceinfo-gw3.customer.alter.net

POS6-0.GW11.SEA1.ALTER.NET

(auth03.ns.uu.net)

so-4-0-0.TR1.STK2.ALTER.NET

p4-0.core02.dca01.atlas.cogentco.com

sl-bb25-chi-8-0.sprintlink.net

so-1-0-0.mp2.Philadelphia1.Level3.net

POS6-0.GW1.NYC4.ALTER.NET

bb2-p2-1.emhril.ameritech.net

sl-bb25-sj-13-0.sprintlink.net

axr00mia-0-0-0.bellsouth.net

0.so-6-0-0.GW15.NYC4.ALTER.NET

POS6-0.GW2.SJC7.ALTER.NET

sl-st20-sj-12-0.sprintlink.net

ae-22-52.car2.NewYork1.Level3.net

dis17-ottawa23-Gigabite1-1.in.bellnexxia.net

so-2-0-0.XR1.FFT4.ALTER.NET

ae-1-0.bbr1.Frankfurt1.Level3.net

aer1-ge-2-1.newyork.savvis.net

0.so-7-1-0.BR6.DFW9.ALTER.NET

(toroon63nszp05.srvr.bell.ca)

0.ge-7-3-0.XR1.STK3.ALTER.NET

ixc00asm-4-0.bellsouth.net

sl-bb24-rly-0-0.sprintlink.net

sl-sbcint-1-0.sprintlink.net

sl-bb25-pen-8-0.sprintlink.net

sl-bb22-chi-14-0.sprintlink.net

0.so-7-0-0.XL1.CHI1.ALTER.NET

POS6-0.GW4.MIA4.ALTER.NET

sl-bb20-stk-13-0.sprintlink.net

rc2sh-pos13-0.mt.shawcable.net

dcr1-so-3-0-0.Atlanta.savvis.net

p4-0.core01.dca01.atlas.cogentco.com

gw02.wlfdle.phub.net.cable.rogers.com

0.so-6-0-0.XL1.MSP1.ALTER.NET

POS6-0.IG3.MIA4.ALTER.NET

sl-gw31-nyc-0-0.sprintlink.net

p14-0.core01.yyz01.atlas.cogentco.com

0.so-7-0-0.CL1.KCY4.ALTER.NET

p11-0.core02.par02.atlas.cogentco.com

rc1wh-pos5-0.vc.shawcable.net

tbr1-cl16.cb1ma.ip.att.net

POS6-0.GW3.ATL4.ALTER.NET

dnvrco1wcx3-pos13-0-oc192.wcg.net

sl-bb21-nyc-8-0.sprintlink.net

p14-0.core02.ord01.atlas.cogentco.com

ra1sh-ge4-1.mt.shawcable.net

sl-tiws-2-0.sprintlink.net

sl-gw37-nyc-0-0.sprintlink.net

rc2ch-ge6-0-0.il.shawcable.net

pos0-0.ash-c000.gw.epoch.net

so-6-1-0-0.BB-RTR1.NY325.verizon-gni.net

internap-gw.customer.alter.net

rc2nr-pos14-0.wp.shawcable.net

P6-0.c0.atln.broadwing.net

jfk-core-01.inet.qwest.net

sl-bb21-chi-15-0.sprintlink.net

tbr2-cl1592.phmaz.ip.att.net

bb1-nye-P0-0.atdn.net

ldn-bb1-pos7-1-0.telia.net

peer-03-so-1-0-0-0.chcg.twtelecom.net

bb1-p6-0.crsfca.sbcglobal.net

nycmny2wcx3-pos14-0-oc192.wcg.net

sl-bb21-atl-10-1.sprintlink.net

as-1-0.mp1.Miami1.Level3.net

POS6-0.GW5.BOS4.ALTER.NET

sl-bb25-nyc-8-0.sprintlink.net

tbr2-cl1835.attga.ip.att.net

tbr1-cl13.dlstx.ip.att.net

gar2-p300.phlpa.ip.att.net

p14-0.core01.atl01.atlas.cogentco.com

so-3-0-0.mpr2.iad5.us.above.net

0.so-1-2-0.XL1.PHL1.ALTER.NET

if-3-0.core2.PG1-Paris.teleglobe.net

sl-bb21-ana-15-0.sprintlink.net

sl-bb21-fra-13-0.sprintlink.net

cpr1-pos-15-3.virginiaequinix.savvis.net

deltacom-gw.customer.alter.net

internapCHI13-gw.customer.alter.net

so-1-0-0.cr2.dca2.us.above.net

(dns.bj.cnuninet.net)

(dns.bj.cnuninet.net)

as-0-0.bbr1.Denver1.Level3.net

bb1-p2-0.emhril.ameritech.net

(ns.bloor.prv.net.cable.rogers.com)

POS3-0.cr1.lnd10.gbb.uk.uu.net

bb2-chi-P5-0.atdn.net

177.ATM6-0.GW3.dEN4.ALTER.NET

p10-0.core02.sfo01.atlas.cogentco.com

as-0-0.mp2.Tampa1.Level3.net

bb1-p4-0.rcsntx.sbcglobal.net

so3-0-0-2488M.ar2.FRA3.gblx.net

ixc00mia-4-0.bellsouth.net

POS6-0.GW7.MIA4.ALTER.NET

p7-0.c0.ftw.broadwing.net

so-0-0-0--0.cr02.dlls.eli.net

adelphia-abovenet.above.net

gi9-0-0.ashcr2.Ashburn.opentransit.net

POS6-0.GW2.CHI1.ALTER.NET

ge-6-0-0-51.gar2.Chicago1.Level3.net

gar4-p300.cgcil.ip.att.net

sl-bb20-lon-4-0.sprintlink.net

gar4-p390.la2ca.ip.att.net

so-1-0-0.edge1.Dallas1.Level3.net

POS6-0.IG3.PAO1.ALTER.NET

so-1-2-0.bbr2.Dallas1.Level3.net

0.so-3-0-0.CL1.DET5.ALTER.NET

ae-21-52.car1.Dallas1.Level3.net

reach-gw.customer.alter.net

bb1-p6-0.cranca.sbcglobal.net

intelsat-gw.customer.alter.net

i-11-0.wil-core02.net.reach.com

xe-1-3-0.r20.asbnva01.us.bb.verio.net

bb2-ash-P10-0.atdn.net

sl-kpneu3-1-0.sprintlink.net

sl-commu27-2-0.sprintlink.net

dca-core-01.inet.qwest.net

unknown.net.reach.com 0.so-4-0-0.XL1.SFO4.ALTER.NET

(ns1.savvis.net)

t2c1-p2-0.us-nyb.eu.bt.net

POS7-0.WANB-MTRLPQ.IP.GROUPTELECOM.NET

POS6-0.GW9.NYC1.ALTER.NET

POS6-0.GW1.ATL4.ALTER.NET

sl-bb22-nyc-8-0.sprintlink.net

bwoge-gw.customer.alter.net

t2c1-p4-1.uk-ilf.eu.bt.net

0.so-6-0-0.GW3.DFW13.ALTER.NET

0.so-6-2-0.XL1.POR3.ALTER.NET

0.so-7-0-0.XR1.POR3.ALTER.NET

509.ATM7-0.GW13.NYC4.ALTER.NET

p6-0.c0.nwyk.broadwing.net

so0-0-0-2488M.ar1.ARN1.gblx.net

(auth51.ns.uu.net)

so-1-0-0.cr1.dca2.us.above.net

internexa-gw.customer.alter.net

internap-gw.customer.ALTER.NET

0.so-7-0-0.XR1.BOS4.ALTER.NET

so-3-0-0.cr1.ord2.us.above.net

paetec-NYgigE.customer.alter.net

so-3-0-0.mp1.Boston1.Level3.net

0.so-7-0-0.CL1.IND6.ALTER.NET

POS6-0.GW2.NYC4.ALTER.NET

pal6-pal7-racc1.pal.seabone.net

179.ATM6-0.GW1.KCY4.ALTER.NET

sl-bb24-chi-2-0.sprintlink.net

sl-bb21-chi-9-0.sprintlink.net

p5-0.core01.den01.atlas.cogentco.com

(gblx.net)

ixc01asm-4-0.bellsouth.net

kcm-core-02.inet.qwest.net

so-2-0-0-dcr2.tsd.cw.net

sl-gw25-atl-15-0.sprintlink.net
sl-timewarner-16-0.sprintlink.net

swisscom-oc3-gw.customer.alter.net

p0-0-0d0.RAR1.Chicago-IL.us.xo.net

sl-gw21-rly-9-0.sprintlink.net

p6-0-0.RAR2.Denver-CO.us.xo.net

border5.pc1.bbnet1.mia003.pnap.net

(dnsdel.mantraonline.com)

p16-0-1-1.r21.dllstx09.us.bb.verio.net
0.so-4-0-0.CL1.PHX2.ALTER.NET

p1-0-0.RAR1.Dallas-TX.us.xo.net

sl-bb23-chi-9-0.sprintlink.net

so0-0-0-9953M.ar4.ATL1.gblx.net

0.so-3-0-0.CL1.CLE1.ALTER.NET

0.so-3-0-0.XL1.STL3.ALTER.NET

pos4-3.pao-c000.gw.epoch.net

p64-0-0-0.r21.sttlwa01.us.bb.verio.net0.so-6-0-0.XL1.LAX4.ALTER.NET

gbr5-p30.n54ny.ip.att.net

So3-0-0-0-grtmadde1.red.telefonica-wholesale.net

if-4-0.mcore3.LAA-LosAngeles.teleglobe.net

so-7-0-0-dcr1.was.cw.net

i-10-3.hhtstcbr01.net.reach.com

so6-0-0-2488M.ar2.SEA1.gblx.net

0.so-1-0-0.XL1.TOR2.ALTER.NET

ge-6-0-0-51.gar1.Chicago1.Level3.net

0.so-4-0-0.CL1.BOS1.ALTER.NET

sl-gw31-stk-14-0.sprintlink.net

sl-bb20-che-2-0.sprintlink.net

ra1wh-ge4-1.vc.shawcable.net

0.so-7-0-0.XT1.SYD2.ALTER.NET

dia-core-01.inet.qwest.net

POS6-0.GW7.PHL1.ALTER.NET

p0-0-0d0.RAR1.Denver-CO.us.xo.net

tmp-core-02.inet.qwest.net

po6-0.pascr3.Paris.opentransit.net

0.so-5-2-0.XL1.DCA8.ALTER.NET

0.so-0-0-0.XR1.NYC1.ALTER.NET

pos0-0.GW9.FFT4.ALTER.NET

so-6-0-0.cr2.lhr3.uk.above.net

sl-bb27-rly-11-0.sprintlink.net

r1-pos2-3.in.nycmnyzr.cv.net

(dnsauth1.sys.gtei.net)

POS6-0.GW3.CHI2.ALTER.NET

sl-bb23-rly-13-0.sprintlink.net

sl-tele21-1-0.sprintlink.net

rtp628987rts

rtp629002rts

p15-0.core01.yyz02.atlas.cogentco.com

tbr2-cl71.phlpa.ip.att.net

gbr5-p40.wswdc.ip.att.net

tbr1-cl19.dtrmi.ip.att.net

ude200949.de.customer.alter.net

p15-0.core01.mia01.atlas.cogentco.com

0.so-4-0-0.TL2.NYC8.ALTER.NET

TIME-WARNER.gar1.Level3.net

bb1-dls-P4-0.atdn.net

0.so-6-2-0.CL1.RIC2.ALTER.NET

as-1-0.mp2.Phoenix1.Level3.net

pa2-edge-03.inet.qwest.net

0.so-7-0-0.XR1.ATL5.ALTER.NET

ae-13-51.car3.NewYork1.Level3.net

POS6-0.IG2.PAO1.ALTER.NET

(cbru.br.ns.els-gms.att.net)

uslec-atl-gw.customer.alter.net

sl-bb27-rly-0-0.sprintlink.net

0.so-2-0-0.XL1.ATL1.ALTER.NET

(xbru.br.ns.els-gms.att.net)

bb-vlan2-ge-5-1-2.nycny01.paetec.net

0.so-7-0-0.XR1.ATL1.ALTER.NET

i-2-0.tmhstcbr01.net.reach.com

0.so-3-0-0.XL1.MTL1.ALTER.NET

so5-0-0-622M.ar2.DEN2.gblx.net

p3-0.core01.iah01.atlas.cogentco.com

so-10-0.hsa1.Philadelphia1.Level3.net

183.ATM6-0.GW2.HAR2.ALTER.NET

sl-bb20-rly-13-0.sprintlink.net

dllstx1wcx2-pos12-0-oc192.wcg.net

famvid-il-gw.customer.alter.net

0.so-7-0-0.XL2.MIA4.ALTER.NET

(auth01.ns.uu.net)

(ns1.ameritech.net)

te-8-1-ar01.plainfield.nj.panjde.comcast.net

n54ny101lr1-pos20.ip.att.net

rx0sh-hydro-one-telecom.mt.bigpipeinc.com

0.so-3-3-0.dng.dren.net

border5.ge3-1-bbnet1.chg.pnap.net

so7-0-0-2488M.ar3.WDC2.gblx.net

core-02-so-3-1-0-0.chrl.twtelecom.net

(ns1.hydroonetelecom.com)

so-7-0-0.IR1.SAC2.ALTER.NET

0.so-3-0-0.XR1.SAC1.ALTER.NET

chungwa-telecom-gw.customer.alter.net

0.so-0-2-0.TL2.LAX9.ALTER.NET

p1-0-0.RAR1.SanJose-CA.us.xo.net

dcr2-so-2-0-0.Denver.savvis.net

0.POS6-0.IR2.LAX9.ALTER.NET

gar3-p360.cgcil.ip.att.net

ar8-p3110.attga.ip.att.net

so-3-0-0.mp1.SanFrancisco1.Level3.net

so-7-0-0.IR2.LAX12.ALTER.NET

so-3-0-0.mp1.SanDiego1.Level3.net

axr01msy-0-0-0.bellsouth.net

tp-s2-c12r31.router.hinet.net

195.ATM5-0.GW3.SEA1.ALTER.NET

0.so-6-1-0.XL1.HOU7.ALTER.NET

POS4-0.XR1.SFO4.ALTER.NET

(toroon63nszp05.srvr.bell.ca)

0.so-4-1-0.XL1.SLT4.ALTER.NET

southcarolina-chrlnc2wce1-gige7-2-wcg.net

0.so-3-0-0.XR1.MTL1.ALTER.NET

193.ATM6-0.GW3.POR2.ALTER.NET

sl-bb27-pen-8-0.sprintlink.net

sl-gw29-nyc-1-0.sprintlink.net

gbr1-p10.cgcil.ip.att.net

gbr1-p10.attga.ip.att.net

(svl-ans-01.inet.qwest.net)

opentransit-2.ar2.NYC1.gblx.net

dis23-toronto63-fe12-0-0.in.bellnexxia.net

so-0-0-0-dcr1.par.cw.net

bb1-alb-P5-0.atdn.net

sl-tisca1-2-0.sprintlink.net

rtp629046rts

bb2-dls-P2-0.atdn.net

pop1-alb-P0-0.atdn.net

core1-p5-0.cranca.sbcglobal.net

bb1-g8-0-1.chcgil.ameritech.net

ash-core-1.pos1-0.swip.net

gbr1-p10.phlpa.ip.att.net

gbr1-p80.auttx.ip.att.net

so-7-0-0--0.cr02.slkc.eli.net

mcleod-gw.customer.alter.net

cop2-core.pos14-0.swip.net

p9-0.cr01.bois.eli.net

chi-edge-20.inet.qwest.net

po2-0.nykcr3.NewYork.opentransit.net

so-0-2-0.mp2.Stamford1.Level3.net

bcs2-so-6-0-0.NewYork.savvis.net

gbr1-p10.sffca.ip.att.net

(cbru.br.ns.els-gms.att.net)

dal-edge-07.inet.qwest.net

so1-0-0-2488M.ar3.LAX1.gblx.net

rr-albany.atdn.net

po6-0.loncr3.London.opentransit.net

0.so-3-0-0.CL2.MIA4.ALTER.NET

0.so-7-0-0.XR1.DFW9.ALTER.NET

tp-s2-c12r1.router.hinet.net

po10-0.ashcr2.Ashburn.opentransit.net

sl-bb22-roa-3-3.sprintlink.net

p15-0.core01.fra03.atlas.cogentco.com

so-1-0-0-0.atlcr1.Atlanta.opentransit.net

bandwidthoptions-gw.customer.alter.net

gar5-p300.n54ny.ip.att.net

atl-core-02.inet.qwest.net

so-3-0-0.mpr3.sjc2.us.above.net

ae-11-51.car1.Washington1.Level3.net

mwx00222-gw.customer.ALTER.NET

ixc00bhm-6-0-1.bellsouth.net

(ns3.broadwing.net)

(dns-master.uslec.net)

if-4-0.core2.NQT-NewYork.Teleglobe.net

i-6-6.ntp-core01.net.reach.com

POS6-0.GW6.MSP1.ALTER.NET

ledn-rou-1001.NL.eurorings.net

iah-core-01.inet.qwest.net

ge0-1-0-20.bud4core1.pantel.net

ge-0-0-0.gar1.Philadelphia1.Level3.net

rtp628675rts

dtrtmi1wce1-pos7-0.wcg.net

dnvrco1wcx2-pos3-0-oc192.wcg.net

ge-wan4-1.hcap3-mtl.bb.allstream.net

if-6-0.core1.PG1-Paris.teleglobe.net

ae-0-52.gar2.London1.Level3.net

sl-bb20-sea-1-0.sprintlink.net

ae-0-0.mp1.Seattle1.Level3.net

core1-p2-0.crchil.sbcglobal.net

p3-03-01-00.c0.dca91.adelphiacom.net

ae-12-51.car2.Dallas1.Level3.net

gbr1-p20.hs1tx.ip.att.net

so-6-0-0.gar1.Miami1.Level3.net

if-13-0.core1.AEQ-Ashburn.teleglobe.net

0.so-5-0-0.XL1.LAX7.ALTER.NET

gbr1-p40.st6wa.ip.att.net

so-5-1-0.TR2.LND2.ALTER.NET

(cbru.br.ns.els-gms.att.net)

so-1-0-0.mpr1.iad1.us.above.net

ROADRUNNER.gar1.Level3.net

p16-0-1-2.r20.sttlwa01.us.bb.verio.net

axr01mia-0-0-0.bellsouth.net

internapGIGE-gw.customer.alter.net

(gblx.net)

tpa-core-01.inet.qwest.net

p0-0-0d0.RAR2.Washington-DC.us.xo.net

anhmca1wcx3-pos12-0-oc192.wcg.net

if-2-0.core1.LDN-London.Teleglobe.net

so-0-0-0.TR1.AMS2.ALTER.NET

EMERGIA.gar1.Level3.net

reach-gw.customer.alter.net

ROADRUNNER.car1.Washington1.Level3.net

(dns1.inflow.pa.bo.comcast.net)

so-5-1-0.TR2.HDN2.ALTER.NET

sl-st20-ash-11-0.sprintlink.net

sl-bb26-pen-15-0.sprintlink.net

sasktel.sk.ca-gw.customer.alter.net

customer-side-almaghrib-9-ma-pal6.pal.seabone.net

POS6-0.GW1.LAX15.ALTER.NET

sl-bb21-kc-3-0.sprintlink.net

sl-sbcint-2-0.sprintlink.net

so0-0-0-2488M.ar3.LON3.gblx.net

p6-0-0.RAR2.Atlanta-GA.us.xo.net

so-0-1-0.mp2.Detroit1.Level3.net

(ns2.Level3.net)

(ns1.business.allstream.net)

sl-bb21-vie-3-0.sprintlink.net

i-10-3.hhtstcbr01.net.reach.com

i-2-3.wwh-core02.net.reach.com

amtrl-rq.risq.netatl-s03-hme.gw.epoch.net

POS6-0.IG2.MIA4.ALTER.NET

sl-st21-mia-15-1.sprintlink.net

p64-2-2-0.r21.mlpsca01.us.bb.verio.net

so5-0-0-2488M.ar2.CPH1.gblx.net

dis17-montreal02-fe4-0-0.in.bellnexxia.net

(auth51.ns.uu.net)

dmtrl-rq.risq.net

centennialpr-gw.customer.alter.net

Song-Network-OY.ge-1-3-0.ar2.CPH1.gblx.net

bandwidthoptions.net-gw.customer.alter.net

0.so-6-0-0.XL1.CHI6.ALTER.NET

ex1-p6-0.eqchil.sbcglobal.net

if-2-0.core2.FR1-Frankfurt.teleglobe.net

ge-10-0.ipcolo1.Frankfurt1.Level3.net

POS6-0.GW2.EWR17.ALTER.NET

mpl-core-01.inet.qwest.net

POS7-0.CR1.LND8.ALTER.net

bb2-p6-1.chcgil.ameritech.net

bb2-cha-P7-0.atdn.net

lax002bb00.IIJ.net

195.ATM6-0.GW6.SEA1.ALTER.NET

so-3-1-1.TR1.ZUR3.ALTER.NET

so-6-2-0-0.BB-RTR1.RES.verizon-gni.net

pop1-cha-P6-0.atdn.net

dis8-toronto63-fe0-0-0.in.bellnexxia.net

0.so-3-0-0.XL2.SCL2.ALTER.NET

POS6-0.GW3.DCA8.ALTER.NET

TdE-0-1-0-0-grtmadde1.red.telefonica-wholesale.net

(ns3.broadwing.net)

so-1-0-0--0.cr01.slkc.eli.net

dis7-montreal02-fe4-0-0.in.bellnexxia.net

dcr3-so-0-0-0.NewYork.savvis.net

po0-0.gw2.sel2.asianetcom.net

so-0-0-0.TR2.PAR2.ALTER.NET

sntcca1wcx2-pos14-0.wcg.net

dca-edge-01.inet.qwest.net

pos9-3.dcp-c001.gw.epoch.net

0.so-7-0-0.XL1.AUS4.ALTER.NET

bb2-p2-1.hrndva.sbcglobal.net

sl-bb22-atl-14-0.sprintlink.net

gar1-p370.omhne.ip.att.net

(ns2.Level3.net)

kscymo2wcx010-pos9-0-oc48.wcg.net

internapPHL1-gw.customer.alter.net

xspedius-kcy-gw.customer.alter.net

(xbru.br.ns.els-gms.att.net)

p14-0.core01.san01.atlas.cogentco.com

a1-00-00.c1.nyc90.adelphiacom.net

rtp628606rts

ae-11-51.car1.London1.Level3.net

sl-timewarner-17-0.sprintlink.net

0.so-2-0-0.CL1.JAX1.ALTER.NET

tbr2-p013502.sl9mo.ip.att.net

p0-01-00.c1.buf00.adelphiacom.net

ae-0-51.gar1.London1.Level3.net

POS6-0.GW70.DCA6.ALTER.NET

so-3-0-0.mp2.Paris1.Level3.net

if-4-0.core2.LDN-London.Teleglobe.net

(fulcrum.sasknet.sk.ca)

(cbru.br.ns.els-gms.att.net)

ge-0-1-0-0.core2.atlagamv.uslec.net

bb2-las-P4-0.atdn.net

unknown.Level3.net

OC48POS6-0.tor-core-1.peer1.net

t2c1-p8-0.uk-lon2.eu.bt.net

sl-bb21-stk-13-0.sprintlink.net

p16-5-0-0.r00.hstntx01.us.bb.verio.net

ge-0-1-0.sof1core1.pantel.net

core-02-so-0-0-0-0.atln.twtelecom.net

xe-3-0-0.a21.tokyjp01.jp.ra.verio.net

core4-montreal02-pos6-2.in.bellnexxia.net

acr2-so-2-0-0.Seattle.savvis.net

i-5-5.hht-dist01.net.reach.com

p5-0.core01.jfk01.atlas.cogentco.com

so-02-00-00.c1.dca91.adelphiacom.net

so-5-1-0.mpr2.atl6.us.above.net

core1-p10-0.crcloh.sbcglobal.net

gbr5-p20.attga.ip.att.net

POS6-0.GW4.CLE1.ALTER.NET

so-7-0-0.mpr3.ams1.nl.above.net

(dns.bj.cnuninet.net)

ge-wan7-1.hcap8-tor.bb.allstream.net

(cbru.br.ns.els-gms.att.net)

asurnet-10.border5.mia003.pnap.net

(dns.bj.cnuninet.net)

POS6-0.GW4.DCA6.ALTER.NET

core1-p5-0.crsfca.sbcglobal.net

TELUS.gar1.Level3.net

ge-6-0-0-51.gar1.Atlanta1.Level3.net

if-3-0.mcore3.LHX-London.teleglobe.net

ussignal-3.border5.chg.pnap.net

so-3-0-0.mp2.Orlando1.Level3.net

dis2-ottawa23-pos4-0-0.in.bellnexxia.net

POS6-0.GW3.EWR6.ALTER.NET

(xbru.br.ns.els-gms.att.net)
(cbru.br.ns.els-gms.att.net)

so1-0-0-2488M.ar3.LON2.gblx.net

1-4-c1.rsp1.eqx.iad.transedge.com

i-4-9.wwh-dist01.net.reach.com

p64-2-2-0.r20.mlpsca01.us.bb.verio.net

so-2-0-0.mp2.Tustin1.Level3.net

p3-0.c0.hywr.broadwing.net

0.so-2-0-0.XL1.SDG2.ALTER.NET

pop1-las-P1-0.atdn.net

(toroon63nszp05.srvr.bell.ca)

t2c1-p4-1.uk-eal.eu.bt.net

alnb-dr01-ge-4-0.aliant.net

NSS-S-A.ge-3-0-0.ar2.EZE1.gblx.net

gnilink-gw.customer.alter.net

pos1-1-0.atp-c100.gw.epoch.net

as-0-0.bbr2.London2.Level3.net

dis8-toronto63-fe1-1-0.in.bellnexxia.net

(ns1.bellatlantic.net)

mtn-rt001-oc3-1-1-0.core.globalconnex.net

so-11-0.hsa2.Stamford1.Level3.net

ge-6-0-0-51.gar1.Dallas1.Level3.net

COX-ENTERPRI.gar1.Level3.net

bcs1-so-0-0-0.Londonlnx.savvis.net

sl-bb20-spr-10-1.sprintlink.net

gar1-p370.dvmco.ip.att.net

p5-0.core02.dfw01.atlas.cogentco.com

rr-los-angeles.atdn.net

p6-0-0.RAR2.LA-CA.us.xo.net

if-3-0.core1.LAA-LosAngeles.teleglobe.net

POS1-0.XR1.SJC2.ALTER.NET

ar8-p310.attga.ip.att.net

ge-3-0-0.gar2.London2.Level3.net

so-3-0-0.mp2.Cincinnati1.Level3.net

lco145.zoominternet.net

BT-NET.gar2.Level3.net

bpr4-as0-0.seattleswitchdesign.savvis.net

sl-flagt-2-0.sprintlink.net

0.so-6-0-0.XL2.DCA5.ALTER.NET

core1-4-0.crdltx.sbcglobal.net

sar1-a300s3.n54ny.ip.att.net

(cbru.br.ns.els-gms.att.net)

ixc01btr-6-0-1.bellsouth.net

ge-6-0-0-51.gar3.NewYork1.Level3.net

unknown.net.reach.com

e-xpedient-gw.customer.ALTER.NET

as-1-0.bbr2.Dusseldorf1.Level3.net

207.ATM4-0.IH4.MIA4.ALTER.NET

(dns1.inflow.pa.bo.comcast.net)
COX-ENTERPRI.gar3.NewYork1.Level3.net

internap-gw.customer.alter.net

gnilink-gw.customer.alter.net

telus-communications.SeattleSwitchDesign.savvis.net

POS6-0.GW2.AUS4.ALTER.NET

564.at-6-0-0.XR2.NYC9.ALTER.NET

gbr5-p20.dlstx.ip.att.net

bb2-vie-P12-0.atdn.net

so-0-0-0.mpr1.atl6.us.above.net

500.ATM6-0.GW4.DET5.ALTER.NET

183.ATM6-0.XR1.EWR1.ALTER.NET
POS1-0.GW9.STK3.ALTER.NET

p64-0-0-0.r21.plalca01.us.bb.verio.net

ge-1-0-0.r00.tokyjp01.jp.bb.verio.net

tbr2-p013501.dvmco.ip.att.net

(ns1.globalconnex.net)

ae-12-51.car2.LosAngeles1.Level3.net

dal-core-02.inet.qwest.net

svl-core-01.inet.qwest.net

POS9-1.WANB-CALGAB.IP.GROUPTELECOM.NET

BLTMMD-gw.customer.alter.net

ge-10-0.ipcolo3.SanJose1.Level3.net

g-3-1.c1-pitb.telcove.net

aer1-vlan-200.losangeles.savvis.net

dis17-montreal02-fe1-0-0.in.bellnexxia.net

207.ATM5-0.IH3.MIA4.ALTER.NET

rtp629346rts

(ns2.Level3.net)

sl-gw11-lon-14-0.sprintlink.net

xspedius-dca-gw.customer.alter.net

ex2-p14-0.eqdltx.sbcglobal.net

sl-bb21-sea-1-0.sprintlink.net

ROADRUNNER.gar2.Chicago1.Level3.net

so-0-0-0--0.cr02.phnx.eli.net

i-5-1.ntp-core02.net.reach.com

i-2-2.tmhstcbr01.net.reach.com

pos-1-1-ar02.pontiac.mi.michigan.comcast.net

rr-charlotte.atdn.net

internapGIGE1-gw.customer.alter.net

ge-6-0-0-51.gar2.Atlanta1.Level3.net

unknown.net.reach.com

sffca201lr1-pos21.ip.att.net

so6-0-0-2488M.ar2.LON3.gblx.net

core-02-so-4-0-0-0.chcg.twtelecom.net

250.ATM6-0.GW5.JAX1.ALTER.NET

POS6-0.GW4.IAD8.ALTER.NET

bb2-p12-0.dllstx.sbcglobal.net

ra1so-ge3-1.cg.shawcable.net

drvlga1wcx1-pos0-0-oc192.wcg.net

so-1-0-0.mp1.Weehawken1.Level3.net

border9.fe0-0-fenet1.nyc.pnap.net

(auth51.ns.uu.net)

chunghwatelecom-gw.customer.ALTER.NET

dllstx1wcx3-pos9-0-oc48.wcg.net

wholesale-gw.customer.alter.net

bur-core-01.inet.qwest.net

ge-11-0.hsa1.Miami1.Level3.net

ae-12-51.car2.Chicago1.Level3.net

(ns3.broadwing.net)

core2-p2-0.crchil.sbcglobal.net

core2-p3-0.crnyny.sbcglobal.net

sl-bb20-ana-15-0.sprintlink.net

p3-01-00-00.c1.lax91.adelphiacom.net

p5-2-0.RAR2.Seattle-WA.us.xo.net

so-9-0.hsa1.Denver1.Level3.net

(ns3.bellglobal.com)

i79zhh-005-pos12-3.bb.ip-plus.net

gbr6-p30.n54ny.ip.att.net

internap-gw.customer.alter.net

so-9-0.hsa2.Cincinnati1.Level3.net

ge-4-0.hsa1.Frankfurt1.Level3.net

(ns1.telcove.net)

thorn-2.border9.nyc.pnap.net

so-5-0-0.XR1.ZUR4.ALTER.NET

so-7-3-0-0.BB-RTR1.PHIL.verizon-gni.net

gbr5-p30.cgcil.ip.att.net

att-gige.esd1.nwr.nac.net

so-3-0-0.mp1.StLouis1.Level3.net

so-11-0.ipcolo1.SanFrancisco1.Level3.net

chi-edge-08.inet.qwest.net

ge200.pa_c124_2.twgate.net

internap1-gw.customer.alter.net

0.so-5-0-0.CL1.PHL6.ALTER.NET

so1-0-0-622M.ar2.BOS1.gblx.net

verizon-gw.customer.alter.net

(toroon63nszp05.srvr.bell.ca)

p0-0.charter3.bbnplanet.net

i-1-0.wwh02.net.reach.com

dis7-montreal02-fe6-0-0.in.bellnexxia.net

(auth51.ns.uu.net)

so-8-1.car1.NewYork1.Level3.net

(ns3.bellglobal.com)

dis8-ottawa23-fe0-0-0.in.bellnexxia.net

(toroon63nszp05.srvr.bell.ca)

rd1wh-pos15-0.vc.shawcable.net

(toroon63nszp05.srvr.bell.ca)

dis5-montreal02-fe3-1-0.in.bellnexxia.net

sl-vwan-9-0.sprintlink.net

as-3-0.bbr1.Washington1.Level3.net

dis2-toronto63-pos0-0-0.in.bellnexxia.net

as-1-0.bbr2.LosAngeles1.Level3.net

ae-1-53.bbr1.NewYork1.Level3.net

ae-1-55.bbr1.NewYork1.Level3.net

as-1-0.bbr1.Chicago1.Level3.net

dis5-montreal02-fe10-0-0.in.bellnexxia.net

ler00.mia.bellsouth.net

as-0-0.bbr2.London1.Level3.net

p1.chi-e200.gw.epoch.net

dis2-toronto63-pos1-0-0.in.bellnexxia.net

as-0-0.bbr1.SanJose1.Level3.net

xe-0-0-0.a21.tokyjp01.jp.ra.verio.net

xe-3-0-0.a20.tokyjp01.jp.ra.verio.net

dis4-montreal02-fe0-0-0.in.bellnexxia.net

(ns007.deltacom.net)

ttc.pos5-1.cr01.stk01.pccwbtn.net

unknown.Level3.net

sl-vwan-7-0.sprintlink.net

as-0-0.bbr2.Dallas1.Level3.net

tds-telecom.NewYork.savvis.net

dis4-montreal02-fe12-0-0.in.bellnexxia.net

dvr-edge-05.inet.qwest.net

(ns.bellsouth.net)

(ns.bellsouth.net)

sl-vwan-8-0.sprintlink.net

TdE-5-1-0-0-grtmadde1.red.telefonica-wholesale.net

dis1-vancouver-pos6-0-0.in.bellnexxia.net

fast10-1-1.dcp-e100.gw.epoch.net

ded1-g1-1.lsan03.pbi.net

(ns.bellsouth.net)

P12-0.LCR-04.LSANCA.verizon-gni.net

24-159-64-33.static.jcsn.tn.charter.com

sl-vawan-1-0.sprintlink.net

italiausa-gw.customer.alter.net

172.16.1.2

sl-gw27-nyc-14-0.sprintlink.net

as-2-0.bbr2.Frankfurt1.Level3.net

so-10-0.hsa2.Stamford1.Level3.net

so-0-2-0.onlinemllc4.bbnplanet.net

as-1-0.mp2.Seattle1.Level3.net

(name.phx.gblx.net)

dis4-toronto63-pos0-1-0.in.bellnexxia.net

phx-edge-02.inet.qwest.net

sl-vpn1-rly-5-7-1-TS0.sprintlink.net

pos15-0-OC-192.tampflerl-rtr2.tampabay.rr.com

bbDcbl-ge42-v40-wNxdt.b.evolvatelecom.net

p2-0.ca02.sjc04.atlas.cogentco.com

alnb-ar02-fe-4-0-0.aliant.net

(ns.bellsouth.net)

sl-gw32-chi-10-0.sprintlink.net

(toroon63nszp05.srvr.bell.ca)

ge-1-3-0-0000.bbr-ffm02.bmcag.net

s2-0-0.a1.nwyk.broadwing.net

(ns3.bellglobal.com)

(ns.bellsouth.net)

so-0-2-0.core1.rlghnczy.uslec.net

sl-gw22-ana-9-0.sprintlink.net

pos2-0-0-622M.ar2.JFK1.gblx.net

10.0.0.10

10.0.0.122

10.0.0.14

10.0.0.61

10.0.10.2

10.0.134.9

10.0.155.1

10.0.40.14

10.0.40.25

10.1.0.1

10.1.0.14

10.1.1.2

10.1.19.37
10.1.19.41

10.1.19.45 10.1.21.1 10.1.21.2

10.1.4.10

10.10.1.2

10.10.1.98

10.10.253.2

10.10.5.2

10.101.1.1

10.101.1.2

10.101.254.245

10.101.254.253

10.11.41.50

10.11.47.218

10.110.0.10

10.110.0.17
10.110.0.2

10.110.0.21

10.110.0.25

10.110.0.6

10.110.1.210.110.2.18

10.110.3.2
10.110.37.10

10.110.97.42

10.120.2.1

10.127.9.6

10.128.224.2
10.128.224.253

10.129.0.26

10.162.246.226

10.169.128.22

10.169.17.10 10.169.19.42

10.2.2.34

10.200.0.26

10.200.1.5

10.200.6.88

10.224.1.9

10.229.95.86

10.254.254.254

10.3.0.1

10.38.38.190

10.40.10.190

10.40.2.42

10.40.2.66
10.40.21.178 10.40.5.26

10.5.0.2

10.50.50.1

10.52.80.7

10.54.0.57

10.6.2.1

10.69.96.2

n211-open-dist-n233-open-core.arc.nasa.gov

switch6-gw.hsc.usc.edu

s-moblas4.nsn.nasa.gov

130-41-0-13.harris.com

click-se7246a_ge0-2.click-network.com

137.237.harris.com

137.237.harris.com
137.237.harris.com

vanrc002.net.gov.bc.ca

vicrc008.net.gov.bc.ca
vicrm015.net.gov.bc.ca

p14-0.core01.jfk05.atlas.cogentco.com

verio.iad01.atlas.cogentco.com

g6-0-0-3495.core02.ord01.atlas.cogentco.com

jumpgate.ship.edu

JuniRam2

RAMR001

ns2.paho.org

zenez.com

newsday-user.newsday.com

172.16.0.2

172.16.1.3

172.16.104.13

172.16.16.2

172.16.16.227

172.16.2.1

172.16.20.2

172.16.39.29

172.16.5.10172.16.5.9

172.16.6.10

172.17.0.1

172.17.21.34

172.18.101.2

172.19.1.1

172.20.1.46

172.22.1.4

172.22.128.1

172.27.1.12
172.27.121.1

172.27.161.1

172.27.171.1

172.27.181.1

172.27.201.1

172.27.41.1

172.29.0.74

172.31.247.1

lva.lib.va.us

192.168.1.225192.168.1.233

192.168.1.248

192.168.1.3

192.168.10.139
192.168.10.185

192.168.10.43

192.168.100.250

192.168.100.6

192.168.106.66

192.168.115.3

192.168.15.65

192.168.199.2

192.168.254.9

192.168.36.2

192.168.40.2

192.168.52.26

mrfin.spu.edu

bench.dal-ebis.ihost.com

host20.bbh.com

telecom.millersville.edu

static-192-41-88-10.vintela.com

host.jsc.nasa.gov

193-16-96-10.mrbookmaker.com

hx3.sw.houxou.com

amobia.com

196.200.31.242.accesskenya.com

antl65-arc65-te.nren.nasa.gov

pm4.ejourney.com

n254-border-rtr-nisn-sip.arc.nasa.gov

ns2.osburn.com

panther.rttinc.com

supernet.spschools.org

src.router.innovplace.saskatoon.sk.ca

gw.mystery.com

ns3.nosc.mil

dialup2.simflex.com

gw.buck.com

gw-adsl.compar.com

router.nscavello.com

rt2.newace.com

gateway.zwerp.com

lcy1-iana.r1.lcy1.isc.org

ozit.com

38-IPA.153.115.200.in-addr.arpa

unknown-host.customer.tiba.com
unknown-host.customer.tiba.com

telecel-py-2-us-alx.customer.tiba.com

CORE-NAC.GTDINTERNET.COM

044-004.onebb.com

fe0.aicompro.com

p0-0-0.sngbt-ar1.ix.singtel.com

ge-1-91-0.or-core2.ix.eznetsols.com

midiro02-v32.hk.singtel-expan.com

www.testing195.com

p0-0-0.earth.ix.singtel.com

p0-0-0.uranus.ix.singtel.com

p1-0.sngtp-cr2.ix.singtel.com

ns2.ouraynet.com

ip-250-30.springsips.com

retixrtr.glendale.cc.ca.us

te0001.peakpeak.com

brm1-fa2-0.nw-commnet.com

bng1-fa1-0.nw-commnet.com

yc1-se3-1.y-comm.com

host1.cityofgp.com

pbigate2.pbi.nrc.ca

gen4.genesis.sk.ca

dns4.ablehost.com

kh-gh.beachlink.com

ns1.ci.glendale.ca.us

tehya.dim.com

dofantasy.com

bodhi.dorje.com
cd2.rockynet.com

206.220.140.20

equinixdirect-pri2.lax.edmunds.com

cmnh.org

gw-nccf.annenberg.edu

gw-67.annenberg.edu

bg-asf.bellglobal.com

ct-rou-02.isp-oci.com

wk.usunwired.com

ser-117-65.cortland.com

207-229-64-32.cortland.com

20-48-free.kbscable.com

matco-ravary.com

207-47-155-20.sktn.hsdb.sasknet.sk.ca

email.beaufortco.com

dsl-237-2.bangor.y-comm.com

1.232.vwebs.com

ip-209-124-42-1.quickconnectusa.com
ip-209-124-42-189.quickconnectusa.com

cr2-fastethernet-1-0-0.springfield.hansoninfosys.com

cr1-ethernet-0.bluemound.hansoninfosys.com

proxy.kiski.org

castor.lunarpages.com

ip020.cache.quik.com

cisco2.cen.quik.com

gateway1.ycp.edu

ge-1-1-0.msr1.krs.yahoo.com

acto-t2cam1-b-ge-wan31.inet.ntl.com

orb.wojomedia.com

ns2.alaweb.com

thecrossings.wmiscable.com
glennvalley.wmiscable.com
appleridge.wmiscable.com

s3-0.car2.105pop.eriepa.e-xpedient.com

virt0.enternetmedia.com

phgate.baseline.com

jupiter.baseline.com

aes-216-182-224-2.aes.amazon.com

host209.firsthealth.ca

HSE-Toronto-ppp90020.sympatico.ca

ds00143.lunarpages.com

pyrrhus.cobaltgroup.com

c7pub-216-250-138-25.center7.com

dhcp-vpn.n2pcorp.com

mail.btsb.com

static.host-216-8-95-114.peoria.hansoninfosys.com

216fw.absnow.com

216-9-3-122.hfn.isomedia.com

host3.itislindia.com

wr6jpl.ampr.org

so-3-1-1.0.ejr01.cai001.flagtel.com

so-0-3-0.0.ejr01.tpe001.flagtel.com

so-0-2-0.0.ejr01.cai001.flagtel.com

ge-1-0-0.0.ejr02.cai001.flagtel.com

cust-chf-7228-tpe001.flagtel.com

brnt-t2core-b-pos31.inet.ntl.com

weblink.inet.ntl.com
cdif-lam-2-pos1200.inet.ntl.com

mail.yvfwc.org

cci-63-238-176-113.ptp.conectiv-comm.com

host10.netbytel.com

im.outinamerica.comns1.dmz.primatech.com

918dayspa.com

c3po3.starmax.com

core2.tulsaconnect.com

64.202.32.1

dis1-winnipeg32

eros.kranderson.com

port1.64-31-0.michtel.com

peer1-gw.rslcom.ca

host10.hdfsi.com

attrouter.louisdreyfus.com

diameter.marinar.com

Quebec-HSE-ppp3626772.sympatico.ca
Quebec-HSE-ppp3626820.sympatico.ca

sheraton-01-3.springsips.com

gw-0.twt.primatech.com

multi-1.border01.elx.bl.midatlanticbb.com

core1.e1.gamedyne.com

expedient.gw.smartbuilding.org

ar1.regent.pitbpa.e-xpedient.com
as1.usx.pitbpa.e-xpedient.com

h66-244-212-226.pmcnet.ca
fa0-0.sanford.mb.pmcnet.ca
eth0.sperling.mb.pmcnet.ca

h66-244-214-230.pmcnet.ca

bravo.spry.com

netsayphone.com

ip-66-45-204-154.nw-tel.com
ip-66-45-205-50.nw-tel.com
ip-66-45-205-70.nw-tel.com

aunsc.com

mymlinks.com

srv01.flashcollector.com

mail.ctins.com

ip2-134-39-67.speednetllc.com

mail.arbormanagement.com

rotoflex.com

117.hebergementci.com
123readyweb.com

host-68-77-223-2.adivi.com

tnwx-edge-1.rainierconnect.com

host-69-59-72-2.nctv.com

times-gw1.cust.e-xpedient.com
f0-0.car1.105pop.eriepa.e-xpedient.com

69-77-128-1.skybest.com

72-34-98-2.race.com

gb-ldk-dial-n01-e2.inet.ntl.com

cosh-t2cam1-b-ge-wan32.inet.ntl.com
ubr01port-ge02.inet.ntl.com

ubr01fare-ge02.inet.ntl.comcpc3-fare1-6-0-cust5.cos2.cable.ntl.com

a1-1-2-0-5.a03.hstntx01.us.ce.verio.net

d3-0-1-0.a03.hstntx01.us.ce.verio.net

P14-3.LCR-02.CLPPVA.verizon-gni.net
P1-0.VFTTP-06.CLPPVA.verizon-gni.net

gate60.sdt.net

lzg-s1-rou-1080.DE.eurorings.net

i00pva-005-gig3-2.bb.ip-plus.net

S10-0-1-20-3.G-RTR1.RICH.verizon-gni.net

sl-westpanet-5-0.sprintlink.net

sl-alis-17-0.sprintlink.net

po2-0.cosh-scr.ja.net

po0-0.cambridge-bar.ja.net

po1-0.leeds-bar.ja.net

hatfield-bar.ja.net

ded1-fa12-1-0.wotnoh.ameritech.net

ptci-dfw-gw.customer.alter.net

debtxs-gw.customer.alter.net

lovelace1-gw.customer.alter.net

dojdallas-gw.customer.alter.net

fiserv1-gw.customer.alter.net

fhlbsf-gw.customer.alter.net

ccitriad-gw2.customer.alter.net

elcom-gw.customer.alter.net

netbytel-gw.customer.alter.net

s4p0.core-02.ps.ifl.net

s4p0.core-01.ps.ifl.net

r7ffm.de.vianw.net

e1.rtr.aa.sdt.net

lon-access-1-e0.bucks.net

rt-dc2-ias-arg17.nl.kpn.net

f0-1.gate73.aa.sdt.net

fe6-0.cr01.dbncl.onyx.net
195-97-252-116.onyx.net

lilly.stph.net

wcomp-gw.pipex-sa.net

fe0-0.gw1.pry1.alter.net

cpt.h-gw.net

entertech-cine.cine.net

k.ripe.net

gi2-1.core1.boi.spro.net

router1r72.cmet.net

3.142.uio.satnet.net

ar9s.cnt.entelchile.net

ar13s.cnt.entelchile.net

ar14s.cnt.entelchile.net

host-200-93-194-154.telconet.net

ATM10-1001.jptkyo6-02.c75c.savvis.net

cnhkng3-01-bsn.cntx04.savvis.net

jptkyo2-01-bsn.cntx13.savvis.net

eli-gw.aspac.customer.alter.net

tnt1.wagga-wagga.au.da.uu.net

tnt2.wollongong.au.da.uu.net

c204-0-214-44.cust.broadbandip.net

c204-1-84-253.cust.broadbandip.net

dsl-host2.incentre.net

c204-27-76-20.cust.broadbandip.net

c204-27-94-20.cust.broadbandip.net

ewr-brdr-02.inet.qwest.net

rt-hnvrpa-4.netrax.net

nb2.up.net

host6.sprintnetops.net

dis1-winnipeg32-pos5-1-0.in.bellnexxia.net

isdn-max4000-router.4netconnect.net

rmetze.metze.net

cybear-2-10.netrus.net

A-pc1-613-S1.gw1.cal1.rogerstelecom.net

wachovia-dsl-gw.ncisp.net

pipe.hway.net

es-hrbgpa-1.netrax.net

adsl-255.camtel.net

tayhou-207-218-192-145.ev1.net
taysa-207-218-192-205.ev1.net

ivhou-207-218-245-111.ev1.net

seafordschools-gc.i-2000.net

fa0.0.dist.i-2000.net

ns-ut-gw.quickintl.net

c-vl70-gw.acc.dca2.hopone.net

client.covesoft.net

s6-0-cr1.jnu.acsalaska.net

s4-0-0-cr1.sea.acsalaska.net

ge0-0-cr14.nwc.acsalaska.net

s0-0-cr1.agn.acsalaska.net
s0-0-cr1.pec.acsalaska.net

nino.arctic.net

max4.lahser.wwnet.net

hills-chil-gw2.bright.net

209-159-32-1.wan.networktel.net

s3-0-0-cr14.nwc.acsalaska.net

209-193-31-118.anc.acsalaska.net

c121.135.nauticom.net

c122.135.nauticom.net

calpix2.cybersurf.net

xd115640a.ip.e-nt.net

c7.zipcon.net

rt-ntpspa-2.netrax.net

rt-ntpspa-6.netrax.net

i.divo.net

all2easy.net

1a1-0-r1-r-xjwl.cnuninet.net

c89ac.bbo1.joan.kar1.toplink-plan.net

gw213-130-128-12.as15444.net

netrad01.eng.net

e0-1.skull.frei.net

shark.frei.net

bbo4.r3-kar3.toplink.net

bsd2.nyct.net

rsync.trip.net

st-vpn20.speedtrail.net

xd8ad193a.ip.e-nt.net

xd8ad319b.ip.e-nt.net

host82-2.birch.net

weld-county-sd6.cust.viawest.net

kebet.metrobridge.net

border2.fe0-0-bbnet1.phi.pnap.net

border6.ge3-0-bbnet2.phi.pnap.net

border6.s7-4.c2cfiber-3.phi.pnap.net

xd8393e05.ip.e-nt.net

nano.net

r3640-fe1.iaservice.net

g400.dist-02.core.th.ifl.net

auc.nile-online.net

cons-lond-uk01.nw.mediaways.net

63-138-196-186.customer.static.ip.paetec.net

rcmt-ds3-gw.ncisp.net

grr7200-31.wmis.net

unknown.Level3.net

shell.vgernet.net

sempra-2.border3.sdg.pnap.net

intellisync-5.border6.sdg.pnap.net
proflower-2.border6.sdg.pnap.net

63-251-176-3.acsol.net

adsl-64-108-192-4.dsl.chcgil.ameritech.net

64-109-64-5.ded.ameritech.net

64-132-93-20.gen.twtelecom.net

automatedtransaction-fe-1-gw.host.net

goof-fas1-0.pldi.net

10-2162764.xo.wwnet.net
cisco1-s5-0-0.livonia.wwnet.net

x40347002.ip.e-nt.net
e3-0.dsl1.nyc.ggn.net

x403b3e4a.ip.e-nt.net

milton.hersheymed.net

fast-02-00.rsms01.den05.viawest.net

dns01.cavtel.net
gig1-gige.srv-edge-02.rich.va.cavtel.net

static-64-83-68-133.t1.cavtel.net

ip64-90-218-52.sebewaing.mi.airadvantage.net

ip64-90-223-147.pt-pt.mi.airadvantage.net

host128-122.discord.birch.net
host139-42.discord.birch.net

smith-eddyNT.t-one.net

bras01.eldl.drtel.net

nc-65-40-111-250.sta.sprint-hsd.net

Speednet-LLC-1094482.cust-rtr.ameritech.net

Coleman-Community-Schools-DED007654.cust-rtr.ameritech.net

first-national-bank-zanesville-1021321.cust-rtr.ameritech.net

ppp-65-43-0-20.dialup.sbndin.ameritech.net

adsl-65-43-144-2.dsl.bcvloh.ameritech.net
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• Map routing.

• Seam carving.

• Robot navigation. 

• Texture mapping.

• Typesetting in TeX.

• Urban traffic planning.

• Optimal pipelining of VLSI chip.

• Telemarketer operator scheduling.

• Subroutine in advanced algorithms.

• Routing of telecommunications messages.

• Network routing protocols (OSPF, BGP, RIP).

• Exploiting arbitrage opportunities in currency exchange.

• Optimal truck routing through given traffic congestion pattern.

6

Reference:  Network Flows:  Theory, Algorithms, and Applications, R. K. Ahuja, T. L. Magnanti, and J. B. Orlin, Prentice Hall, 1993.

Shortest path applications

http://en.wikipedia.org/wiki/Seam_carving



Shortest path variants

Which vertices?

• Source-sink:  from one vertex to another.

• Single source:  from one vertex to every other.

• All pairs:  between all pairs of vertices.

Restrictions on edge weights?

• Nonnegative weights.

• Arbitrary weights.

• Euclidean weights.

Cycles?

• No directed cycles.

• No "negative cycles."

Simplifying assumption.  There exists a shortest path from s to each vertex v.
7
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‣ edge-weighted digraph API
‣ shortest-paths properties
‣ Dijkstra's algorithm
‣ edge-weighted DAGs
‣ negative weights
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Weighted directed edge API

Idiom for processing an edge e:  int v = e.from(), w = e.to();

v
weight

w

  public class DirectedEdge  public class DirectedEdge  public class DirectedEdge

DirectedEdge(int v, int w, double weight) weighted edge v→w

int from() vertex v

int to() vertex w

double weight() weight of this edge

String toString() string representation
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Weighted directed edge:  implementation in Java

Similar to Edge for undirected graphs, but a bit simpler.

public class DirectedEdge
{
   private final int v, w;
   private final double weight;

   public DirectedEdge(int v, int w, double weight)
   {
      this.v = v;
      this.w = w;
      this.weight = weight;
   }

   public int from()
   {  return v;  }

   public int to()
   {  return w;  }

   public int weight()
   {  return weight; }
}

from() and to() replace

either() and other()
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Edge-weighted digraph API

Conventions.  Allow self-loops and parallel edges.

            public class EdgeWeightedDigraph            public class EdgeWeightedDigraph

EdgeWeightedDigraph(int V)EdgeWeightedDigraph(int V) edge-weighted digraph with V vertices

EdgeWeightedDigraph(In in)EdgeWeightedDigraph(In in) edge-weighted digraph from input stream

void addEdge(DirectedEdge e)addEdge(DirectedEdge e) add weighted directed edge e

Iterable<DirectedEdge> adj(int v)adj(int v) edges pointing from v

int V()V() number of vertices

int E()E() number of edges

Iterable<DirectedEdge> edges()edges() all edges

String toString()toString() string representation
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Edge-weighted digraph:  adjacency-lists representation

Edge-weighted digraph representation

adj
0

1

2

3

4

5

6

7

0 2 .26 0 4 .38

Bag objects

reference to a
DirectedEdge

object

8
15
4 5  0.35 
5 4  0.35 
4 7  0.37 
5 7  0.28 
7 5  0.28 
5 1  0.32 
0 4  0.38
0 2  0.26 
7 3  0.39 
1 3  0.29 
2 7  0.34
6 2  0.40 
3 6  0.52
6 0  0.58
6 4  0.93

1 3 .29

2 7 .34

3 6 .52

4 7 .37 4 5 .35

5 1 .32 5 7 .28 5 4 .35

6 4 .93 6 0 .58 6 2 .40

7 3 .39 7 5 .28

tinyEWD.txt
V

E
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Edge-weighted digraph:  adjacency-lists implementation in Java

Same as EdgeWeightedGraph except replace Graph with Digraph.

public class EdgeWeightedDigraph
{
   private final int V; 
   private final Bag<Edge>[] adj;

   public EdgeWeightedDigraph(int V)
   {
      this.V = V;
      adj = (Bag<DirectedEdge>[]) new Bag[V];
      for (int v = 0; v < V; v++)
         adj[v] = new Bag<DirectedEdge>();
   }

   public void addEdge(DirectedEdge e)
   {
      int v = e.from();
      adj[v].add(e);
   }

   public Iterable<DirectedEdge> adj(int v)
   {  return adj[v];  }
}

add edge e = v→w only to
v's adjacency list
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Single-source shortest paths API

Goal.  Find the shortest path from s to every other vertex.

SP sp = new SP(G, s);

for (int v = 0; v < G.V(); v++)

{

   StdOut.printf("%d to %d (%.2f): ", s, v, sp.distTo(v));

   for (DirectedEdge e : sp.pathTo(v))

      StdOut.print(e + "  ");

   StdOut.println();

}

             public class SP             public class SP             public class SP

SP(EdgeWeightedDigraph G, int s) shortest paths from s in graph G

double distTo(int v) length of shortest path from s to v

Iterable <DirectedEdge> pathTo(int v) shortest path from s to v

boolean hasPathTo(int v) is there a path from s to v?
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Single-source shortest paths API

Goal.  Find the shortest path from s to every other vertex.

% java SP tinyEWD.txt 0

0 to 0 (0.00):

0 to 1 (1.05): 0->4 0.38  4->5 0.35  5->1 0.32

0 to 2 (0.26): 0->2 0.26

0 to 3 (0.99): 0->2 0.26  2->7 0.34  7->3 0.39

0 to 4 (0.38): 0->4 0.38

0 to 5 (0.73): 0->4 0.38  4->5 0.35

0 to 6 (1.51): 0->2 0.26  2->7 0.34  7->3 0.39  3->6 0.52

0 to 7 (0.60): 0->2 0.26  2->7 0.34

             public class SP             public class SP             public class SP

SP(EdgeWeightedDigraph G, int s) shortest paths from s in graph G

double distTo(int v) length of shortest path from s to v

Iterable <DirectedEdge> pathTo(int v) shortest path from s to v

boolean hasPathTo(int v) is there a path from s to v?
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‣ edge-weighted digraph API
‣ shortest-paths properties
‣ Dijkstra's algorithm
‣ edge-weighted DAGs
‣ negative weights



Goal.  Find the shortest path from s to every other vertex.

Observation.  A shortest-paths tree (SPT) solution exists. Why?

Consequence.  Can represent the SPT with two vertex-indexed arrays:

•  distTo[v] is length of shortest path from s to v.

•  edgeTo[v] is last edge on shortest path from s to v.

17

Data structures for single-source shortest paths

shortest-paths tree from 0

Shortest paths data structures

    edgeTo[]    distTo[]
 0    null        0
 1    5->1 0.32   1.05
 2    0->2 0.26   0.26
 3    7->3 0.37   0.97
 4    0->4 0.38   0.38
 5    4->5 0.35   0.73
 6    3->6 0.52   1.49
 7    2->7 0.34   0.60



Goal.  Find the shortest path from s to every other vertex.

Observation.  A shortest-paths tree (SPT) solution exists. Why?

Consequence.  Can represent the SPT with two vertex-indexed arrays:

•  distTo[v] is length of shortest path from s to v.

•  edgeTo[v] is last edge on shortest path from s to v.

18

Data structures for single-source shortest paths

  public double distTo(int v)

  {  return distTo[v];  }

  public Iterable<DirectedEdge> pathTo(int v)

  {

     Stack<DirectedEdge> path = new Stack<DirectedEdge>();

     for (DirectedEdge e = edgeTo[v]; e != null; e = edgeTo[e.from()])

        path.push(e);

     return path;

  }



Relax edge e = v→w.

•  distTo[v] is length of shortest known path from s to v.

•  distTo[w] is length of shortest known path from s to w.

•  edgeTo[w] is last edge on shortest known path from s to w.

• If e = v→w gives shorter path to w through v, update distTo[w] and edgeTo[w].

19

Edge relaxation

v→w successfully relaxes

black edges
are in edgeTo[]

s

3.1

7.2w

1.3

v
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Edge relaxation

Relax edge e = v→w.

•  distTo[v] is length of shortest known path from s to v.

•  distTo[w] is length of shortest known path from s to w.

•  edgeTo[w] is last edge on shortest known path from s to w.

• If e = v→w gives shorter path to w through v, update distTo[w] and edgeTo[w].

black edges
are in edgeTo[]

s

3.1

7.2

1.3

4.4

v

w

v→w successfully relaxes
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Edge relaxation

Relax edge e = v→w.

•  distTo[v] is length of shortest known path from s to v.

•  distTo[w] is length of shortest known path from s to w.

•  edgeTo[w] is last edge on shortest known path from s to w.

• If e = v→w gives shorter path to w through v, update distTo[w] and edgeTo[w].

 private void relax(DirectedEdge e)
 {
    int v = e.from(), w = e.to();
    if (distTo[w] > distTo[v] + e.weight())
    {
        distTo[w] = distTo[v] + e.weight();
        edgeTo[w] = e;
    }       
 }
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Shortest-paths optimality conditions 

Proposition.  Let G be an edge-weighted digraph.
Then distTo[] are the shortest path distances from s iff:

• For each vertex v, distTo[v] is the length of some path from s to v.

• For each edge e = v→w,  distTo[w] ≤ distTo[v] + e.weight().

Pf.  ⇐  [ necessary ]

• Suppose that distTo[w] > distTo[v] + e.weight() for some edge e = v→w.

• Then, e gives a path from s to w (through v) of length less than distTo[w].

s

w

v 3.1

7.2

distTo[w] > distTo[v] + e.weight()

distTo[w]

distTo[v]

weight of v->w is 1.3
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Shortest-paths optimality conditions

Proposition.  Let G be an edge-weighted digraph.
Then distTo[] are the shortest path distances from s iff:

• For each vertex v, distTo[v] is the length of some path from s to v.

• For each edge e = v→w,  distTo[w] ≤ distTo[v] + e.weight().

Pf.  ⇒  [ sufficient ]

• Suppose that s = v0 → v1 → v2 → … → vk = w is a shortest path from s to w.

• Then, 

• Add inequalities; simplify; and substitute distTo[v0] = distTo[s] = 0:

    distTo[w] = distTo[vk] ≤ ek.weight() + ek-1.weight() + … + e1.weight()

• Thus, distTo[w] is the weight of shortest path to w.  

distTo[vk] ≤ distTo[vk-1] + ek.weight()

distTo[vk-1] ≤ distTo[vk-2] + ek-1.weight()

...

distTo[v1] ≤ distTo[v0] + e1.weight()

weight of shortest path from s to wweight of some path from s to w

ei = ith edge on shortest 
path from s to w



Proposition.  Generic algorithm computes SPT from s.
Pf sketch.

• Throughout algorithm, distTo[v] is the length of a simple path from s to v 
and edgeTo[v] is last edge on path. 

• Each successful relaxation decreases distTo[v] for some v.

• The entry distTo[v] can decrease at most a finite number of times.  

24

Generic shortest-paths algorithm

Initialize distTo[s] = 0 and distTo[v] = ∞ for all other vertices.

Repeat until optimality conditions are satisfied:
    -  Relax any edge.

Generic algorithm (to compute SPT from s)

assuming SPT exists



Efficient implementations.  How to choose which edge to relax?
Ex 1.  Dijkstra's algorithm (nonnegative weights).
Ex 2.  Topological sort algorithm (no directed cycles).
Ex 3.  Bellman-Ford algorithm (no negative cycles).

25

Generic shortest-paths algorithm

Initialize distTo[s] = 0 and distTo[v] = ∞ for all other vertices.

Repeat until optimality conditions are satisfied:
    -  Relax any edge.

Generic algorithm (to compute SPT from s)
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‣ edge-weighted digraph API
‣ shortest-paths properties
‣ Dijkstra's algorithm
‣ edge-weighted DAGs
‣ negative weights
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Edsger W. Dijkstra:  select quotes

Edsger W. Dijkstra
Turing award 1972

“ Do only what only you can do. ”

“ In their capacity as a tool, computers will be but a ripple on the
   surface of our culture.  In their capacity as intellectual challenge,
   they are without precedent in the cultural history of mankind. ”

“ The use of COBOL cripples the mind; its teaching should,
   therefore, be regarded as a criminal offence. ”

“ It is practically impossible to teach good programming to
   students that have had a prior exposure to BASIC: as potential
   programmers they are mentally mutilated beyond hope of
   regeneration. ”

“ APL is a mistake, carried through to perfection. It is the
   language of the future for the programming techniques
   of the past:  it creates a new generation of coding bums. ”
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Edsger W. Dijkstra:  select quotes



• Consider vertices in increasing order of distance from s
(non-tree vertex with the lowest distTo[] value).

• Add vertex to tree and relax all edges pointing from that vertex.

Dijkstra's algorithm demo
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0→1   5.0
0→4   9.0
0→7   8.0
1→2  12.0
1→3  15.0
1→7   4.0
2→3   3.0
2→6  11.0
3→6   9.0
4→5   4.0
4→6  20.0
4→7   5.0
5→2   1.0
5→6  13.0
7→5   6.0
7→2   7.0an edge-weighted digraph



• Consider vertices in increasing order of distance from s
(non-tree vertex with the lowest distTo[] value).

• Add vertex to tree and relax all edges pointing from that vertex.

Dijkstra's algorithm demo
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0

4

7

1 3

5

2

6

s

v   distTo[]  edgeTo[]

0     0.0        -

1     5.0       0→1 

2    14.0       5→2 

3    17.0       2→3 

4     9.0       0→4 

5    13.0       4→5 

6    25.0       2→6 

7     8.0       0→7 

shortest-paths tree from vertex s



Dijkstra’s algorithm visualization
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Dijkstra’s algorithm visualization
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Proposition.  Dijkstra's algorithm computes a SPT in any edge-weighted 
digraph with nonnegative weights.

Pf.  

• Each edge e = v→w is relaxed exactly once (when v is relaxed),
leaving  distTo[w] ≤  distTo[v] +  e.weight().

• Inequality holds until algorithm terminates because:
- distTo[w] cannot increase 
- distTo[v] will not change

• Thus, upon termination, shortest-paths optimality conditions hold.  

Dijkstra's algorithm:  correctness proof

33

distTo[] values are monotone decreasing

edge weights are nonnegative and we choose
lowest distTo[] value at each step
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Dijkstra's algorithm:  Java implementation

public class DijkstraSP
{
   private DirectedEdge[] edgeTo;
   private double[] distTo;
   private IndexMinPQ<Double> pq;

   public DijkstraSP(EdgeWeightedDigraph G, int s)
   {
      edgeTo = new DirectedEdge[G.V()];
      distTo = new double[G.V()];
      pq = new IndexMinPQ<Double>(G.V());

      for (int v = 0; v < G.V(); v++) 
         distTo[v] = Double.POSITIVE_INFINITY;
      distTo[s] = 0.0;

      pq.insert(s, 0.0);
      while (!pq.isEmpty())
      {
          int v = pq.delMin();
          for (DirectedEdge e : G.adj(v))
             relax(e);
      }
    }
 }

relax vertices in order
of distance from s
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Dijkstra's algorithm:  Java implementation

   private void relax(DirectedEdge e)
   {
      int v = e.from(), w = e.to();
      if (distTo[w] > distTo[v] + e.weight())
      {
          distTo[w] = distTo[v] + e.weight();
          edgeTo[w] = e;
          if (pq.contains(w)) pq.decreaseKey(w, distTo[w]);
          else                pq.insert     (w, distTo[w]);
      }       
   }

update PQ
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Dijkstra's algorithm:  which priority queue?

Depends on PQ implementation:  V insert, V delete-min, E decrease-key.

Bottom line.

• Array implementation optimal for dense graphs.

• Binary heap much faster for sparse graphs.

• d-way heap worth the trouble in performance-critical situations.

• Fibonacci heap best in theory, but not worth implementing.

† amortized

PQ implementation insert delete-min decrease-key total

array 1 V 1 V 2

binary heap log V log V log V E log V

d-way heap
(Johnson 1975)

d logd V d logd V logd V E log E/V V

Fibonacci heap
(Fredman-Tarjan 1984)

1 † log V † 1 † E + V log V
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Priority-first search

Insight.  Four of our graph-search methods are the same algorithm!

• Maintain a set of explored vertices S.

• Grow S by exploring edges with exactly one endpoint leaving S.

DFS.        Take edge from vertex which was discovered most recently.
BFS.        Take edge from vertex which was discovered least recently.
Prim.        Take edge of minimum weight.
Dijkstra.  Take edge to vertex that is closest to S.

Challenge.  Express this insight in reusable Java code.

S

e

s

v

w
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‣ edge-weighted digraph API
‣ shortest-paths properties
‣ Dijkstra's algorithm
‣ edge-weighted DAGs
‣ negative weights



Q.  Suppose that an edge-weighted digraph has no directed cycles. 
Is it easier to find shortest paths than in a general digraph?

A.  Yes!

39

Acyclic edge-weighted digraphs

5->4  0.35 
4->7  0.37 
5->7  0.28 
5->1  0.32 
4->0  0.38
0->2  0.26 
3->7  0.39 
1->3  0.29 
7->2  0.34
6->2  0.40 
3->6  0.52
6->0  0.58
6->4  0.93 

source



Topological sort algorithm.

• Consider vertices in topologically order.

• Relax all edges pointing from vertex.

40

Shortest paths in edge-weighted DAGs



Topological sort algorithm.

• Consider vertices in topologically order.

• Relax all edges pointing from vertex.

Proposition.  Topological sort algorithm computes SPT in any edge-weighted 
DAG in time proportional to E + V.

Pf.  

• Each edge e = v→w is relaxed exactly once (when v is relaxed),
leaving distTo[w] ≤  distTo[v] +  e.weight().

• Inequality holds until algorithm terminates because:
- distTo[w] cannot increase 
- distTo[v] will not change

• Thus, upon termination, shortest-paths optimality conditions hold.  

41

Shortest paths in edge-weighted DAGs

distTo[] values are monotone decreasing

because of topological order, no edge pointing to v
will be relaxed after v is relaxed
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Shortest paths in edge-weighted DAGs

public class AcyclicSP
{
   private DirectedEdge[] edgeTo;
   private double[] distTo;

   public AcyclicSP(EdgeWeightedDigraph G, int s)
   {
      edgeTo = new DirectedEdge[G.V()];
      distTo = new double[G.V()];

      for (int v = 0; v < G.V(); v++) 
         distTo[v] = Double.POSITIVE_INFINITY;
      distTo[s] = 0.0;

      Topological topological = new Topological(G);
      for (int v : topological.order())
         for (DirectedEdge e : G.adj(v))
            relax(e);
    }
 }

topological order



Formulate as a shortest paths problem in edge-weighted DAGs.

• Negate all weights.

• Find shortest paths.

• Negate weights in result.

Key point.  Topological sort algorithm works even with negative edge weights.
43

Longest paths in edge-weighted DAGs

equivalent: reverse sense of equality in relax()

5->4  0.35 
4->7  0.37 
5->7  0.28 
5->1  0.32 
4->0  0.38
0->2  0.26 
3->7  0.39 
1->3  0.29 
7->2  0.34
6->2  0.40 
3->6  0.52
6->0  0.58
6->4  0.93 

5->4 -0.35 
4->7 -0.37 
5->7 -0.28 
5->1 -0.32 
4->0 -0.38
0->2 -0.26 
3->7 -0.39 
1->3 -0.29 
7->2 -0.34
6->2 -0.40 
3->6 -0.52
6->0 -0.58
6->4 -0.93 

longest paths input shortest paths input

5->4 -0.35 
4->7 -0.37 
5->7 -0.28 
5->1 -0.32 
4->0 -0.38
0->2 -0.26 
3->7 -0.39 
1->3 -0.29 
7->2 -0.34
6->2 -0.40 
3->6 -0.52
6->0 -0.58
6->4 -0.93 



Longest paths in edge-weighted DAGs:  application

Parallel job scheduling.  Given a set of jobs with durations and precedence 
constraints, schedule the jobs (by finding a start time for each) so as to 
achieve the minimum completion time, while respecting the constraints.

44

Parallel job scheduling solution

0

4

3

5

9

7

6 8 2

1

41 700 91 123 173

A job scheduling problem

 0    41.0    1  7  9
 1    51.0    2 
 2    50.0    
 3    36.0    
 4    38.0    
 5    45.0    
 6    21.0    3  8
 7    32.0    3  8
 8    32.0    2
 9    29.0    4  6

job duration must complete
before



CPM. To solve a parallel job-scheduling problem, create edge-weighted DAG:

• Source and sink vertices.

• Two vertices (begin and end) for each job.

• Three edges for each job.
- begin to end (weighted by duration)

- source to begin (0 weight)

- end to sink (0 weight)

Critical path method

45Edge-weighted DAG representation of job scheduling

41
0 0

51
1 1

50
2 2

36
3 3

38
4 4

45
5 5

21
6 6

32
7 7

32
8 8

29 
9 9

precedence constraint
(zero weight)

job start job finish

duration

zero-weight 
edge to each

job start

zero-weight 
edge from each

job finish

A job scheduling problem

 0    41.0    1  7  9
 1    51.0    2 
 2    50.0    
 3    36.0    
 4    38.0    
 5    45.0    
 6    21.0    3  8
 7    32.0    3  8
 8    32.0    2
 9    29.0    4  6

job duration must complete
before



Critical path method
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CPM.  Use longest path from the source to schedule each job.

Longest paths solution to job scheduling example

41
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51
1 1

50
2 2

36
3 3

38
4 4

45
5 5
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32
7 7

32
8 8

29 
9 9

critical path

duration

Parallel job scheduling solution
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Deadlines.  Add  extra constraints to the parallel job-scheduling problem.
Ex.  “Job 2 must start no later than 12 time units after job 4 starts.”

Consequences. 

• Corresponding shortest-paths problem has cycles (and negative weights).

• Possibility of infeasible problem (negative cycles).

Deep water

47

zero-weight 
edge from each

job finish

zero-weight 
edge to each

job start

Edge-weighted digraph representation of parallel job  scheduling with deadlines
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3 3
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deadline
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‣ edge-weighted digraph API
‣ shortest-paths properties
‣ Dijkstra's algorithm
‣ edge-weighted DAGs
‣ negative weights



Dijkstra.  Doesn’t work with negative edge weights.

Re-weighting.  Add a constant to every edge weight doesn’t work.

Bad news.  Need a different algorithm.
49

Shortest paths with negative weights:  failed attempts

0

3

1

2

4

2-9

6

0

3

1

11

13

20

15

Dijkstra selects vertex 3 immediately after 0.

But shortest path from 0 to 3 is 0→1→2→3.

Adding 9 to each edge weight changes the 

shortest path from 0→1→2→3 to 0→3.



Def.  A negative cycle is a directed cycle whose sum of edge weights is negative.

Proposition.  A SPT exists iff no negative cycles.

50

Negative cycles

An edge-weighted digraph with a negative cycle

4->5  0.35 
5->4 -0.66 
4->7  0.37 
5->7  0.28 
7->5  0.28 
5->1  0.32 
0->4  0.38
0->2  0.26 
7->3  0.39 
1->3  0.29 
2->7  0.34
6->2  0.40 
3->6  0.52
6->0  0.58
6->4  0.93 

digraph

5->4->7->5 
negative cycle  (-0.66 + 0.37 + 0.28)

0->4->7->5->4->7->5...->1->3->6 
shortest path from 0 to 6

assuming all vertices reachable from s



Proposition.  Dynamic programming algorithm computes SPT in any edge-
weighted digraph with no negative cycles in time proportional to E × V.
Pf idea.  After phase i, found shortest path containing at most i edges.

for (int i = 1; i <= G.V(); i++)
   for (int v = 0; v < G.V(); v++)
      for (DirectedEdge e : G.adj(v))
         relax(e);

51

Shortest paths with negative weights:  dynamic programming algorithm

phase i (relax each edge)

Initialize distTo[s] = 0 and distTo[v] = ∞ for all other vertices.

Repeat V times:
    - Relax each edge.

Dynamic programming algorithm
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Observation.  If distTo[v] does not change during phase i,
no need to relax any edge pointing from v in phase i +1.

FIFO implementation.  Maintain queue of vertices whose distTo[] changed.

Overall effect.  

• The running time is still proportional to E × V in worst case.

• But much faster than that in practice.

Bellman-Ford algorithm

be careful to keep at most one copy
of each vertex on queue (why?)
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Bellman-Ford algorithm demo
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Bellman-Ford algorithm visualization

Bellman-Ford (250 vertices)

4 7 10

13 SPT

edges on queue in red
 phases
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Bellman-Ford algorithm:  Java implementation

public class BellmanFordSP
{
   private double[] distTo;       
   private DirectedEdge[] edgeTo; 
   private boolean[] onQ; 
   private Queue<Integer> queue;
   
   public BellmanFordSPT(EdgeWeightedDigraph G, int s)
   {
      distTo = new double[G.V()];
      edgeTo = new DirectedEdge[G.V()];
      onq    = new boolean[G.V()];
      queue  = new Queue<Integer>();

      for (int v = 0; v < V; v++) 
         distTo[v] = Double.POSITIVE_INFINITY;
      distTo[s] = 0.0;

      queue.enqueue(s);
      while (!queue.isEmpty())
      {
         int v = queue.dequeue();
         onQ[v] = false;
         for (DirectedEdge e : G.adj(v))
            relax(e);            
      }
   }
}

queue of vertices whose
distTo[] value changes

private void relax(DirectedEdge e)
{
   int v = e.from(), w = e.to();
   if (distTo[w] > distTo[v] + e.weight())
   {
       distTo[w] = distTo[v] + e.weight();
       edgeTo[w] = e;
       if (!onQ[w])
       {
          queue.enqueue(w);
          onQ[w] = true;
       }
   }       
}
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Single source shortest-paths implementation:  cost summary

Remark 1.  Directed cycles make the problem harder.
Remark 2.  Negative weights make the problem harder.
Remark 3.  Negative cycles makes the problem intractable.

algorithm restriction typical case worst case extra space

topological sort
no directed

cycles
E + V E + V V

Dijkstra
(binary heap)

no negative 
weights

E log V E log V V

dynamic programming
no negative

E V E V V

Bellman-Ford
cycles

E + V E V V
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Finding a negative cycle

Negative cycle.  Add two method to the API for SP.

boolean hasNegativeCycle() is there a negative cycle?

Iterable <DirectedEdge> negativeCycle() negative cycle reachable from s

An edge-weighted digraph with a negative cycle

4->5  0.35 
5->4 -0.66 
4->7  0.37 
5->7  0.28 
7->5  0.28 
5->1  0.32 
0->4  0.38
0->2  0.26 
7->3  0.39 
1->3  0.29 
2->7  0.34
6->2  0.40 
3->6  0.52
6->0  0.58
6->4  0.93 

digraph

5->4->7->5 
negative cycle  (-0.66 + 0.37 + 0.28)

0->4->7->5->4->7->5...->1->3->6 
shortest path from 0 to 6
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Finding a negative cycle

Observation.  If there is a negative cycle, Bellman-Ford gets stuck in loop, 
updating distTo[] and edgeTo[] entries of vertices in the cycle.

Proposition.  If any vertex v is updated in phase V, there exists a negative 
cycle (and can trace back edgeTo[v] entries to find it).

In practice.  Check for negative cycles more frequently.

edgeTo[v]

s 3

v

2 6

1

4

5



Problem.  Given table of exchange rates, is there an arbitrage opportunity?

Ex.  $1,000  ⇒  741 Euros  ⇒  1,012.206 Canadian dollars  ⇒  $1,007.14497.

59

Negative cycle application:  arbitrage detection

1000 ×  0.741 × 1.366 × 0.995 = 1007.14497

USD EUR GBP CHF CAD

USD

EUR

GBP

CHF

CAD

1 0.741 0.657 1.061 1.011

1.350 1 0.888 1.433 1.366

1.521 1.126 1 1.614 1.538

0.943 0.698 0.620 1 0.953

0.995 0.732 0.650 1.049 1



Currency exchange graph.

• Vertex = currency.

• Edge = transaction, with weight equal to exchange rate.

• Find a directed cycle whose product of edge weights is  > 1.

Challenge.  Express as a negative cycle detection problem.
60

Negative cycle application:  arbitrage detection

An arbitrage opportunity

USD

0.
74
1 1.

35
0

0.888

1.126

0.
62
0

1.
61
4

1.049

0.953
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0.
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0

1.
53
8

0.
73
2

1.
36
6

0.657

1.5211.061

0.943

1.433

0.698

EUR

GBP

CHFCAD

0.741 * 1.366 * .995 = 1.00714497



Model as a negative cycle detection problem by taking logs.

• Let weight of edge v→w be  - ln (exchange rate from currency v to w).

• Multiplication turns to addition; > 1 turns to < 0.

• Find a directed cycle whose sum of edge weights is < 0 (negative cycle).

Remark.  Fastest algorithm is extraordinarily valuable!

A negative cycle that represents
an arbitrage opportunity

USD

.2
99
8 -.

30
01

.1188

-.1187

.4
78
0

-.
47
87

-.0478

.0481
-.0109

.0050

.4
30
8

-.
43
05

.3
12
0

-.
31
19

.4201

-.4914-.0592

.0587

-.3598
.3595

EUR

GBP

CHFCAD

replace each
weight w

with !ln(w)

.2998 - .3119 + .0050 = -.0071

-ln(.741) -ln(1.366) -ln(.995)
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Negative cycle application:  arbitrage detection



Shortest paths summary

Dijkstra’s algorithm.

• Nearly linear-time when weights are nonnegative.

• Generalization encompasses DFS, BFS, and Prim.

Acyclic edge-weighted digraphs.

• Arise in applications.

• Faster than Dijkstra’s algorithm.

• Negative weights are no problem.

Negative weights and negative cycles.

• Arise in applications.

• If no negative cycles, can find shortest paths via Bellman-Ford.

• If negative cycles, can find one via Bellman-Ford.

Shortest-paths is a broadly useful problem-solving model.
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