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1 Introductian

Many properties of informational bulks are not preserved under reco-
dings (for example, from the binary system to a ternary one ) and thus
they are not properties of the informational bulk itself, but, rather,
they characterize the text which is the bearer of this information.

Different texts may contain approximately the same informatiog.

Contrary to such properties, our report dwells on invariant praoperties
of informational bulks, i. e. the properties preserved under recodings
of the information bearers. For simplicity of mathematiecal formulation,

infinite sequences of natural numbers will be considered as the infor-
mation bearers (though only finite ones are of practical importance).

The recodings are carried out by computable operators: sequences & and
B are equivalent, if a= F(B) and B = G (a) for some computable operators
F and G. Such aq and B contain approximately the same information up to

the finite description of ¥ and G.

Using methods of the theory of algorithms it is possible to prove the
existence of sequences which possess quite exotic properties. For |
example (see [1], § 13.5), there exist sequences containing "indivi-
sible” information: such a is incomputable and for any incomputable
B, if B = F(a) for some computable operator F, then B is equivalent to
a, i. e. the information in a is infinite and equivalent - up to the
(finite) description of the recoding algorithm - toe any infinite part
of it. It is dubious whether sequences with such properties may exist
in reality. And in fact, as it was polnted out in 1], in any combina-
tion of computabie and random processes (in the sense specified below)
‘the probability of obtaining "{ndivisible" sequences eguals 0. The
specificness of the present paper 1s that we eliminate such properties
by means of the notion of an "ignorable" set. A set of sequences A 1s
unattainable, if for any computable operator F and any a¢A it holds

F(w)#A. A set of sequences B 1s called ignorable,if it is contained in
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an unattainable set of the Lebesgue measure O. Any other computable
measure of such a set B equals 0, so the probability of obtaining a
sequence from B in any random process with "simple" distribution of
probabi1lity equals O. No weB can be obtained as e=F(w"), where w0 ¢#B.

So we may claim that no sequence of an ignorable set can be obtained
by a physical process, reducible to a éombinatich of algorithmic énd
random processes, In part 3 of this paper invariant properties are
considered "up to the ignorable ones", a Boolean algebra L being intro-
duced for this purpose.

2. Some notions of algorithmic theory of information

Let Q@ be a set of all infinite sequences of natural numbers. Concatena-
ting finite sequences a and B, the sequence af can be constructed;
acB, if B=ad for some &. W5 is the i-th member of W, (m)i=m1m2..,mi.
l{w) is the length of w. A semimeasure is a function P, defined on the
set of all finlite sequences, acquiring nonnegative real values and
satisfying the condition P(A)=1, EP(xkréP(x)for all x, A semimeasure P
is called a measure, if EP(XR)=P(X). If P 1s a measure, then we can
define P{weQlxcud= P(x). Now P may be extended to all measurable sub-
sets of Q. The Lebesgue measure is a measure L, such that L(x)=2"'l(X)j
if x cdntains only zeros and ones, and L(x)=0 in the opposite case.
Semimeasure ? 1is called recursively enumerable (further r.e.) if
{jt,x)(ﬂv <?P(x), ¢ is a rational number} is a r.e. set. If P is a
r.e. measure, then { (2,%)| ¢ > P(x{} 1s also a r.e. set, so P(x) can be
calculated with any degree of accuracy (r.e. measure is also called

computable).
Propvosition. There exists a r.e. semimeasure M such that for any r.e.
B e PSS

semimeasure P a constant C can be found, such that C.M (x)> P (x)
for all x {abbreviated M(x)e& P(x)).

Semimeasure M 1s called universal. With every semimeasure P a maximal

measure P not exceeding P and satisfying the condition

P(x)=inf = P(y)
n x<y, l(y)=n

is naturally associated. M is called a universal measure. Note that M
is not a r.e. measure., A computable operator is a r.e. set F consisting
of pairs of finite sequences such that if |

(x,y)er, (x ,y )eF and _xcx“, then ycy .
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If (x,y)eF, we write y=F(x). For weQ, F(w) is the union of all sequénces
y<F { (w) ) The value of F is defined on weQ irf Flw)eQ. It can be shown
that any r.e. semimeasure may be presented as P(x)= L{mgch (m)_} for some
computable operator F. Thus P (x)=L{w| xcF (o) , F (w) el

According to the deflnlblon, A= 1is ignorable if and only if

L(F (A))"O for any computable operator F, i. e, P(A)=D for any r.e.
semimeasure P. It follows from the above propasition that this is
equivalent to the condition M(A)=

If 1(x)=1(y), the pair of sequences (x,y) is encoded by the sequenee,
which we denote as (x,y), such that (x,y). ﬂxl+—(x +y ) (x-+y +1) .

the basis of that we may identify any semimeasure on Q wlth the cor-
responding semimeasure on the set of all pairs of infinite sequences.

Let d{w/Q)= logzgg(m) be deflelency of rand@mness of @ with respect to
Q, where

Qﬁfm)_lim P((mh))

deQ n szmjn)

is the Radon-Nicodim derlvatlve of semlmeasure P by a semimeasure Q.
P® Q is a product of semimeasures P and Q. Let us define the quantity
of information in the sequence a about the sequence B as the deficiency

of indenpendence of a and B:

I(a:B)=d ((a,B)/MQM).

The following theorem characterizes the class of all ignorable sets

in terms of quantity of" information.

Theorem 1. A set A < Q'is 1gnorable 1f and only if there exists aeQ
such that I(w:a)=<o<for any wel..

The value llogQM(x)[ characterizes the full quantity of information in
the finite sequence x (the complexity of x). Unfortunately it is in-
computable. We shall single out the class of sequences not having this
defect. The sequence weQ is called complete, 1if M((m)n) it P““’)n) for
some r.e. measure P(0 <X F means ¢ X F and F 3 ¢). Such @ contains all
information necessary for the computation of its complexity by means
of P. It can be shown that for any r.e. measure L M({m)n) >( P ( (m)n)-._,'
if and only if ® is random with respect to the measure P in the sense

of Martin L&f [2].

Theorem 2. Any r.e. measure of the set of all complete sequences .

= ) POy

equals 1 and any everywhere defined computable operator transforms it

into 1itself.
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This theorem shows that only complete séquences can be obtained.in
~any combination of random processes with "simple" distribution of
probability and everywhere defined algorithmic processes.

5. Algebra L and its_natural elements

&

The set A& Q is invariant, if with each sequence it contains all equi-
valent sequences. Let K be the class of all invariant subsets Q@ measu-
rable by the universal measure M (specifically, K contains all invariant
Borel subsets of Q). K is the Boolean algebra with the usual set-theo-
retic operations. Let us define the equivalence relation on X : AXB,
if (ANB) v (B\A) is ignorable. Taking the quotient of K modulo thié
equivalence relation we obtain a Boolean algebra L. The meaning of
these notions can be clarified in the following way. Each invariant
property of informational bulks defines the invariant set of sequences.
If two such properties define the sets, which differ from each ather

on an ignorable set, then, according to the introduction of this paper,
we can claim that they define the same set of natural informational
bulks (i. e. a set that can be obtained in some combinations of algo-
rithmic and random natural processes). Such elements'of L correspond

to the properties of real informational bulks. Each specific mathema-
tical property of sequences can be defined by the formula of a strictly
determined language. The requirement of measurability by measure M is
much weaker; L may contain elements undeterminable by any mathematical
properties. But all elements of L constructed further will be defined

by some formulae of the arithmetical language.,

The simplest elements of L : 0 is defined to be the class of all igno-
rable sets, 1 is defined to be the class containing Q. These are the
minimal and the maximal elements of L.

LLet us consider the elements formed by complete sequences, and sequences
equivalent to them. The information contained in a complete sequence
can be encoded with "maximal density". One should be aware of the fact
that any information in the densest codification becomes indistinguis-
hable by its properties from random noise and, therefore, the only in-
variant characteristiec of such information is its quantity (finite

or infinite). This fact is illustrated by Theorem 3. Each computable
sequence 1is complete. LLet C be the set of all computable sequences,

¢el. be such that cec. R is the set of all incomputable complete sequen-

ces, and sequences equivalent to them, L €L 1s such that Re¥® It is
evident that ¢ is an atom of L, i. e. ¢#0 and it cannot be represented
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'as c=aub where anb=0, a#0, b#0.

Theorem 3. ¢ is an atom of L and, thus, any element of L, formed by
complete sequences (and by those equivalent to them), caincides with

0, ¢, L Or cu%

In [3] these results are applied to the problems of intuitionism. It
is shown below that in a commom case the situation is more complex

since not all sequences allow optimal encoding.
4. Elements of L, formed by seguences not equivalent to complete Qnes

The main result of this part is that the set 2\(CuR) 1s not ignorable
(see [4] for proof), moreover, sequences of this set form an infinite

number of various elements of L. The information contained in any
sequence from a\(CvR) does not allow optimal encoding. p=1N(Cut).

Theorem_ﬂ, The set of all atoms of L 1s countable. " ‘_. | o

For each atom x distinect from € and v, x &p i. e. x 1is formed by

sequences from Q\(CuR) .

Sequences of the atom-forming set are not distinguishable by any in-
variant property. However among the sequences from Q\{CuR) there are

ones possessing infinitely divisible properties. Let d sdyseeed secs

"”be 5211 atoms of L.

T o
Theorem 5. d=1\g di#().

The element d has the property that for any x & d,X 18 not an atom.

We shall point out 1n conclusion, that it follows from Theorem 2, |
that algorithmic processes which are notunlversally defined are essential

for the obtaining of sequences which are non-equivalent to complete
OHES @ _.
The main results of gections 2 and 3 are due to L. Levin, the results

of Section U4 are due to V.V. Vv jugin.
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