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In the well-known work of A. N. Kolmogorov [1] one can find an interpretation of intuitionistic
logic [2] as a calculus of problems. This idea was subsequently made more precise from various
points of view (cf. for example [3- s1). Another refinement of this interpretation of A. N. Kolmogorov
was indicated in [6] and extended later.in [7.8]. The present work presénts some results about the
logic of finite problems constructed in [6]. Familiarity with the concepts and terminology of the article
[6] will be assumed. We will show (in Theorem 2) that the logic of finite problems is complete in a

well-defined sense. Moreover, a syntactic description of this logic will be given (Theorem 4) and a

calculus will be constructed (containing, it 1s true, a certain ?ddltlonal nonfinite rule of inference D)

whose class of deducible formulas coincides with the class of|finitely valid formulas (Corollary 1).

We first give five definitions.
Definition 1. By a logic we will understand any class of; formulas of the propositional calculus

that contains all the axioms of the intuitionistic propositional calculus and which is closed under the
|

' o o ) . . | . :
Definition 2. By an a-logic we understand any logic that contains the formula

bt (aoly V) 2 (T2 Vw22,

Definition 3. A weakly constructive logic is a logic that does not contain any formula that 1s

application of modus ponens and substitution.

the disjunction of formulas that are not c.lassicﬁlly deducible. |
Definition 4. We define the rank of a formula of the propositional calculus inductively as fol-

lows: a) any formula of the form ——I ¢ has rank 1: b) if ¥ has rank 1 and ¢ 1s an arbitrary formula,
then: the formula ¢ 2 has rank 1; c¢) if ¢ 1sa formula of rank L and i is a formula of rank [, then

d \/ Y is a formula of rank % + [, & & W is a formula of"rankl kel,and ¢ DY 1s a formula of rank

[%. d) all other formulas have infinite rank.

Definition 5. A logic is called finite if for every formula q’)(xl, By * 2%
to it there exist formulas tﬁl, ceo, Y of finite rank such that the formula ' gb(t/flj o, glrn) also does

xn) that does not belong

not belong to the logic. |
Theoreim 1. The class of finitely valid formulas (i.e. the formulas that are always decidable in
the sense of [6]) is a weakﬂy. constmctiﬁe finite a-logic. |
Theorem 2. The class of finitely valid formulas is the largest weakly constructive a-logic.
Theorem 3. IThe class of finitely valid formulas is the smallest finite a-logic.

Tet U be the calculus containing the axioms and rules of inference of the intuition-

Corollary 1. |
nd, in addition, the formula a as axioms and the following rule of

istic propositional calculus a

inference:
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where F, and H, are the hypergeometric functions of Appell and Horn.
For the study of properties of the confluent hypergeometric functions .of three variables obtained

in this way, we can make use of their integral transformations.
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U= 5(ss O)HB(xnxg)m“RZf"_z S [f(l - fco)]_ﬁ (1 - f)N+ﬁm2 Q,(&)dE, (23)
0

1

7= 516w M 160 - 0V (1-2) 701048 (B> 0),
O .
o (&) =, w1 - N+ B-1; )_x(l - &), pl1 -8

@1_.(‘9 = EZ[F’ 1 _".#’ 1 - /\(1 —g)? p’(l _é),

Cd.ff
F(1- BTN+ B~ 1)8=TW), T¥B)s, = '),

with the condition that \ and « do not fall outside the limits of the domain of convergence of the

Humbert series for .Ez, and in (23) 1 - N < 8<1. In particular, when gy = 0, U and V take the form
U — (SS O)“ﬁRm;“QEZ(ﬁj 1 “'B, N; }\-5 P)j
HI-/:R_L)?/HEI(}/& ;83.01‘; "'"'5_,0)'*

In the same way (4a), (6b), (15)and (16) of [6] are generalized.
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x ) is a formula such that for any formulas ¢ , -+, ¢ of finite rank one has

v A\
}— @A\ ;7 3U ) then }" q_[)(% :“‘axn)ﬂ
The class mf deducible formulas of the calculus U coincides with the class of finttely valid

far?'*zums

Theorem 4. The cla,ss of finitely valid formulas is the only wer*H/ consiru
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This theorem follows trivially from Theorems 2 and 3.

We now formulate six lemmas needed in the proofs of Theorems 2 and 3. Each of these lemmas

follows easily from the previous one.
Lemma 1. For any formula & of finite rank there exists a formula i of the form

Y = _1 Y, \/ _] Yy '+ 4 \/_' J, such that the formula (oo ) belongs to every a-logic.
The proof is by induction on the rank of the formula.

Lemma 2. Every logic contains all the classically derivable formulas of the form § U

This lemma is a direct corpllary of the well-known theorem of V. I. Glivenko [9] about the intui-

tionistic derivability of any classically derivable formula that has the form of a negation.

Lemma 3. Ewery logic contains a formula of the form ] v, \/ N\ | ., if for some 1,

1<i<k, the formula _l . 1S classically deducible.
Lemma 4. Every weakly constructive logic contains the formula ‘I U \/ .- \/4! /8 if and

only if for some i, 1 <i <k, the formula ] Y. LS classically deducible.

Lemma 5. Every a-logic contains all the finitely valid formulas of finite rank.

This follows from Lemmas 1 and 3.

Lemma 6. Every weakly constructive a-logic contains a formuia of finite rank if and only if
r is finitely valid. |
This follows from Lemmas 1 and 4.

We now prove Theorems 2 and 3 with the help of these lemmas.

Proof of Theorem 2. Let gf)(xl, .- ) be refutable. Then there exist formulas ¢, «+«, ¢ of

finite rank such that the formula qS(gﬁl, ooy Y ) is refutable (by Definition 5 and Theorem 1). But

then by Lemma 6 the formula gﬁ:(gﬁl, oo U ) does not belong to any weakly constructive a-logic.

This means that the formula gf){%l, - %n) also possesses this property, which is what we desired

to show.
Proof of Theorem 3. Assume that (;5(:151, coe X ) does not belong to any finite a-logic. Then
there exist formulas ¥, « -, yy of finite rank such that the formula c;S(r,lfl TR ) (of finite rank)

also does not belong to the legic. Then cf;(z,&l, ., t,érn) is refutable (by Lemma 5) But then

.qS(%l,, 2.3 %n) is also refutable, which is what was required.
Results close to those just presented have also been obtained independently by V. A. Jankov.

The present work was carried out in 1965 under the influence of lectures on mathematical logic
delivered in the physics and mathematics college at Moscow University by A. N. Kolmogorov, to

whom the author would like to take this opportunity to express his gratitude for the attention glven

to the topic under consideration.

The author would also like to express his gratitude to Ju. T. Medvedev and A. B. Sosinskil for

help in the writing of the article.
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