Fall 2005 (CS235 — Algebraic Algorithms Homework 3

HOMEWORK 3, DUE OCT 4
You must prove your answer to every question.

Problem 1. (10) We have seen in class that if gcd(a, b) = 1 then there is a pair (1o, sp) of integers
with the property arg + bsgp = 1. Show that any other pair (r,s) of integers satisfies ar + bs = 1
if and only if there is an integer t such that r = ro + bt, s = 5o — at.

Solution. Assume r = rg + bt, r = sg — at. Then we have
ar + bs = arg + abt + bsg — bat = 1.
Assume now ar + bs = 1. Then we have
0 = (ar + bs) — (arg + bsp),
0=a(r—ro)+b(s—sp),
a(r —rg) = —b(s — sp).

Since 2 and b are relatively prime, the last equality implies b| (¥ — (), hence we can write r —ry =
bt for some integer t, so we have abt = —b(s — sp), hence s — sy = —at.

Problem 2 (Exercise 1.8 of Shoup). (10) Let a, b, c be positive integers, with ged(a,b) = 1 and
c > ab. Show that there exist non-negative integers s, t giving ¢ = as + bt. [Hint: relying on the
result of the previous exercise, use the smallest nonnegative s with ¢ = as + bt.]

Solution. Using results of the previous exercise, if sy is an integer that occurs in some solution
of ax + bt = 1 then all integers of the form sg +ib, i € Z have this property. Let s; be the
smallest positive integer in this set, then s; < b. Then we have ¢ = as + bt; < ab + bt;, hence
c —ab < bty, showing t; > 0.

Problem 3 (Generalization of Exercise 1.10 of Shoup). (10) Show that if a, b, n are integers and
a,b both divide n then lem(a, b) divides n.

Solution. For a prime number p, we denoted by v, (x) the exponent of p in the prime decompo-
sition of x. If both a, b divide n then v,(a),v,(b) < vp(n). But then max(vy(a), v, (b)) < vp(n).
But max(vy(a),vy(b)) = Viemp)(p). Since this is true for each p, each prime power in the
decomposition of lem(a, b) divides n and therefore lem(a, b)|n.

Problem 4 (Exercise 1.12 of Shoup). (10) Let p be a prime and k an integer 0 < k < p. Show
that the binomial coefficient (}) (which is an integer, of course) is divisible by p.

Solution. A formula you learned for the computation of the binomial coefficient is

(k) = e

On the right-hand side, the numerator is divisible by p but neither factor of the denominator
is, since they are products of numbers smaller than p. Therefore the fraction (which is known
to be integer) is divisible by p.

Problem 5 (Exercise 1.15 of Shoup). (10) Show that if an integer cannot be expressed as a square
of an integer, then it cannot be expressed as a square of any rational number.

Solution. Suppose that the integer x cannot be expressed as a square of an integer. We suppose
that x = (a/b)? for some a,b and get a contradiction. Without loss of generality we can assume
that a/b is in its lowest terms, that is gcd(a, b) = 1. Writing nb? = a% we see that we must have
b = 1 since the right-hand side contains no prime divisors of b. But n = a* was excluded by
our assumption.
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Problem 6 (Exercise 1.21 of Shoup). (10) Show that forany ay, ..., ax € Z,ifd := ged(ay, ..., ax),
then dZ = a1Z + - - - + ayZ; in particular, there exist integers sy, ..., sg such thatd = ays; +-- - +
agSj.

Solution. The statement dZ O a1Z + - - - + a;Z comes from the definition: since d is a common
divisor of a4, ..., ax, dZ contains all the sets a;Z and therefore also their sum.

We will prove the existence of the expression d = a151 + - - - + aisx by mathematical induction
on k. We have proved it in class for k = 2, so assume that k > 2. Let dy = gecd(ay, ..., ax). First
note ged(ay, ..., ax) = ged(ay, dz). Indeed, this follows from the equation

max(eq, ..., ex) = max(e;, max(ey, ..., e))

applied to the exponents e; = v, (a;) of the primes.
By the inductive assumption we know dy = tras + - - - + tyay for some integer t;. Also by the
case k = 2 we know d = uja; + upds for some integer u;. Combining these we get

d = uay + (uatr)as + - - - + (ugty)ay.



