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=8 Laplace Transforms

Computer Science

= Formally, Laplace transform for a signal f(t)
is:

F(s) = wf(l)e_”d[ COmpIeX o .
Io variable * = ° /¢

= The Power: Ability to study linear systems
using algebraic equations
= Example:

@y Y0+ a, 9(0) + a(t) = by () + byu(0)
bys + b,

= Y(s)= “U(s)

2
a,s” +a;s +a, UGs G(s) Y(s)

8 Laplace Transforms

Computer Science

= Basic translations
= Impulse signal f(t)=6(t) « F(s)=1
= Step signal f(t)=a.1(t) < F(s)=a/s
= Ramp signal  f(t)=aet < F(s)=a/s?
= Exp signal f(t)=ex < F(s)=1/(s-a)
= Sinusoid signal f(t)=sin(at) < F(s)=a/(s?+a?)

= Composition rules
= Linearity L[a f(t)+b g(t)] = a L[f(t)] + b L[g(t)]
= Differentiation L[df(t)/dt] = sF(s) — f(0) = sF(s) if f(0)=0
= Integration  L[ff(z)dt] = F(s)/s
» Convolution y() = g(t)*u(r) = [gt-Tu(r)dr  ¥(s)= G(s)U(s)

»8 Vegas-like Model

= Error: e(t)=B, - b(t) d
= Model (differential equation): Eb(tFW(l‘)-d(t)
= Controller C? e(t) = w(t)

C

/ \_ B, H w(t)
?/._

b(t)
Queue

ud(t)
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o Vegas-like Model

[ pdiy
= Error: e(t)=B, - b(t)

Computer Scient
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d
= Model (differential equation): Eb(t)ZW(t)-d(t)
= Controller C?  e(t) = w(t)

w(t)= C(B,- b(1))

_B, v

Queue

bd(n

=4 Block Diagram
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Computer Science
= A pictorial tool to represent a system based
on transfer functions and signal flows

= Represent a feedback control system

AL

s G sy _C(s)Gu(s)
Ris—] G.(s) — Y(s) ST Cs)G (s)
Y(s)=G.(s)R(s)

-4 Vegas-like Model _
Transfer Function & Block Diagram

SO

e iy

ALS

Comnl‘l(er Science
« Buffer occupancy is modeled as a differential equation
L py = wiy-ayonis) <DL g (L
dt s s
= Inputs: reference B/(s) ; service rate D(s)
= Closed-loop system transfer functions
= B(s)as input:
= D(s)as input:

T4(5) = C(5)Go(S)/(1+C(5)G,(5))

Tx(5) = -Go(S)/(1+C(5)Gy(S))
= Qutput: B(5)=T,(5)B,(s)+T,(s)D(s)
D(s)
|
B(s)— , ©) —|——- B(s)
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Proportional Control
» Stability of Vegas-like Control

= Proportional Controller
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W) = Ke(t)

= Transfer functions
= B(s)as input: Ty(s) = K/(s+K)
= D(s)as input: T,(s) = -1/(s+K)

= Stability

;C5) =K

Pole = -K <« System is stable for K > 0

D(s)

— B(s)

|
B(S) —|—

Computer Science

o8 Vegas-like Model (PI controller) o[ %
= Error: e(t)=B, - b(t) .,
= Model (differential equation): Eb(t):w(t)_d(t)
= Controller C? ¢e(t) = w(t) 4
—w(t) = K(B, - b(1))
dt
_B, w(t)
b(t)
Queue
Lo

Integral Control
- Stability of Vegas-like Control

5%

ALS

O

Computer Science

e Buffer occupancy is modeled as a differential equation

Dy = wiy-d(yoBs) = VPO (5 (L
dt K s
= Integral Controller
Lty = Ke(t) + A8) = K/s

dt
= Transfer functions
= B(s)as input: Ty(s) = K/($+K)
= D(s)as input: T,(s) = -s/($*+K)
= Stability
= Poles= = j\/f <> System is critically stable

D(s)

|
B(5)—O D56 ]

— o —|—_’ B(s)
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Performance Specifications
» Stability
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Computer Scient

= A linear time-invariant system is stable if all
poles of its transfer function are in the left-

hand side of the s-plane (Vpi, Re[pi]<0)

ce

G-k TLG=2) G
(s - p)

+ G

G,
+...+
S=p S—P, S= Dy
— g0 = ic,e""
Note: Ce’'—=*—w if Re[p,]>0

OS«ON u”’»ﬁ
=4 Poles and Zeros
Computer Science

» The impulse response of a linear time-

invariant (LTI) system

bmsm +bm lSm-] +.. +b0
Y(s)=

n n-1
WS ta, st ta,

=K HIZI(S'ZI) _ C/

& C,
" —_—t .+
IYi:I(S_pi) §S-p; S-P; S=Dy

Sy(t)=Y.Cie"
i=1

{p} are poles of the function and determine the system behavior

JiTime Response vs. Pole Location?’

Computer Science

Stable

Imis)

Unstable

LHP

XRHP

o f(t) = e, p= otjo

u‘ h

Undamped Oscillation (critically stable) if Re =0 and Im #0
Underdamped Response if Re < 0 and Im # 0

Overdamped Response if Re < 0 and Im = 0
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o Design Goals o
Performance Specifications — suas-

Computer Science

= Stability
= Transient response
= Steady-state error

Performance Specifications _ &°
o Stability

Computer Science

= A LTI system is stable if all poles of its
impulse transfer function (i.e., U(s)=1) are in
the LHP (Vpi, Re[pi]<0)

I, (s-z,) < (&3 G,
Y(s)=G(U(s) =K, = ¥
I (s=p) s—-p s-p, s=p,
= ()= EC,e""
i=l
Note: Ce’'—="-w if Re[p,]>0

# Performance Specifications s’

Controlled
variable
K hoot
: Overshoo Steady state error
Reference l e e — - —— o — — i
L g e T g
Transient State Steady State
14 .
Rie time " Settling time Time
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¥ Example: Control & Response

ALS

Computer Science

V=15 ey=0
Response = Retnes
ol (queue length)
\ .

wwww

Control
(MaxPackets/Users)

Bad

T od ko bk Lk b
Py

N =
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Time

Performance Specifications
» Steady-state error
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» Steady-state (tracking) error of a stable
system

e, =lim e(t)=lim(y(t)-r(t))
—x0 t—0
r(t) is the reference input, y(t)is the system output.

* How accurately can a system achieve the desired state?
¢ Final value theorem:

e, =lim e(t)=ling sE(s)
t—x0 5

Performance Specifications
» Steady-state error
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€,=-20%
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Proportional Control
- Stability of Vegas-like Control s

Computer Science

S
ANt

= Proportional Controller
. w(t) = Ke(t) ;) =K
= Transfer functions
= B(s)as input: Ti(s) = K/(5+K)
= D(s)as input: Ty(s) = -1/(s+K)
= Stability
= Pole = -K < System is stable for K > 0
Steady-state error
= For step inputs, steady-state error = — D/K
= Steady-state error decreases as K increases

D(s)
|

1 =
B/s ——-T—- B(s)

S

ALSS>

Integral Control
W Stability of Vegas-like Control s

Computer Science

= Integral Controller
= Sw0-ken) ; C(s) = K/s
= Transfer functions
= B/(s)as input: T,(s) = K/($+K)
= D(s)as input: T,(s) = -s/(s*+K)
= Stability
= Poles = - j«/? <« System is critically stable
Steady-state error
= For step inputs, steady-state error = zero

= Steady-state oscillation decreases as K decreases, but also rise time

increases =» tradeoff between transient performance and steady-state
performance! D(s)

|
1,
B/s 7 ) 5L 6 85
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